POLYNOMIAL DECAY OF CORRELATIONS FOR
NONPOSITIVELY CURVED SURFACES

YURI LIMA, CARLOS MATHEUS, AND IAN MELBOURNE

ABSTRACT. We prove polynomial decay of correlations for geodesic flows on a class of
nonpositively curved surfaces where zero curvature only occurs along one closed geodesic.
We also prove that various statistical limit laws, including the central limit theorem, are
satisfied by this class of geodesic flows.
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1. INTRODUCTION

The goal of this work is to provide examples of geodesic flows on nonpositively curved
manifolds with polynomial decay of correlations.

Let r € [4,00), and let S be a closed Riemannian surface of nonpositive curvature obtained
by isometrically gluing two negatively curved surfaces with boundaries to the boundaries
of the surface of revolution with profile 1 + |s|", |s| < 1. We assume that S is C*° when r
is an even integer and otherwise that S is C*° away from the circle s = 0. In particular, S
is always at least C*. Let g; : M — M denote the geodesic flow on M = T'8S.

Theorem 1.1. Let a = % € (1,3]. Then the geodesic flow g : M — M has polynomial
decay of correlations with respect to the normalized Riemannian volume w: for all € > 0
and all sufficiently smooth observables ¢, : M — R, there is a constant Cc(p, 1) such that
1
S CE(¢7¢)776 f07’ all t > 0.

| o-woamdn— [ odn [ vau T

Remark 1.2. The proof of Theorem uses Dolgopyat’s theory of rapid mixing [Dol98a]
which was extended to the current context in [Mel07, Mel18, BBM19]. This theory guar-
antees that there is an integer k£ > 0 depending only on S such that the desired decay rate
holds for all observables that are C* in the flow direction (in principle a sufficiently large k
could be given explicitly, but in practice this is never done). In particular, C° observables
are sufficiently smooth when r > 4 is an even integer and C'° observables that are flat near
s = 0 are sufficiently smooth for all r > 4.

In addition, we state and prove statistical limit laws such as the central limit theorem
(CLT) for Hélder observables ¢ : M — R, see Section [7]

Figure [T] depicts the surfaces S considered in Theorem [I.1} the region between two curves
a and (3 is a surface of revolution with profile 1 + |s|", |s| < 1, thus the curve v with s =0
is a closed geodesic with zero curvature; outside this region, S has negative curvature. We
call v the degenerate closed geodesic.

FiGURE 1. Surfaces with degenerate closed geodesic v considered in Theo-

rem [I.1]
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Remark 1.3. We expect that the mixing rate in Theorem is almost sharp. Indeed, as
part of the proof of Theorem we construct a piecewise smooth Poincaré map g : X — X
with piecewise smooth first hit time that is bounded above and below (away from zero),
and ¢ has the sharp polynomial mixing rate n=%.

More precisely, let ux; denote the corresponding Liouville probability measure on . In
Section |7, we apply [You99] to show that for all Holder observables ¢, : ¥ — R, there is
a constant C'(¢, 1) such that for all integers n > 2,

/¢¢mgmm—/¢mm/wmz<a¢w

Moreover, by [BMT21], for all Holder observables ¢,7 : ¥ — R with nonzero mean and
support bounded away from T, there is a constant ¢(¢, ) such that for all integers n > 2,

(1.1) /¢¢mgm@5/wm/wwz !

(log n)no

Obtaining rates for the geodesic flow g; is more subtle due to the neutral flow direction.
We obtain the upper bound in Theorem [1.1| by applying the recent work of [BBM19]. Since
the first hit time is bounded away from zero, there is no reason to expect the flow g; to decay
faster than g; a precise statement of the form for the flow ¢; is the subject of work in
progress [BMT]. (We note however that the bounds obtained in Lemmas and below
combined with the arguments of [BMMW17b] show that g, is certainly not exponentially
mixing.)

(g n)

(¢ 9) 7—s—

Remark 1.4. We believe that the optimal mixing rate for g; is ¢t~ (similarly n=¢ for g).
Indeed, we expect that the arguments in [CZ0§| can be used to remove the multiplicative
factor (logn)'™® in Remark and the same argument would allow us to take e = 0 in
Theorem However, to focus on the main ideas introduced in this paper, we do not
pursue such an improvement here.

In general, the dynamical and statistical properties of geodesic flows in closed Riemannian
manifolds is a fascinating topic whose origin goes back to Artin, Hadamard, Hedlund,
Hopf, Klein, Poincaré, among others. Indeed, geodesic flows on manifolds with negative
or nonpositive sectional curvature were the motivation of various breakthroughs in ergodic
theory. One of them was given by Hopf: the nowadays called Hopf argument was used to
prove that geodesic flows on negatively curved compact surfaces are ergodic with respect
to their Liouville volume measure [Hop39]. Anosov extended Hopf’s argument to prove
ergodicity of geodesic flows in negative curvature to arbitrary dimensions [Ano69].

Moreover, geodesic flows in manifolds with negative sectional curvature are Bernoulli
[OWT73], [Rat74], which is the ultimate chaotic property from a measure-theoretic point of
view. After this was established, efforts were made to understand finer statistical properties
such as decay of correlations. Among the developments, we mention the work of Chernov
[Che98], Dolgopyat [Dol98b] and Liverani [Liv04] on the exponential decay of correlations for
contact Anosov flows (and in particular geodesic flows on compact manifolds with negative
curvature), and the work of Burns et al. [BMMWI17bl BMMW17a] on the rates of mixing
of the Weil-Petersson geodesic flows on moduli spaces of Riemann surfaces. We mention
that, beside its intrinsic interest, exponential mixing for geodesic (and frame) flows has
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applications to other fields such as the geometry of lattices [EM93], number theory [KM99)|,
and the topology of 3—manifolds [KM12].

While geodesic flows in negative curvature are the prototypical examples of uniformly
hyperbolic flows, geodesic flows in nonpositive curvature are the prototypical examples of
nonuniformly hyperbolic flows, and are much harder to study. For instance, the ergodic-
ity of the Liouville measure is still an open problem. Pesin developed a global theory for
nonuniformly hyperbolic systems, nowadays called Pesin theory, and used it to derive the
ergodicity of the Liouville measure in various contexts [Pes77al [Pes77b|, see also the discus-
sion in [Bal95l, p. 5]. In particular, the geodesic flows considered in Theorem are ergodic
for the Liouville measure. There has been recent progress on the measure-theoretic prop-
erties of these flows, including the uniqueness of the measure of maximal entropy [Kni9§],
the uniqueness of other classes of equilibrium states [BCEFT18], and the Bernoulli property
[LLS16], among others. Previously, nothing was known about decay of correlations or the
CLT for such flows, and this paper gives the first contribution in this direction. (Although
this paper gives the first “classical” CLT, an asymptotic version of the CLT for measures
converging to the measure of maximal entropy was recently obtained by [TW21].)

To prove Theorem [1.1] we use an axiomatic approach, nowadays called Chernov axioms,
first developed by Chernov to prove exponential decay of correlations for dispersing billiard
maps [Che99a)]. We actually follow a simplification of this work given by Chernov and
Zhang [CZ05a]. We apply these works to a uniformly hyperbolic map with singularities f,
equal to the return map of a Poincaré section that does not intersect the degenerate closed
geodesic. Then the method of Markarian [Mar04, [CZ05a, BMT21] enables us to establish
polynomial decay of correlations for h and g;.

Remark 1.5. When establishing mixing rates for billiards, the main step is to verify com-
plexity bounds, due to the fact that the remaining Chernov axioms had already been verified
for many classes of examples in the previous twenty years starting with [BSC91], as dis-
cussed in [CZ05al, Section 4]. However, this is not the case for geodesic flows in nonpositive
curvature, so the current paper aims to lay the groundwork for verifying all of the Chernov
axioms for general classes of geodesic flows, in addition to treating the specific example in
Theorem [Tl

One of the Chernov axioms is that invariant manifolds have uniformly bounded curvature.
For billiards, this holds when the boundary of the table is C*, see e.g. [CMO06, Corollary
4.61]. This is a delicate point for the surfaces we consider. For instance, Ballmann, Brin and
Burns showed that in a surface of revolution with profile 1+ s* (i.e. 7 = 4 in Theorem [1.1))
the invariant manifolds of the degenerate closed geodesic are not C2, hence the curvature is
not even defined [BBB87]. To avoid this, we verify that [Che99al [CZ05a] works under the
weaker assumption that the invariant manifolds have uniformly bounded C'*1P norms, and
we exploit the fact that this latter property is satisfied in the class of surfaces we consider,
by a result of Gerber and Wilkinson [GW99], see Theorem It may also be possible
to obtain C? invariant manifolds by discarding a measure zero set of manifolds of lower
regularity, but we do not explore that direction here.

Some of the Chernov axioms are related to hyperbolicity properties of the uniformly
hyperbolic map f mentioned above. In negative curvature, these properties are usually
obtained by estimating solutions of the Riccati equation. Unfortunately, the presence of
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zero curvature weakens such estimates, and we were not able to use them to establish the
required axioms. Instead, we follow a different approach and use a system of coordinates in
the unit tangent bundle of the surface of revolution, called Clairaut coordinates. In these
coordinates, estimates for f are almost sharp.

In addition, the Poincaré section has to satisfy some geometrical and dynamical prop-
erties. One of them is the absence of triple intersections for a sufficiently large number
of pre-iterates under f of a finite family of compact curves. This task would be a simple
application of perturbative methods if these pre-iterates remained compact. However, f
has unbounded derivative, and the pre-images of some compact curves have infinite length.
This phenomenon is related to the homoclinic points of the degenerate closed geodesic, and
a thorough analysis of the dynamics of f is required to implement the perturbative methods
successfully.

Remark 1.6. Chernov and Zhang considered an analogous class of dispersing billiard
maps [CZ05b] for which the obstacles are convex with nonvanishing curvature except at
two flat points where the obstacles have profile +(1 + |s|"), » > 2. They obtained the
same upper bound (logn)**1n~¢ as in Remark and the lower bound (logn)~'n~% was
proved in [BMT21]. The associated semiflow has the same polynomial decay of correlations
[Mel07, Mel18], but the analogue of Theorem for the billiard flow remains unproved
(this is the final open question in [Mell8, Section 9]).

Contrary to [CZ05b|, we require r > 4 rather than just » > 2 because this provides
the usual C* regularity required to apply several tools from the theory of geodesic flows
described in Section [2| (from the properties of elementary ordinary differential equations like
the Jacobi and Riccati equations to more recent results such as Theorem .

The paper is organized as follows. In Section 2] we review known facts about the geometry
and dynamics of geodesic flows on surfaces, with special attention to the class of surfaces
considered in Theorem[I.1} In particular, we state the main results of Gerber and Wilkinson
[GW99] that we will use. Section [3|presents the axiomatic approach of [Che99al, [CZ05a], and
includes the justification that uniform bounds on the C'*tMP norms of invariant manifolds
are enough, see Remark [3.3] In Section ] we make a systematic study of the dynamics of
the geodesic flow near the degenerate closed geodesic, which is related to explosion of the
derivative of f. Here we make substantial use of the Clairaut coordinates. In Section
we construct the Poincaré section. We also prove that the roof function of the constructed
Poincaré section has polynomial tails (Lemma , and prove some hyperbolicity estimates
for f, see Section Using these results, we prove in Section [6] that f indeed satisfies
the Chernov axioms. Finally, we prove Theorem [I.1] and various statistical limit laws in
Section [Tl

2. SURFACES WITH NONPOSITIVE CURVATURE

In this section, we recall some known facts on differential geometry, most specifically on
geodesic flows in nonpositively curved surfaces and surfaces of revolution. We also give
a precise description of the class of surfaces we consider in this article, and describe the
properties of these surfaces that will be used in the sequel.
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2.1. Geodesic flows. Let S be a C* closed Riemannian surface. Let M = T'S be its
unit tangent bundle, which is a closed three dimensional Riemannian manifold. There is
a natural metric on M, called the Sasaki metric, which is the product of horizontal and
vertical vectors, see e.g. [dC92l, Chapter 3, Exercise 2]. We write ||-||sas for the norm induced
by the Sasaki metric. The volume form on S induces a smooth probability measure p on

M.

GEODESIC FLOW {¢:}: The geodesic flow on S is the flow {gi}ter : M — M defined by
gt(x) = 7L (t), where 7, : R — S is the unique geodesic such that 4. (0) = . For simplicity,
we denote the geodesic flow by g;. The probability measure y is invariant under g;.

For p € S, let K(p) be the Riemannian curvature at p. We assume that S has nonpositive
Riemannian curvature: K (p) < 0for all p € S. The dynamical properties of g; are intimately
related to the curvature of S.

DEGENERATE AND REGULAR SETS: The degenerate set of g; is defined by
Deg = {x € M : K(v;(t)) =0 for all t € R},
and the regular set of g; is defined by
Reg = M \ Deg = {x € M : K(v,(t)) < 0 for some ¢ € R}.

Clearly, Deg and Reg form a partition of M, with Deg closed and Reg open.

Remark 2.1. The classical literature uses the terminology “singular set” instead of “de-
generate set”, but here we reserve the term “singular” for the dynamical setting of the
Chernov axioms.

Theorem 2.2 (Pesin [Pes77bl). If u[Deg| = 0, then the flow (g, 1) is ergodic.
See also the discussion in [Bal95l p. 5].
The dynamical properties of g; are usually studied via Jacobi fields.

JACOBI FIELD: A vector field J : ¢+ J(t) € T,;S along a geodesic v is called a Jacobi
field if it satisfies the Jacobi equation

J"(t) + K (v(t))J(t) = 0.

For every © € M there is an isomorphism
T, M <+ {(J(0),J'(0)) : J is a Jacobi field along v, with J'(0) L ~.(0)},

see e.g. [Kni02]. Under this identification, the Sasaki metric is equal to |(J,J')|3,, =
|J]|? + ||7||*>. Additionally, we have dg;(J(0),J'(0)) = (J(t),J'(t)), and this is one of
the reasons why Jacobi fields provide dynamical information of g;. Under our curvature
assumptions, we can characterize stable and unstable subspaces.

STABLE AND UNSTABLE JACOBI FIELDS: A Jacobi field J is called stable if ||J(¢)| is uni-
formly bounded for all ¢ > 0, and unstable if ||.J(¢)|| is uniformly bounded for all ¢ < 0.

STABLE AND UNSTABLE SUBSPACES: The stable subspace of z € M is

E2 = {(J(0),J(0)) : J is a stable Jacobi field along v, with J(0), J'(0) L ~.(0)},
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and the unstable subspace of x € M is
E* = {(J(0),J'(0)) : J is an unstable Jacobi field along ~, with J(0), J'(0) L 4.(0)}.
See [Ebe01].

Remark 2.3. We reserve the notation Ef;/ “ for the stronger notion of stable/unstable
subspace in the sense of hyperbolic dynamics, as described in Section

Let Z, denote the one-dimensional subspace of T, M tangent to the geodesic flow. The
following are known facts of these subspaces, see e.g. [Ebe01].

Lemma 2.4. The families {E5}, {E*} satisfy the following properties:

(1) INVARIANCE: {ES}, {EY} are dg,—invariant for all t € R.

(2) DIMENSION: E‘;,Eﬁj have dimension one and are orthogonal to Z,.

(3) CoNTINUITY: The maps x Ej, E* are continuous.

(4) RELATION WITH Deg, Reg: E; = E}j if and only if x € Deg, hence E;@Zx@ﬁg =T, M
if and only if x € Reg.

Next, we consider the invariant manifolds of g;. We first define the invariant manifolds for
the geodesic flow g; on the universal cover S of S. For that, we consider Busemann functions
and horospheres. Our discussion follows [Ebe01, Section IV.A]. For each v € TS , let 4,
be the unique geodesic of S with 75(0) = v. Given ¢ € R, define the function B, ; : SR
by By () = d(x,7,(t)) —t. (Here, d is the unique metric on S making the covering map a
local isometry.) The Busemann function of v is the limit function B, : S — R defined by
B, = tlgrnoo B, ;. Since S has nonpositive curvature, it follows from Eberlein that each B,

is C? [Ebe01, Section IV.A], see also [HIH77, Prop. 3.1].

HOROSPHERES: The stable horosphere at v € T1S is the set H*(v) C S defined as H*(v) =
B;1(0). The unstable horosphere at v € TS is the set H%(v) C S defined by H%(v) =
(B-v)~(0).

Each H*/%(v) is a C2 curve of S, and v — H*/%(v) is continuous, sec e.g. [Bal9%, p. 25).
These curves define invariant foliations for g;.

INVARIANT MANIFOLDS FOR ¢;: The stable manifold for g, at v € T'S is the graph over
H?(v) defined by

s 15 . w is perpendicular to and has basepoint at
Wy = {w €TS: H#(v), pointing in the same direction of v ’

The unstable manifold for g; at v € T'S is defined analogously.

Since H*/*(v) is C?, its normal subbundle is C, i.e. each leaf Wal is O,

INVARIANT MANIFOLDS FOR g¢: The stable/unstable manifolds of ¢; at * € M are the
projections to M of the stable/unstable manifolds of g; at some (every) v € T'S that

projects to x. We denote them by Wf/“
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By the above discussion the curves Wf/ “ are C! for all x € M. Under additional condi-
tions, Gerber & Wilkinson proved a stronger regularity [GW99] and also a property about
the tangent distributions ES/ “ see Theorem below.

Next, we discuss the link between Jacobi fields and horospheres. Fix x € M, and let
J_(t) be a stable perpendicular Jacobi field along ~,. If E(t) is a unitary parallel vector
field orthogonal to v, then J_(t) = j_(¢)E(t) where j_(t) = ||J_(t)| satisfies the scalar
Jacobi equation

7" (t) + K(7:(1))j(t) = 0.

The logarithmic derivative u, _(t) = j:gg = [log j_(t)]’ satisfies the Riccati equation

u'(t) +ut)? + K(7(t)) = 0.

Define u_ : M — R by u_(z) = uy,—(0). It is known that u_(x) is the geodesic curvature of

the curve H®(v) at the basepoint of v for some (every) v € T'S that projects to z. Similarly,
for each x € M define a function ug 4; then uy : M — R defined by uy(z) = ug 4(0) is the

geodesic curvature of H%(v) at the basepoint of v for some (every) v € T'S that projects
to x. The following properties of u+ will be essential to us.

Proposition 2.5. The functions uy are continuous, u— < 0 < uy and uy(z) = 0 if and
only if x € Deg.

The continuity of u4+ follows from the regularity of the Busemann functions mentioned
above. The functions u4 also provide the growth rate of the derivative of g;, as follows. Fix
x € M. For an unstable perpendicular Jacobi field J4(¢) along ~,, we have

J+(t) = j+(0) exp {/Ot U+(gs$)d5]

10 =0 | [ " (9u0)d5] s 0

and so

”dgt(JJr(O)a J—li—(o))HSas H(JJr(t)v J—lf—(t))HSas
J.(0))

(T (0), T, (0)[Isas 1T (0), T4 (0))[sas

_ mexp [/Ot u+(gsa:)ds} .

By Proposition if the orbit segment gjo 2 is far from Deg, then E;j is indeed an
expanding direction. A similar calculation holds for stable perpendicular Jacobi fields. We
actually work with a variant of the Sasaki metric, as in [KH95| §17.6]. Let 6 > 0.

0—SASAKI METRIC: The §-Sasaki metric is the metric || - ||5_sas satisfying the equality
1, IV I3 —sas = I1T11% + 81712
for all Jacobi field J.
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The Sasaki metric is the 1-Sasaki metric. In our calculations, we will fix a d—Sasaki
metric for § small enough and denote it simply by || - ||. Hence

s 0O _ [ bt
[(7:(0), 7 (0))] —m p[/o +(gs )d],

thus by the continuity of v we get that

T T L a0, 20
e otem | [l uteaa] < SEEER

where %in}) Cs = 1. Similar considerations apply to J_.
_)

t
< Csexp [/ u+(gsm)d8]
0

2.2. Surfaces of revolution. Let I C R be a compact interval, and let £ : T — R be a
positive C* function. The surface of revolution defined by & around the z axis is the surface
S with global chart = : I x [0,27] — R3 given by Z(s,0) = (s,£(s)cosf,&(s)sind). We
collect some known facts about these surfaces, see [dC76].

CURVATURE: The curvature at p = =(s, 0) is equal to

&s)
G+ (€))7

K(p) = -

See [dC76l Example 4, p. 161].

Geodesics on surfaces of revolution have a simple description. They satisfy the so-called
Clairaut relation, which allows one to reduce the second order ordinary differential equation
(ODE) defining the geodesic to a first order ODE. Let v(t) = Z(s(t),6(t)) be a geodesic,
and let 1 (t) € S! be the angle that the circle s = s(t), more precisely its image under =,
makes with v at y(t), see Figure

CLAIRAUT RELATION: The value

(22) e = &(s(t)) cos () = &(s(t))°0'(¢)
is constant along v. We call ¢ the Clairaut constant of v and of all of its tangent vectors.

—_
—

EQUATION OF GEODESICS: If v(t) = Z(s(t),6(t)) is a geodesic with Clairaut constant c,
then s(t) satisfies

(2:3) [1+€(s)?] () +

See [dC76l, Example 5, p. 255] for the proof.

For a fixed sy € R, the curve Z(sp,0) is called a meridian. The meridian =(sg,0) is a
geodesic if and only if ¢/(sg) = 0 (see [dCT6, p. 256]). Fix an orientation of S! and induce
it on the meridians.

Observe that S is diffeomorphic to I x S' and M is diffeomorphic to S x S' 22 I x S' x S,
where (p,1)) € S x S! is identified to the unit tangent vector with basepoint p that makes
an angle 1) with the meridian passing though p (the angle is measured with respect to the
orientation of the meridian). We can use this identification to define another metric on M.
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Az

FIGURE 2. Clairaut relation: ¢ = &(s(t)) cos(t) = £(s(t))?0'(t) is constant
along ~.

CLAIRAUT COORDINATES AND CLAIRAUT METRIC: The Clairaut coordinates on M are
(5,0,%) € I xSt x S, and the Clairaut metric on M is the Riemannian metric || - ||c on M
given by the canonical product on I x S' x S!.

The Clairaut metric induces a distance, which we call the Clairaut distance and denote
by dc. Above, the canonical metrics are the induced metrics of I C R and S' ¢ R?. Since
I is compact, the metrics || - ||5_sas and || - ||c are equivalent.

The Clairaut relation leads us to the following definition.

CLAIRAUT FUNCTION: The Clairaut function is the function ¢ : M — R defined by

c(s,0,1) = &(s) cos .

2.3. Surfaces with degenerate closed geodesic. We now define a class of surfaces that
exhibit two special features: the only region of zero curvature is a closed geodesic, and on
a neighborhood of this geodesic the surface is a particular surface of revolution.

SURFACE WITH DEGENERATE CLOSED GEODESIC: A surface of nonpositive curvature S is
a surface with degenerate closed geodesic ~y if there are r € [4,00) and gy > 0 such that:

o S is C" with everywhere negative curvature except at a closed geodesic ~.

o There are two closed curves «, 3 defining a set N/ C S that contains 7 such that N
is a surface of revolution with £(s) = 1+ |s|" for |s| < g9. Moreover, o = Z(—&y,6),
v =E(0,0), B =E(e0,0) are meridians. We call N the neck, see Figure [3]

Such surfaces indeed exist, and can be obtained by interpolating the neck with a hyper-
bolic surface (K = —1) with one cusp on each side. Since near the cusp a hyperbolic surface
is a surface of revolution, it is enough to interpolate its profile function with the function
&, in a way that the resulting function is strictly convex for s £ 0. This can be made as in
[Don88, Appendix A.2|, using a partition of unity.

In the sequel, we fix a surface S with degenerate closed geodesic . Following the notation
of Section let M =T'S, g : M — M the geodesic flow on S, and p the smooth
probability measure on M induced by the Riemannian metric. Recall that the invariant
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=(0,6)

F1GURE 3. An example of a surface S with degenerate closed geodesic.

manifolds /Wf/ “are C! for all x € M. Gerber & Wilkinson proved a stronger regularity
[GW99] and also a property about the tangent distributions E*/%.

Theorem 2.6 (Gerber & Wilkinson [GW99]). Let S be a surface with degenerate closed
geodesic. Then the curves Wi/u are uniformly CYtHP  and x — E;/u 1s Holder continuous.

In other words, the C'+MP norms of all Af/ “ x € M, are bounded by a uniform constant,

and the tangent direction E;Z/ “ is Holder continuous as a function of z € M. Actually,
Gerber & Wilkinson established Theorem [2.6]in a context that does not cover surfaces with
degenerate closed geodesic with non-integer r, but their proof can be easily adapted to prove
the above theorem. In the Appendix, we show how to make such changes.

In the Clairaut coordinates, let 79 = {0} x S! x {0} and v, = {0} x S! x {x}. We
have Deg = 79 U, and so Theorem [2.2] implies that the flow g, is ergodic. Actually, g; is
Bernoulli; see [Pes77a] and [BP07, Thm. 12.2.13] for the classical proofs, and [LLS16] for a
proof using symbolic dynamics.

Next, we use the Clairaut function to distinguish some vectors of M that will play a key
role in the next sections. The only meridian that is a geodesic is v = Z(0,6). In M, this
corresponds to the two geodesics vg and ;. The Clairaut constants are c =1 and ¢ = —1
respectively. Let z = (s,0,9) € M with s # 0 such that g 4(z) C [—|s|,|s|] x S' x S! for
some ¢ > 0, i.e. the geodesic starting at x points towards ~.

ASYMPTOTIC, BOUNCING, CROSSING VECTORS AND GEODESICS: A vector x € M as above

is called:

o Asymptotic if c(x) = +1: the geodesic path g|g ..)(7) is asymptotic to 5.

o Bouncing if |c¢(x)| > 1: there is ¢ > 0 such that ¥ (¢f) = 0 or , i.e. the geodesic path
90,4 (%) spirals towards 7, gi() is tangent to a meridian and after that the geodesic path
spirals away from «. In such cases, the geodesic does not reach ~.

o Crossing if |c(z)| < 1: there is t > 0 such that s(t) = 0, i.e. the geodesic path gjg ()
spirals towards v, g;(x) crosses v and after that the geodesic path spirals away from ~.
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The corresponding geodesic with initial condition x is called asymptotic, bouncing, crossing
respectively.

See Figure 4| The statements above are easily verified using the Clairaut relation .
For instance, if ¢(x) > 1 then s(t) never vanishes during the neck transition and g¢:(z) is
bounded away from ~. It follows that 1 (tp) = 0 for some ¢ty > 0, and s(¢p) is uniquely
determined by the equation £(s(tp)) = c¢. In particular, the value of ¢y is unique and we
obtain bouncing as claimed.

(b)

FIGURE 4. (a) Asymptotic vector. (b) Bouncing vector. (c¢) Crossing vector.

We end this section making a comment on the number of closed geodesics. Letting P(T")
denote the number of closed orbits of length < 7', Knieper [Kni83| proved that

(2.4) zlgréo +log P(T) = hyop(g1).

3. CHERNOV AXIOMS FOR EXPONENTIAL MIXING

Young introduced a powerful scheme [You98]|, nowadays called Young towers, that implies
exponential mixing for a vast class of dynamical systems, especially finite horizon dispersing
billiards. Based on some previous work [Che99b] and on Young’s novel method, Chernov
introduced a set of axioms that implies exponential mixing, and applied it to numerous
further classes of planar dispersing billiards [Che99a]. These axioms are nowadays called
Chernov axioms. Using the ideas of Young and Chernov, many authors proved exponential
and polynomial decay of correlations for other classes of billiards [You99, Mar04) [CZ05al,
CZ05b, BTOS).

In this paper, we only require the existence of a Young tower together with its conse-
quences; hence we omit the precise definition of Young tower and instead refer the reader
to [You9§].

We pay special attention to [CZ05a], where the presentation of Chernov axioms is more
suitable to our context, as we now explain. Firstly, they focus on two-dimensional maps.
Secondly, they give a simpler criterion on the axiom that is usually hardest to prove, com-
monly called growth of unstable manifolds. The simpler criterion assumes, additionally to
the low dimension of the phase space, four facts:

o Alignment: .77 is tangent to stable cones and .#~ is tangent to unstable cones. Here,
%+ are the singular sets, see Section below.
o Structure of the singular set: control on the rate of accumulation of singularity curves.
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o Growth bound: control on the inverses of least expansions of smooth pieces of unstable
manifolds.

o Complexity bound: control on the growth rate of self-intersections of primary singulari-
ties.

These conditions are stated in axioms (A3) and (A8) below. Hence, in this work the

Chernov axioms consist of eight conditions for an abstract smooth hyperbolic map with

singularities to have exponential decay of correlations. Except for axioms (A3) and (AS),

our presentation is based on [BT08, Appendix A], with one crucial difference in axiom (A5):

while the Chernov axioms require the invariant manifolds to be C? curves with uniformly

bounded curvature, we only require them to be C'MP with uniformly bounded C'+HiP

norm.

3.1. Chernov axioms. Here, we state the axioms (A1) to (AS).

(A1) DYNAMICAL SYSTEM. We consider X an open subset of a C? Riemannian surface
X such that its closure X is compact. We let .71, .7~ be closed subsets of X, and let
X0\t = Xo\.Z be a C? diffeomorphism. We call .7+ the singular set of f, and .7~
the singular set of f~'. (Derivatives are allowed to blow up at the boundary of X, and at

the singular sets.)
For n > 1, define
S =STUf (U U (T
Sy =L Uf(ST)U-U ).

Then .7, is the singular set of f", and ., is the singular set of f~". Observe that
y1=y+ and . 1 = ..

(A2) UNIFORM HYPERBOLICITY. There are two families of cones {C¥}, {C?} in the tangent
planes T, X, x € X, called unstable and stable cones, and a constant A > 1 such that:
A2.1) Continuity: {C¥},{C3} are continuous on X.

(

(A2.2) Full hyperbolicity: The axes of {C¥}, {C%} are one-dimensional.
(A2.3) Transversality: min Z(C¥, C$) > 0.
(
(

zeX

)
A2.4) Invariance: Df(Cy) C CF, and D f(C3) D C}, whenever D f exists.
A2.5) Uniform hyperbolicity: For all v* € C¥ and v*® € C%,

IDf @)l = Allo*[l and D 0] = Aflo*]).

Let € Xo. For & U,>07=n let Ef =),5¢ Df"(C}tnw), and for z & (J,,>0 7 let
B = ﬂnzo Df~( ;nz) These are called the unstable and stable subspaces, respectively.
Axiom (A2) implies that every EY, E; is one-dimensional. Moreover, if 2 ¢ | J, ., & then
EYe b =T, x)? , with ¥ being spanned by vectors with positive Lyapunov exponents and
E? spanned by vectors with negative Lyapunov exponents.

For the remaining axioms, we need to introduce some terminology. Let p, m be respec-
tively the Riemannian metric and Lebesgue measure on X. Given a curve W C X , let
pw, mw be respectively the Riemannian metric and Lebesgue measure on W induced by
D, M.
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LOCAL UNSTABLE MANIFOLD (LUM): A local unstable manifold (LUM) is a curve W C X
such that:

(i) f~™ is well-defined and smooth on W for all n > 0.
(ii) p(f~™x, f~™y) — 0 exponentially quickly as n — oo for all z,y € W.

We usually write W} to represent a LUM containing =. The tangent space of W} at
x is EY. Similarly, we define the notion of local stable manifold (LSM) and write W to
represent a LSM containing x.

Now let Wy, Wy be sufficiently small and close enough LUM’s such that small LSM’s
intersect each of Wy, Wy at most once. let W = {z € Wy : WSN Wy # 0}, and let
H : W{ — W3 be the holonomy map obtained by sliding along local stable manifolds, i.e.
H(z) is the unique intersection between W; and Wa. Also, let A(x) = |det(Df [gu)| be
the Jacobian of f in the direction of E¥, which is the factor of expansion on W} at xH

(A3) ALIGNMENT. The angle between . and LUM’s is bounded away from zero; the
angle between .~ and LSM’s is bounded away from zero.

(A4) SRB MEASURE. The map f preserves an ergodic volume measure p such that a.e.
x € Xop has a LUM W} and the conditional measure on W} induced by pu is absolutely
continuous with respect to myu. Furthermore, f" is ergodic for all n > 1. E|

/s

(A5) UNIFORMLY BOUNDED C!'*MP NoRrMS. The leaves W,/ ® are uniformly C1+4P,

In other words, there exists a universal constant K > 0 such that if W, /$ is an LUM

or LSM then the graph representing W' /s locally at = has C'T1P norm bounded by K.
Axiom (Ab) is weaker than those required in the literature, and is discussed further at the
end of this section, see Remark [3.3]

(A6) UNIFORM DISTORTION BOUNDS. There is a function ¢ : [0,00) — [0,00) with
lim, 0 ¢ (x) = 0 for which the following holds: if W is a LUM, then for all z,y belonging
to the same connected component V of W N .%,_1,

log

n—1 A i{I;
11 Agffyi] <Vl 1)

(A7) UNIFORM ABSOLUTE CONTINUITY. There is a constant C' > 0 with the following
property: if Wy, Wy are two sufficiently small and close enough LUM’s, then the holonomy
map H : W] — W is absolutely continuous with respect to myy,, my, and

1 mw, (H [Wl/])

— < —2——=2 (.
¢ mw (W)~

Now we proceed to the crucial axiom, which states that the expansion of the system
prevails over the fragmentation caused by the singularities. Let us recall once more that

IFor simplicity, the original work of Chernov also required an assumption called nonbranching of unstable
manifolds, see [Che99al, p. 516]. As already remarked in [Che99a], this assumption can be dropped [vdB01].

2Although [CZ05a] requires that f is mixing, this assumption is never used in the proof, hence we state
(A4) with the weaker assumption that f™ is ergodic for all n > 1, as in [Che99a] and [BT0S].
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condition (A8) below follows [CZ05al. Indeed, we require the practical scheme described in
[CZ054. §6], for the following reasons:

o The singular set .7 = .7 is usually decomposed into two components .#p and .75.
The set #p is made of intrinsic singularities, which we call primary, and #5 is made
of artificial ones, which we call secondary. The set .#5 is artificially added to guarantee
bounded distortion, near places where the derivative explodes.

o Since the expansion factor A might be close to 1, we often need to consider an iterate f™
so that A" is large enough.

Hence we assume that . = T = % U .%, and we let .7, = Ipn U S5y be the

corresponding decomposition of .%, for n > 1, where

T =S U (Sp)U--- U (D)

Fsn =S5V (L) U+ U ().
Since secondary singularities are accompanied by strong hyperbolicity, the philosophy that
“expansion prevails over fragmentation” is guaranteed if the expansion caused by .#5 prevails
over the fragmentation caused by .#p ,. We only need to check this for some n > 1 for which
A" is large enough. The precise conditions are the following.
(A8) GROWTH OF UNSTABLE MANIFOLDS.

(A8.1) Structure of the singularity set: There are constants C,d > 0 such that if W is a
LUM, then W N .%] is at most countable. Furthermore, W N .#; has at most one
accumulation point x, and if {z,,} is the monotonic sequence in W N.#] converging
to T then

C
(T, Too) < — foralln>1.
n
(A8.2) Growth bound (assumption on secondary singularities):

0p := liminf sup — <1,
6—0 \W\<5Z
where the supremum is taken over all LUM W with W N.%p = 0, the connected
components of W\.g are {W,,} and A,, = min{A(x) : x € W,,}.
(A8.3) Complexity bound (assumption on primary singularities): Let

Kp, = hrn sup Kp (W)
=0 |w<s

where the supremum is taken over all LUM W and Kp,(W) is the number of
connected components of W\.p ,,; then Kp,, < min{ﬁ_l, A}" for some n > 1.
We can now state the result of Chernov & Zhang that will be important to us.

Theorem 3.1 (Chernov & Zhang [CZ05al). If f satisfies (A1)—(AS), then f is modelled by
a Young tower with exponential tails.

In particular, f enjoys exponential decay of correlations by [You98| [(Che99a].

Remark 3.2. We do not claim that the Young tower in Theorem is exponentially
mixing. Indeed, the approach of [Che99al only guarantees the existence of a Young tower
that is exponentially mixing up to a finite cycle. However, by [Che99a, Proposition 10.1],
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this property combined with (A4) is sufficient to ensure that f is exponentially mixing.
Similar comments apply to the Young towers with polynomial tails constructed in [Mar04,
CZ05a]. See also [BMT21), Section 4.1] where this issue is explained carefully in the context
of proving lower bounds for polynomial mixing rates (as required in Section .

Remark 3.3. Previous work requires invariant manifolds to have uniformly bounded sec-
tional curvature in axiom (A5). This condition is solely used to uniformly approximate
pieces of invariant manifolds by hyperplanes. More specifically, [Che99al, Estimate (4.1)]
states the existence of C' > 0 such that if W is a —LUM then Z[W,W,0] < CZ[H, H, 0],
where H is the projection of W to T, M for some (every) x € W. The function Z[W, W, 0]
characterizes, in some sense, the “size” of W. The curvature assumption is used to show
that the “size” of W is of the same order of its projection to hyperplanes. The weaker
assumption of uniformly bounded C'*P norm ensures that the Jacobians of the projection
map and of its inverse have uniformly bounded Lipschitz constants, and this is enough to
imply the above estimate. In particular, Theorem [3.1| remains valid under (A1)—(A8) with
this slightly weakened version of (A5).

4. DYNAMICS OF TRANSITIONS IN THE NECK N

We initiate the study of the geodesic flow on a surface with degenerate closed geodesic
as defined in Section with » > 4 and g9 > 0 fixed. Recall that we are taking § > 0
small enough and considering the d—Sasaki metric || - || = || - ||s—sas- By Proposition [2.5[ and
equation , the loss of uniform hyperbolicity of ¢g; occurs when a geodesic approaches
Deg, i.e. when it spends a large amount of time spiraling close to the degenerate closed
geodesic v. Hence in this section we focus on giving a detailed description of the dynamics
of the transitions in the neck N.

In Subsection [£.1] we construct a two-dimensional section 2, the transition section, and
an associated transition map fo. In Subsection [4.2] we obtain an explicit formula for fy.
It is this representation that allows us to avoid using the Riccati equation and its (not so
precise) estimates and, instead, to perform more accurate calculations. In Subsection
we estimate transition times and derivatives of fj.

In the rest of the paper, we use the following notation:

o a(u) < b(u) or a(u) = O(b(u)) if there is a constant C' such that a(u) < Cb(u) for all u
small enough.
o a(u) = b(u) if a(u) < b(u) and b(u) < a(u).
o a(u) ~ b(u) if m}% =1.
The calculations in this section use the Clairaut coordinates x = (s,6,v) on TN =
[—€0,€0] x St x St.

4.1. Transition section ) and map fy. The transition section 2 we construct allows a
very simple description of the transitions of geodesics in the neck NV. As detailed below, we
define Q2 = Q4 UQ_ UQy where:

o 0, C {#£eo} x S! x S! is a neighborhood of four families of geodesics entering the neck
and asymptotic to -y;

o 0 C {#£eo} xS! xS is a neighborhood of four families of geodesics exiting the neck and
asymptotic to « in backwards time;
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o Each of Q; and Q_ is a disjoint union of four annular regions (diffeomorphic to S' x

(—1,1));

o )y is defined in a neighborhood of v and is a disjoint union of two open disks.

To construct 21, we use the Clairaut function ¢ from Section Recall that £(s) =
14 |s|". Hence there is a unique ¢ € (0, §) such that £(eo) cos g = 5(—60) cos g = 1. Re-
calling the notation of asymptotic vector 1ntr0duced in Sectlonm7 2.3] the vectors (&g, 0, 1)),
6 € S', constitute four families of asymptotic vectors with Clairaut constant ¢ = 1 and as-
ymptotic to . Similarly, (e, 0, =(m — 1)), 6 € S!, constitute four families of asymptotic
vectors with ¢ = —1 and asymptotic to v. Of these, (—¢q, 0, y), (€0, 0, —0), (—€0, 0, T—1),
(e,8,—(m—1)g)) correspond to the four families of trajectories that enter AV and are asymp-
totic to v as t — oco. The remaining four families of trajectories exit AN/ and are asymptotic
to vy as t — —oo0.

Focusing momentarily on x = (—&g, 8,19), we define

O = {z = (—e0,0,9) € T'N : |e(x) — 1| < x}-
Shrinking x = x(co,7) > 0, we can ensure that Q; = {—gg} x S! x I where I is an

open interval containing 1y with I C (0, 5). Treating the other three families of entering
asymptotic trajectories similarly, we obtain €2, as the union of four sets isomorphic to €);.

Similarly, the set 2_, isomorphic to €24, is obtained by considering the four families of
exiting asymptotic trajectories.

Finally, let
Qo= (—x,x) x {0} x (=, x) U (r — x,m + x)) C T'\V.

TRANSITION SECTION €2: Define Q = Q_ U Qo U Q.

We now prove that € is transverse to the flow direction.

o The tangent space at every point of g is R x {0} x R. Since the flow directions at
(0,0,0) and (0,7,0) are spanned by (0,1,0) and (0,—1,0) respectively, transversality
holds at (0,0,0) and (0,7,0). Since x > 0 is small enough, transversality holds at every
point of €.

o The tangent space at every z = (£eo,0,v) € Q4 is {0} x R x R. If (s(¢),0(t), ¥ (1)) i
geodesic defined by z, then the flow direction at x is (s'(0),60'(0),4'(0)). Since 1(0)
we have £(s(0)) > c(x) and so the equation of geodesics implies that s'(0)
Again for x > 0 small enough, €2, is transverse to the flow direction at z.

o Analogously, €2_ is transverse to the flow direction.

s the
#0,
# 0.

The transition section {2 captures all trajectories that approach Deg. To better under-
stand them, consider the partition of Q4 = QF U Q7 UQS induced by c:

OF = {z € Q4 :|c(x)| = 1}, (asymptotic),
Q7 ={z € Q4 : |c(x)| > 1}, (bouncing),
QT ={zeQy:|
Similarly, we define Q_ = Q= UQ~ UQS.
We have the following transitions of segments of trajectories that enter N' and approach
Deg.

c(x)| < 1}, (crossing).
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o Starting at asymptotic vectors: QT — Q¢ — Q¢ — -- -, and these trajectories get trapped
in Qo.

o Starting at bouncing vectors: Q7 — Qo — -+ — Qy — Q2.

o Starting at crossing vectors: Q5 — Qo — -+ — Qo — Q°.

We have thus understood the transition in the neck of every x € (24. Next, we introduce
the map that performs the transitions from Q4 to Q_.

TRANSITION MAP fo: Let fo : Q4 \ QF — Q_ \ QF be the map induced by the flow, i.e.
fo(x) = g¢(x) where t > 0 is least such that g,(z) € Q_.

4.2. Formula for the transition map fy. In this subsection, we obtain an explicit for-
mula for fo.

Denote geodesics in the neck by x = x(t) = (s(t),0(¢t),%(t)). As we have seen, they are
characterized by the equations

(4.1) ¢ = €(s) cos ) = ()0,
C2
(4.2) [1+€ PN + g = 1

where ¢ = ¢(x) is the Clairaut constant of x. We parametrize bouncing geodesics x taking
§'(0) = 0 and ¥(0) = 0 or 7, i.e. x bounces back exactly at time ¢ = 0. Similarly, we
parametrize crossing geodesics x taking s(0) = 0, i.e. x crosses 7y exactly at time ¢ = 0. The
next result describes the symmetry properties of bouncing/crossing geodesics.

Lemma 4.1. The following are true.
(1) A bouncing geodesic (s(t),0(t),1(t)) with s'(0) =0 and 1(0) = 0 satisfies

(s(=1),0(=t), ¥ (=t)) = (s(t), =0(¢) + 26(0), —(t))

for all t.
(2) A crossing geodesic (s(t),0(t),¥(t)) with s(0) = 0 satisfies

(s(=1),0(=1), (1)) = (=s(t), =0(t) + 20(0), ()
for all t.
Proof. (1) Define
X = (5(t),0(t), (1)) = (s(—t), —0(—t) +20(0), —1p(~1)).

We show that X is a geodesic with the same initial conditions of x. Start by observing that

%(0) = (s(0),6(0),0) = x(0). Since §'(t) = —s'(—t), § (t) = 6'(—t) and ¥ (t) = o' (—t),
o(X) = £(5(1))%0 () = £(s(—1))0' (—t) = c(x),
[1+ €50 (0)? + g0 = [1+€(s(—))(5'(—1))? + ge2 = 1.
Hence X = x, which proves part (1).
(2) Similarly, define
X = (5(1),0(t), V(1)) = (—s(—t), =0(—t) + 26(0), ¥ (~1)).
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Then X(0) = (0,6(0),(0)) = x(0) and, since 5'(t) = s'(—t), 8 (t) = ¢(—t) and ¥ () =

—/(—),
o(R) = £(5(6))% (1) = &(s(—1))%0 (—t) = e(x),
[1+€GWAE 1)+ godn = 1+ (s(=0)2('(=6)? + 5o = 1.

We obtain again that X = x, which proves part (2). O

Let x = (s(t),0(t),1(t)) be a bouncing/crossing geodesic parametrized as above.
TRANSITION TIME Yg: Define To(x) = min{t > 0 : |s(t)| = eo}-

Since ¢ is an even function, we can assume that x enters the neck N at {s = —&¢}.
Lemma [4.1] implies the identities

T = g—To(x) (5(0)7 9(0)7 ¢(0)) € QJrv fO(x) = gTo(x) (3(0)7 9(0)7 1[)(0)) €N _.
In particular, the transition time of x from Q4 to Q_ is actually equal to 2Ty(x) (but it is
convenient to call T the transition time). Moreover:

o If x is bouncing then s [[_y(x) 0] is strictly increasing and s [[g v (x)] 18 strictly decreasing.
We have s(—Yo(x)) = —eo = s(Yo(x)).

o If x is crossing then s [[_y(x)1,(x)] is strictly increasing. We have s(—o(x)) = —eo,
s(Yo(x)) = €o.

The next proposition gives the remaining ingredient to obtain the explicit formula for fj.

Proposition 4.2. Let x be a bouncing/crossing geodesic. Then

o Jelx)] L(Hs'(s)? ]5 s

5)? — c(x)?

0Ta0) ~0-Tol) =2 [

Proof. Equations (4.1) and (4.2)) can be rewritten as

£(s) - c<x>2] 3

= cbos(s)? and 1] =gl [

Dividing one equation by the other yields

gc(x)\{ 14 €(s)? ]5
&) (&2~ cl?]

ﬁ
ds

Since s [1g,v,(x)) 18 monotone,
oo~ [ |c<x>|{ 1+ ¢(s) Fd
6(Yo()) 9(0)"/|s(0>| &s) e -]

By Lemma we have that 6(To(x)) — 6(—Yo(x)) = 2[0(To(x)) — #(0)] and the proof is
complete. O
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By the rotational symmetry, the integral in Proposition only depends on . Hence
we define

With this notation,

(—e0,0 £ ¢(¢), —1) for bouncing vectors,

fo(—¢0,0,v) = {(507 0+ C(1), ) for crossing vectors.

4.3. Transition times and derivatives of fj. Before proceeding further, we derive two
elementary integral estimates.

Proposition 4.3.
(1) Letr,o,e > 0 with ar > 1. Then

S
/ (s"+b)"ds ~ Cibtr  asb— 0+,
0

where C1 = [;°(z" +1)"* de.
(2) Let q,r,a,e >0 and B > 0 with ar — Bq > 1. Then

15
/ (8" = b)Y — b1’ ds ~ Cob’I7 L g5 b — 07,
b
and
e+b
/ (s" —b")"%(s7 — b9)P ds ~ CobPI7 9+ g5 b — 0F,
b
where Cy = [{°(2" — 1)7%(29 — 1)? dx.
Proof. Note that ar > 1 implies that ] is finite. By direct computation and the change of
variables z = b_%s,
€ € slf%
/ (s"+b)"%ds = bo‘/ (b 1s" +1)%ds = bt / (" + 1) %dx
0 0 0

and part (1) follows.
Proceeding similarly to the proof of part (1),

[ =mner—mntas —ve [y 07 ) - 1)
b b
eb—1
_ 1Bq—ar+1 " — —(pd _ B -
— P /1 (z" —1)"%(2? — 1)%d

and the first estimate in part (2) follows. The argument for the second estimate is identical.
O

To better analyse fy near the set of asymptotic vectors, we introduce a partition of €2,
as follows.
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HOMOGENEITY BANDS ON {2,: For each n > 1, the homogeneity band with index n is
6n =€, UG, where

G ={re 1+ ol <le(@)| <1+ &}
CK::{$€Q+:1—$<]c(x)|<1—m}.
The next result estimates Y in the homogeneity bands.

Lemma 4.4. Let x be a geodesic with entry vector in 6,,. Then Yo(x) ~ n'

Proof. We continue to assume without loss that s(—Yy(x)) = —eg. Also, we suppose

without loss that the Clairaut constant ¢ = ¢(x) is positive. By assumption, ™ +1)2 <

lc—1| < 5. By ([{2),

(4.3) (507 =1+ (E)) 2 E+)E - ) mE(s) —c

We have two cases:

o If x is bouncing, then ¢ = 1+ |s(0)|" where s(0) ~ —n=2/". By ([&3), (s)? =~ |s|" —|s(0)|"
and so (|s|" — ]3(0)]7")_%8’ ~ 1 on the interval [— TO( ),0]. Applying Proposition (2)

with a = 3, 3= 0 and b = |s(0)|, we conclude that

s(0) 1 €0 1
Yo~ — [ (s = s B = [ (s = [s()1)¥ds
—€0 |s(0)]
~ |s(0)] 72 ~ n'v.
o If x is crossing, then ¢ = cos®(0) ~ 1 —n~2. By [3), (5)? ~ |s|” + n~2 and so
(Is|" + n_2)7%5’ ~ 1 on the interval [-Yo(x), Yo(x)]. Applying Proposition (1) with
a= % and b = n~2, we conclude that

This concludes the proof of the lemma. O

Now we estimate, in terms of ¢, how the ¥—coordinate varies under fy. Without loss, we
restrict to positive values of c.

Lemma 4.5. Suppose that x,X are both bouncing or both crossing geodesics. Then

[¥(Yo(x)) — »(To(X)] = [e(x) — c()].
In particular, if the entry vectors of x,X are both in the same connected component of €,
or of € then

|w<’ro(x)) P(To()| = 2(ef" +2¢) "0 + O(n™Y).

Proof. Let a = (14 f)~'. By ([&.1), (1 +e}) cost(Yo(x)) = c(x) and so cosyp(To(x)) =
ac(x). Similarly, cos w(To(x)) = c( ). By the mean value theorem,

ale(x) — e(X)] = | cosh(To(x)) — cos P(To(X))]
= |sin "] - [(To(x)) — ¥ (Lo (X))]
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for some 1* between ¥ (Yo(x)) and 1(Yo(X)). Since cos(Yo(x)),cos(Yo(X)) ~ a, we
have |sin¢*| ~ (1 — a?)'/? and so
[$(To(x)) — P (Yo(X))| = a|sin*| " e(x) — e(X)| ~ a(l = a®) 7 2[e(x) — e(X)|-

Now suppose that the entry vectors of x,X are in the same connected component of €.
Assuming without loss of generality that c(x),c(X) > 0, then 1+ (n +1)72 < ¢(x),¢(X) <
14n~2. Tt follows that |¢(x) —c(X)| = 2n 34+ 0(n™%). Also, siny* = (1—a?)"1/24+0(n"2).
Hence B

[%(Yo(x)) = D(To(X))| = 2a(1 —a®)"*n " + O(n™").

An analogous calculation holds if the entry vectors are in €;~. O
To conclude this section, we obtain estimates for the derivatives of (.

Lemma 4.6. The following are true.
(1) If (—£0,0,0) € €= then ¢'() ~ —n®"+ and ¢"(¥) ~ n®~
(2) If (—e0,0,%) € €7 then ¢'(v) ~ n®~% and |¢"(¥)] < n®~F.

Note that the first three estimates in Lemma [4.6] give upper and lower bounds, while the
fourth estimate gives only an upper bound.

2
T

Proof. (1) Let a = 1—1—50 (this notation is different from Lemma[d.5)). We have ¢(x) = a cos 1),
hence cos®) ~a~ " ~ 1 and sinyp ~ (1 —a~ )2 ~ 1. Also, s(0) =0, so

C(Y) =2a Cosd}/o ’ A(s) [£(s)* — a® cos® 1/1]7% ds

Nl

where A(s) = % ~ 1. By direct calculation,
() = —2asm¢)/ [€(s)? — a® cos? ¢]7g ds
~— [ iets) — el as
0
and
") = 2acos¢/ A(s [Ba sin? o) 4 a2 cos? ) — £(s) ] [5(5)2 — a? cos? 1/)]7% ds

~ [ lel) - et s
0

Noting that £(s) — c(x) ~ s" + n~2, Proposition [4.3|(1) applied with:
o a=3 and b= n"? gives that '(¢) ~ —(n_Q);%T% — _p3 7,
o= % and b = n"2 gives that ") ~ (n_Q)*§+? —nd .
This proves part (1).

(2) This part is more difficult, for two reasons: the interval of integration in ¢ is not fixed,

and the denominator £(s)? — ¢(x)? is harder to control since both &(s),c(x) > 1. Since
§'(0) = 0, we have ¢(x) = acos®) = 1+ |s(0)|" with, as before, cosy ~ 1 and siny =~
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Introduce the variable y = |s(0)|. Then ¢(x) —1 =y" and so y ~ n~ 7. Write C(v) =21(y),

where
e DRI E 0 L
I(”‘/y &) [5(5)2_(1+yr>2} I

L[aen T tegenr ),
o Es+y) [&s+y)?—(1+y)?

N /OEOy Als,y) [(s+y)" —y']) "2 ds.

E(sty) | E(s+y)+(1+y"
Next, write I(y) = I1(y) + I2(y) where

N /050 Als,y) [(s +y)" —y') "2 ds,

1
Here, A(s,y) = 4 [ L (s+y)? )] * is C? with A(s,y) ~ 1.

B == [ Al (s+oy -y ds
c0—y

Now, I is C? for y small and in particular I} and I} are bounded. Therefore, it remains
to estimate I and I7. We have I} = Q1 + Q2 where

Quly) = /0 "0, A(s.9) [(s +y) — o] H ds,

Nl

Q2(y) = -5 /060 Als,)[(s+y)" =y~

Using that A is C? and applying Proposition (2) with o = %, B =0, b=y gives that

[(s+ y) Tt — yr_l] ds.

€0 1 oty 1 riq
czl<y>|<</0 (s+y) — ¢ stz/ (" — o] F ds oy
Y

Now, since A(s,y) ~ 1, applying Proposition (2) with o = %, B=1qg=r—1, b=y
implies that

Q2(y) ~ —/0 sty -y [(s+y) "=y~ ']ds
oty 3 )
= _/ [s" =y 2 [ST_I — yT_l] ds ~ —y~ 2.

Yy

Hence, I'(y) ~ I}(y) ~ —y~z. Next we transform back to the variable 1. Differentiating
144" = acos with respect to v, we get that ryr_lg% = —asiny ~ —1 and so g—i ~—yl T,

which implies that
(W) =20"(y) 4 ~ (—y 2)(—y' ") =y' "7 ~ (n”
This is the desired estimate for (.
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Similarly, we can write I = Q3 + Q4 + Q5 + Q¢ with

g0ty 1 roq
Q)| < / Y P
Y

g0ty 3 1 1 -
Quly >|<</ oy [y ds myE

60+y 3 r
1Q5(y)| ~ / [s" =y T2 [s" 2=y Plds~y 2,

Yy

60+y 5 2 [
1Qo()| ~ / =y [ -y ds my R

Yy

Here, the estimates of (Y3, Q4 are the same as those of (Q1, @2, the estimate of Q)5 follows
from Proposition (2) with o = %, B=1,qg=r—2,b=y and the estimate of Qg follows
from Proposition [4.3(2) with a = 3, 3 =2, ¢ = r — 1, b = y. Hence \I”( )| < yié*l.
Differentiating ry“lg—i = —asinYy with respect to 1 and recalling that < 15 w —y'7", we
get that
2 2
—1l=x~—acosy =r(r—1)y"~ 2( ) +ry" 1775 ~r(r—1)y " +ryr_137g.

Since y~" is large, both terms on the right-hand side have the same order, hence fl% ~
—y~ 2"+l We thus conclude that

" (W) = |21"(y) (B)* +2I' (y) B4 | <y~ 2719207 4y~ 5y 724
~ y7%+1 ~ (nf%)7%+1 = nsf%
which is the required estimate for ¢”. O

5. POINCARE SECTION AND FIRST RETURN MAP f

In this section, we construct a suitable Poincaré first return map f : Yo — ¥ with
unbounded Poincaré return time 7 : £y — (0, oo] such that inf 7 > 0. Keeping in mind the
Chernov axioms (Section [3)), we require that the two-dimensional cross-section ¥ satisfies:
o ¥ is the disjoint union of finitely many codimension one submanifolds of M each of which

is almost orthogonal to the flow direction and hence, by Lemma [2.4{2), almost parallel to

ES®FEY. In particular, the flow projections of the one-dimensional stable/unstable direc-

tions ES of g¢ define stable/unstable directions E*" for f. Moreover, the hyperbolicity

of f along E*" is almost the same as that of g; along E’S’“, as given by equation ([2.1)).

o The boundary of ¥ is transverse to £* and E*. This condition ensures (A3).

o There are no triple intersections for a certain family of curves and iterates under f. This
family of curves is the union of boundaries of ¥y and finitely many curves of asymp-
totic vectors, and makes up the primary singular set .#p. This condition is used in the
verification of (A8.3).

The construction of Xy is rather technical and is done as follows. Recall the transition

section €2 constructed n Section 4.1} Using Q we construct a “security” section X that is

almost parallel to E*& E". Then we choose & C ¥ so that its boundary is transverse to the
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invariant directions and tke “no triple intersections” requirement stated above holds. Ide-
ally, we would take ¥y = X, but unfortunately this is not enough to guarantee axiom (A2),
since the hyperbolicity rate of the Poincaré return map (and its induced maps) depends on
two effects that compete one against the other:

o The angle between the Poincaré section and E®%: the smaller the angle is, the closer are
the hyperbolicity rates of the flow and of the Poincaré return map.

o The Poincaré return time of the section: the smaller the return time is, the weaker is the
hyperbolicity of the flow (and hence of the Poincaré return map).

If the connected components of S are small to guarantee a small angle, then the Poincaré
return time is close to zero. To bypass this difficulty, we divide each connected component of
Y into small pieces, each of them still with boundary transverse to the invariant directions,
and displace each of them by a small amount in the flow direction so that the new angle
with £ is as close to zero as we wish and no triple intersection appears. Leﬁting Yo be
the union of the displaced pieces, its Poincaré return time is close to that of X. In other
words, this division procedure decreases the angle whilst almost preserving the Poincaré
return time. This allows us to prove (A2) in Section []

5.1. Construction of X. Since €, might not be almost parallel to E’s’“, we take instead
a finite union of small discs that are almost parallel to E and whose union of flow boxes
contains 24. Choosing the discs small enough, the transitions in the neck from X to
itself coincide with the transitions from 4 to 2_ up to small flow displacements at the
beginning and end. Then we complete ¥ by adding a disjoint union of finitely many small
discs such that their flow boxes do not intersect the trajectories in the neck that are close
to the asymptotic ones. In other words, we complete the section so that the asymptotic
trajectories and nearby ones remain the same.

We begin introducing some notation. For each x € M, let exp,, : T, M — M denote the
exponential map of M at z. For U C M and I C R, we let g;tU = J,c; 9:(U). Recall that
Z, is the one-dimensional subspace of T, M tangent to the geodesic flow.

su—DISC AND FLOW BOX: The su—disc at x € M with radius A > 0 is the surface
Dy(z) = {exp,(v) : v L Z, and |jv|| < A}.
The flow box at x € M with radius A > 0 is gj_x xDa(z).

Fix x = x(r,€0) > 0 small. We take A < x so that Dy(z) is an immersed surface and
TyD(zx) is almost orthogonal to the flow and hence almost parallel to E; ® E, for every

y € Dy(z). Now we proceed to construct 3.

STEP 1 (CONSTRUCTION OF Y NEAR Q4): Choose points z1,...,Z,m € M and 0 < a <
b < x such that {Dy(z;)}1<i<m are pairwise disjoint and
(5.1) U C | geagDalzi) € J gsnDoli).

1<i<m 1<i<m

In other words, Step 1 “approximates” €24 by finitely many su—discs. This can be done
e.g. by taking a sufficiently fine net of points in 2_ U, and then displacing each of them
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a small amount in the flow direction so that their su—discs are all disjoint; see a similar
argument in [LS19, Lemma 2.7].

STEP 2 (SECURITY NEIGHBORHOOD N): Choose a compact neighborhood Ny € Q. such
that QT C int(Ny). For v € Ny, let t(z) = inf{t > 0: g;(x) € Q_} € (0, +00], and let N
be the closure of {g:(z) : z € Ny and 0 <t < t(z)}.

Since €7 is the disjoint union of four closed curves, N, is the disjoint union of four
compact sets. The set N is a compact neighborhood of all asymptotic vectors with |s| < &p.

STEP 3 (CONSTRUCTION OF ¥ FAR FROM Q4): Choose Tyt1,-- -, Tmin € M such that:

o {Dy(x;) }m+1<i<m+n are pairwise disjoint su—discs, each of them disjoint from N and
disjoint from {Dy(x;) }1<i<m;

o the disjoint union X(r) W is a global Poincaré section (i.e. a cross-section with bounded
first return time) for all A € [a, b], where 3(\) = Ur<icman Da(@i).

Again, Step 3 can be carried out similarly to [LS19, Lemma 2.7]. Note that all flow
trajectories that start in N; make the transition in the neck without visiting any Dy(z;),
m+1<i:1<m+n.

THE SECURITY SECTION %: Define ¥ = (b).

Thus ¥ & Qg is the largest global Poincaré section constructed in Steps 1-3. Before
continuing, let us introduce some further notation. For A € [a,b], let hy : S(A) W Qp —
f](/\) W ¢ be the corresponding Poincaré return map. Since the return times of Ea,ﬁb are
bounded away from zero and infinity, we have h, = %{)V where N : $(a)w — {1,2,..., No}
is bounded. The same holds for every A € [a, ], namely hy = EIJ)V* where Ny : S(A\) & Qg —
{1,2,..., Ny} is bounded (the bound Nj is the same).

For A € [a, b], define the following objects:

o 7y : B(A\) = NU {oo} such that E:\*(x) (z) is the first return of x to ().

o . FT(\) = IZ(N\) U {r\ = oo}

o fr: B(W)\.ZT(A) = 2()) the Poincaré return map

Note that 7)(z) = oo only for asymptotic vectors, and that the flow time function of fy

is unbounded exactly when approaching asymptotic vectors. Yet, f, and f; differ by a
bounded number of iterates, as we now explain. Write 7 = 7,(z), and let 0 < 4,5 < 7 such
that hy(x), ..., hi(x) € S(0)\E(a), iyt (2), ..., by 7 (@) € Qo and by 7 (2),... . by} (@) €
¥(b)\ X(a), i.e. i is the last iterate before entering 0y and 7 — j — 1 is the last iterate before
leaving Q. Clearly f,(x) = f£+j+1(x). Observing that he(z) = EZ'H(J:), it follows that
i+ 1 < Ng. Similarly, j +1 < N,. Letting £y := 2Ny — 1, we conclude that i + j + 1 < 4o,
hence f, = f{ for some £ : ¥(a)\.7*(a) = {1,...,4}.

Finally, observe that for any i(a) cXcC f](b) we can similarly define 7x,.71(X), fx,
and that fx = fle for some £x : X\ (X) — {1,...,4} (the bound ¢ is the same).
Hence, controlling pre-iterates of fx up to order ng say follows from controlling pre-iterates
of f up to order £yng. In summary, we just need to analyze a bounded number of iterates

3In general, the maps f\ need not be related to the map fo introduced in Section
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of a single map. In the next subsection, we consider a multi-parameter family of such
sections X and show that for some choice of parameters the section X satisfies the required
properties.

Remark 5.1. We can also apply Step 3 above to extend ;. U Q_ to a Poincaré section
Q). The construction is simpler, since we only require transversality with the flow direction
(and not necessarily almost perpendicularity). Hence the transition map fyp can be extended
to fo : Q\T(Q) — Q, where .#T(Q) is the union of the boundary of Q and the points
that never return to  under the flow. The transition time function Ty can be extended
accordingly. Similarly to the maps f), the map fy is a Poincaré return map of g that
captures all flow trajectories not asymptotic to . Hence f) and fy are conjugate, with
transition time bounded from above.

5.2. Construction of 3. Fix an integer ng. Let A C 3 be a connected curve. The next
lemma is essential to the construction of f), and shows how to perturb A to avoid triple
intersections of pre-iterates under f;, up to order fyng. Since S s perpendicular to the
flow, Lemma i4(2) implies that the stable/unstable subspaces Es/ for the flow project
to directions F/* in 3. (For the moment, this is purely notational and no dynamical
properties are claimed for E5/%.)

Lemma 5.2. Given a connected curve A C ¥ transverse to ES EY and € > 0, there is
a one-parameter family {A(t)} <1 of disjoint curves, each of them e-close to A in the
C'-norm, such that

AN £ TAW] N 7 [A®)]
AN f AR N £ (C)
O fTA®] N £ TA®))

for all 0 <i < j <A{ong and |t| < 1.

0
0
0

To prove Lemma [5.2] we provide a combinatorial description of the trajectories of A,
according to the transitions in the neck N that spend a long time. This combinatorial
description (decomposition) and some notation (long backward transition and parameter
n > 0) will be only used in this section.

PROJECTION MAP TO €i: The projection map to Q4 is the map p : gj_ (24 UQ_) —
Q4 UQ_ defined by p(gi(z)) = x for (x,t) € (03 UQ_) x [—x, x]-

This map allows to localize our analysis inside 2. Recall the transition map fy studied
in Section Observe that if B C €1_ is a curve intersecting 2=, then f; 1(B) C Qg is
the union of two disjoint curves of infinite length, each of them accumulating at Q7F, see
Figure |l The proof of this fact is easy. By symmetry, it is enough to prove the analogous
result for the forward iterate of fy, and we know for instance on €y that ((¢)) — oo as
P — 1y and as 1 — ¢6r (and similarly on the other three parts of 24 with 1)y replaced by
—1pg or £(m — 1bg) as appropriate).

The transition of Figure [5|is the only source of unboundedness when considering pre-
iterates of f;, since otherwise the return time of the flow is uniformly bounded. To better
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FIGURE 5. The pre-iterates of a curve intersecting 2= equals two curves of
infinite length accumulating at 7.

analyze this phenomenon, fix n > 0 small and define
U={zeQ_ :dx07) <n}, V={zeQ_:d(z,Q7) < 2n}.

LONG BACKWARD TRANSITION (LBT): The point 2 € ¥ has a long backward transition

LBT) at time i if f, 'z € gi_, 1V and ~HD, ¢ Ji—v+182+. When this happens, we say
b [—x:x] b [=xx]° 5+

that the LBT occurs at the point fb_iw.

DECOMPOSITION OF A: Given a curve A C ¥ with finite length and finitely many connected
components, write A = Ag W --- & Ay,p, Where

A; = {x € A: x makes the first LBT at time i}, 0 < i < {yng
Aggng = A\ (AW Afono—l)'

Note that Ay, is the set of points with first LBT with time at least {yng, and includes
points with no LBT. Each A;, i < £yng, is the disjoint union of finitely many open pieces
of A, and Ay, is the disjoint union of finitely many pieces of A.

Consider C = g_, 23N i, which is the disjoint union of finitely many pieces of curves
asymptotic to v under the map 711,. Decomposing C = Coy C1 W - - - Cy,pn,—1 as above, the
first LBT’s associated to C' occur at the set C' = Cp W fb_l(Cl) W fb_eO”OH(Cgono,l),

equal to the disjoint union of finitely many curves asymptotic to v under the map hy. Then

p[C] = p[Col W plf; H(Co)J @ - W p[fy " (Cryng-1)]
is the disjoint union of finitely many curves asymptotic to v under the flow. Let H =
p[C] N Q=, which is a finite set equal to all homoclinic intersections associated to first
LBT’s. We claim that all other LBT’s accumulate in H. The proof is by induction on
the number of LBT’s. Assume that I C C; has the second LBT at time j > i. The set
p[fl;(ZJrl)(C'i)] accumulates at QF, and f, 7 (C;) is obtained from f;(ZJrl)(Ci) by a uniformly
bounded flow time, hence p[f, ?(C;)] accumulates on H. The claim follows.

For n > 0 small enough, all first LBT’s of C' are associated to a point of H, i.e. the piece
plfy “(C;)] not only intersects V but indeed crosses Q=. See Figure |§| to understand the dy-
namics of accumulations around Q=. The red/green intervals in the left figure are pieces of
p[C;]/p[Ck], and the vertical red/green curves in the right figure are p[f;i(Ci)]/p[f;k(Ck)],
equal to the pre-iterates right before the first LBT’s. In the figure, they define four ho-
moclinic points. We also depict an interval p(/) that makes two LBT’s. The first LBT
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generates the two curves of infinite length in the left figure, both accumulating at Q=. Fi-

nally, the vertical blue curves in the right figure are p[f,~ J (I)], equal to the pre-iterates right
before the second LBT of I. Observe that they accumulate on each of the four homoclinic
points.

PO g < pic "

—— . [T
‘ Wi

|
i

/
i

pof,’ 4//////’

FIGURE 6. Dynamics near homoclinic points.

Now we are able to prove Lemma [5.2

Proof of Lemma [5.2] To obtain a one-parameter family, it is enough to perturb A so that
the intersection conditions of the statement hold robustly. We have

{ﬁ*mwoéké%m}z{ﬁ%&w0§k§§u{gW&yi<kg%m}

ﬁA gA
{gﬂcyogkg%m}z{g%@%ogks@u{g%ayi<kg%m}
Fo G

Let ¥ = F4U %0 and 4 = Y4 UYo. Since C is asymptotic to v under the flow, .%o U Yo
is fixed (does not depend on A) and has no double intersections. Observe that .# is a finite
family of bounded curves, obtained from pieces of A and C by uniformly bounded flow time
displacements. Let Ty be a bound on such time.

We start by controlling all possible triple intersections of A and pre-iterates of A, C.
There are three possible types of such intersections:
Type 1: AN Fy N Fy, where Fy, Fy € %.
Type 2: ANF NG, where (F,G) € % x 4.
Type 3: ANG1 NGy, where G1,Go € 9.
For each type, we perform finitely many C' perturbations on A to prevent triple intersections
robustly.

Type 1: We can assume that Fy € 4. If Fy € %4, then the intersection AN Fy N Fy is
associated to flow displacements of time < Ty. By ([2.4]), the flow has finitely many closed
orbits of length < Tj. Hence we can perform an arbitrarily small C' perturbation of A to
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destroy these intersections robustly. If Fy € %, the same applies to guarantee that AN Fy
does not intersect F, robustly.

Type 2: The set AN.F = Upce{ANF} is finite, and the set ANY = (Jgeq{A NG}
is countable with a finite set of accumulation points, coming from pre-iterates of Q7. A
C! perturbation of order O(e) of A changes AN .% by O(e) inside A, and A N'¥ around
its accumulation points by o(e) inside A, hence we can destroy all such triple intersections
robustly.

Type 3: We divide this type into three subtypes.

o Type 3.1: AN fb_k(Ai) N f, ™ (Aj), with & >3 and m > j.

o Type 3.2: AN f,*(A;) N f,™(Cy), with k > i, m > j and k —i < m — j.

o Type 3.3: Aﬂfb_k(Ci) N f, ™(Aj), with k >4, m > jand k —i <m — j.

The idea is to push this intersection to V. The hardest case is Type 3.1, where all three

sets are simultaneously perturbed. Let us start with it. Assuming that & — ¢ < m — 7,
iterate the intersection k — 4 times (the intersection belongs to f, ™ (A;) and hence can ac-

tually be iterated m times), so that f, *(4;)N fb*(mfkﬂ') (A;) # 0. We show that a small C*
perturbation of A; makes this intersection empty inside U. This is enough for us, since inter-
sections outside U are associated to uniformly bounded flow times, which can be treated as

in Type 1. Actually, we show how to guarantee that p[f, *(4;)] N p[f;(m_k+i)(Aj)] NU = 0.
The argument is similar to Type 2. Since the set Q= N p[f,*(A;)] is finite and all accu-
mulation points of Q=N p[fb_(m_kJri)(Aj)] are contained in H, a C! perturbation of order
O(e) of the piece B; C A; such that p[f,"(B;)] = p[f, "(A;)] N U changes p[f, " (A;)] by
O(¢), and Q= Np[f, (mfkﬂ')(Aj)] around its accumulation points by o(¢). Therefore a small
perturbation guarantees that p] b_l(Az)] N p[fb_(m_kﬂ) (ANINU = 0.

Types 3.2 and 3.3 are simpler, since C' is not perturbed. In Type 3.2, we perform the
same argument described above to have p[f, *(A;)] N p[fb_(m_kJri)(Cj)] NU = 0. Again,
Q=Np[f, (A4;)] is finite and all accumulation points of Q= ﬂp[fbf(mfkﬂ)(Cj)] are contained
in H. A C' perturbation of order O(e) of the piece B; C A; such that p[flj_i(Bi)] =
p[f,(A;)) NU changes p[f, *(A;)] by O(e), while Q=N p[fb_(m_kﬂ)(Cj)] remains fixed, so
we can make p[f;(A;)] N plf, " e nU = 0.

In Type 3.3, once again Q=Np[f, *(C;)] is finite (and contained in H) and all accumulation
points of Q= ﬂp[fbf(mfkﬂ)(Aj)] are contained in H. A C! perturbation of order O(¢) of the
piece B; C Aj such that p[fl;(m_k+i)(Bj)] = p[fb_(m_kﬂ)(Aj)]ﬂU changes p[fb_(m_kﬂ) (4],
while Q= Np[f, *(C;)] remains fixed, so we can make p[f, *(C;)] ﬂp[fl)_(m_k+i)(Aj)] nU = 0.

To finish the lemma, we deal with triple intersections of C and pre-iterates of A. There
are also three types of such intersections:

Type 1: CN Fy N Fy, where F1, Fy € F4.
Type 2: CNF NG, where (F,G) € %4 X Y4.
Type 3: CNG1NGa, where G, Ga € 94.

The analysis of these types is simpler than the previous ones, since C' is fixed.
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Type 1’: Proceed as in Type 1.

Type 2’: Proceed as in Type 2.

Type 3’: Proceed as in Type 3.1, guaranteeing that, in its notation, p[fl:i(Ai)]ﬂp[fbf(mka) (4;)]N

U+ 0. 0
Using Lemma we now construct a parametric family of sections.

STEP 4 (CONSTRUCTION OF A PARAMETRIC FAMILY 3(i) OF SECTIONS): For cach 1 < i <
m +n, choose finitely many families {A4; ;(¢)}<1, 1 < j < N;. Given t= (tij)1<i<min, We

i<<n;
require that B;(t;) = Bi(tia,...,tin,) is a topological disc whose boundary is the polygon
defined by {Ai,j(t@j)}lgjgjvi and such that Da(.%'i) C Bz(t_;) C Db(l'z) for ¢ = 1, o, m A+ n.
See Figure [7] We require that
St = B
1<i<m+n

defines a cross-section to the flow satisfying the following conditions:
(H1) {A;;(t)}e<1 satisfies Lemma forevery 1 <i<m+mn,1<j <N,
(H2) Aj, 4, (t) th £, *(Aiy 3, (¢))) for all distinct pairs (i1, 1), (i, j2) € {(i,) : 1 < i < m+

n,1<j <N}, [t],]t') <1and 0 <k < long. In particular, A;, j, (£) N fy (A1)

is at most countable.

Bi(t;)

ZTLE,U

ES

Dy(x;)
A j(tig)

FIGURE 7. Construction of B;(f;).

Here is how we guarantee (H2). Since {4; ;(t)} <1 satisfies Lemma it is transverse
to E°, E". The pre-iterates of pieces of curves that make no LBT are associated to bounded
flow times, hence can be perturbed to satisfy (H2). Now, if A makes its first LBT at time
i, then up to a compact component the infinite curves composing f, (Hl)(A) belong to
the stable cone, and so are transverse to every A;;(t) after a small perturbation. The
transversality implies that each compact component of f,~ (A 4o (1)) intersects Ay, j, (t) in
finitely many points, therefore the intersection A;, ;, ()N f," *(Ai,.4, (1)) is at most countable.
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To finish the construction of f], we show that the space of parameters ¢ such that
SH(E(1)) has a triple intersection up to the fong’th pre-iterate of f; has zero Lebesgue
measure. For that, we analyze all possible triple intersections. Recall that & HE(D)) =

S (F) U {r TS0 = = oo}. Since {Ti({) = oo} is asymptotic to v, there are not even double
intersections associated to it. We have six remaining possibilities for triple intersections:

o A j;(ti;)N fb_k[ 7]( )N f, PlAij(ti;)]: this intersection is empty, by (H1).

0 Aiy i (tin ) 1 iy M Aiy it o)) 1 F Ay gy b3y )] with (i js) # (i2,52) or (ia,ja) #
(i2,42): by (H2), Ay 4 (tir i) N0 fy "[Asy 4o (i j,)] is at most countable. If we fix all pa-
rameters except t;, j,, there are at most countably many choices for t;, ;, such that the
triple intersection is non—empty.

o A;j(tij)N fb_k[ i (i) N fy [{Ti(t—») = oo}]: this intersection is empty, by (H1).

© Ail:jl (tihjl)ﬂfb [ 12,2 (timjz)]mfl:p[{Tf;({) = oo}] with (i1, j1) # (42, j2): the intersection
Ai gy (i ) N fb_p[{Ti(F) = 0o}] is at most countable, since every compact component of

fb_p[{Ti(;) = oo}] is transverse to A;, j (¢, j,) and hence intersects it in finitely many

points. Thus, if we fix all parameters except t;, j,, there are at most countably many

choices for t;, j, such that the triple intersection is non-empty.
° {Tg(g) =00} N f;k[ i.j(tij)] 0 fy P[A; ()] this intersection is empty, by (H1).

© {Tf; 7 — OO} N fb_ [ i2,j2(ti27j2)} N fb [ i37j3(ti3,j3)] with <ZQ732) 7é (137]3): this case is
sumlar to the fourth one, since again {7¢ S = =oo}Nf, Ay i (tin.»)] is at most countable.

THE SECTION 3: Define 3 = 5(£), where { is any parameter such that .+ (3(f)) has no
triple intersections up to the £yng’th pre-iterate under fp.

5.3. Construction of ¥j. The final step in the construction, which leads to the section X,
is to make small flow displacements in ¥ so that the Poincaré return time of Yo is at least
Ty > 0 and Xg is almost perpendicular to the flow direction. We measure the perpendicu-
larity using a new parameter € < . For each 1 <7 < m+n, let p; : g_y ) Do(:) = Dyp(x:)

be the flow projection. Write S = U1<i<m+n B;, and let tyi, be the minimal flow time
defined by f3.

STEP 5 (REFINEMENT OF %.): For each 1 < i < m + n, construct a family Q; = {Q} such
that:

o each ) € Q; is contained in a su—disc of radius < € and

B; C U Y[ Ltumin, 2t mm]Q7
QeQ;
° Q N g[ 1(1)0tmm’ 100tmin} Ql = @ fOI’ au diStiIlCt Q7 QI c Qz
o p;[0Q)] is transverse to E*, E* for all Q € Q;;

o there are no triple intersections between . () and |Ji<i<min pi[0Q] up to the yng’th
QeQ;
pre-iterate under fj.
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Observe that the smaller € is, the more perpendicular is @) to the flow. To create Q;, first
consider a refinement éz = {fz} of B; by finitely many compact curves transverse to £, B,
see Figure [8l Proceeding similarly to the proof of [LS19, Lemma 2.7], displace each Rin
the flow direction to obtain R, so that %#; = {R} is a disjoint family and the displacements
of neighbor R’s differ at least tmin /50. For each R € %;, choose yg € R and apply Step 4
to construct R C Q C Dgiam(r) (yr) satisfying the above conditions, where R is the flow
projection of R t0 Dgjam(r) (YR)-

FiGURE 8. Construction of Yg: refine 5 displacing each component to im-
prove perpendicularity and preserving no triple intersections.

THE SECTION X: Define ¥ = |Ji<icmin Q.
QeQ;

By the first two conditions in Step 5, the corresponding Poincaré return time of ¥ is
bounded below by a constant Ty > 0 which is independent of e.

5.4. The first return map f. We now define a first return map f which will eventually
be shown to satisfy the Chernov axioms. Recall that, by construction, all flow trajectories
intersect ¥ infinitely often except those forward and backward asymptotic to ~.

RETURN TIME FUNCTION: The return time function of ¥g is 7 = 74 : 9 — (0, 00] such
that 7(x) = inf{t > 0: g;(z) € Xo}. Define also 7_ : ¥y — [—00,0) by 7_(z) = sup{t < 0:
ge(x) € Lo}

We have 7(z) = oo if and only if = is an asymptotic vector, hence {r = oo} is a finite
union of compact curves, each of them contained in g_, Q7.
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PRIMARY SINGULAR SETS ygc: The primary singular set ./p = 5”; is defined as
Ip ={r €% :7(x) < oo and g.(y)(z) € 0%} U{T = 00}.
Similarly, the primary singular set ./ is defined as
5 ={w €% 7 (1) > —o0 and g, (;(x) € Io} U{r_ = —oo}.

Note that y}?—L are closed sets. Proceeding similarly to Section we partition a neigh-
borhood of {7 = co} into homogeneity bands. For that, fix a sufficiently large integer ny
(how large ng is will depend on a finite number of conditions, which include the validity of
Lemma and the estimates in Section @

HOMOGENEITY BANDS ON Xy: For each n > ng, the homogeneity band with index n is
Dn = 2 U Dy where

9> = {a: € nt(S0) M gy g 1+ gipye < le(@)| < 1+ %}

I = {x € int(X0) N gjoy 2 : 1 — 712 <le(z)| <1-— m}

SECONDARY SINGULAR SETS Ysi: The secondary singular set S = ySJr is

Fs= | 02n.

n>ng

The secondary singular set /g is

Sy ={9r@)(T) 1 ® € Fs}.

Let Xo = int(Xg), ST = U S, and S~ = S5 USs .

FIRST RETURN MAP f: Define the map f : Xo\." — X0\ to be the first return map
of the flow to X, i.e. f(z) = gr(z)(T).

The map f has the same regularity of g;, hence it is C?. It has uniformly bounded
derivatives away from {7 = oco}. Since ¥y is almost perpendicular to the flow direction,
the hyperbolicity properties of f away from {7 = oo} are almost the same as those of the
flow. We lose control as we approach {7 = oo}, and the homogeneity bands Z,, enable us
to recover this control. Since Xy is obtained from small flow displacements of S c E the
first return map f is a small perturbation (in the flow direction) of (a restriction of) fp and,
for trajectories near asymptotic vectors, f; is a small perturbation of f;. Hence, we can
understand f inside homogeneity bands by studying fy inside homogeneity bands. Let us
be more specific in the relation between f and fy. Since we are interested in the transitions
in the neck, define

Sy={ze N Gy 2+ ¢ (@) = 1] < ig and fx € gy, X]Q,}
Yo=f(X2y= {J: € X0 N gmy - [le(x)] — 1] < and flze g- XX]Q+}

It is clear that f v, : ¥, — ¥_.
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COORDINATE MAPS py AND ty: The coordinate mapspy : ¥y — Qp and ty : ¥4 — [—x, X]
are defined by the equality z = g, (.)[p+(2)] for z € Xy. The coordinate mapsp_ : X — Q_
and t_ : ¥_ — [—x, x] are defined analogously.

The coordinate maps have the same regularity of g;, hence they are C2. Since ¥ and
Q are uniformly transversal to the flow direction, we have that ||dpT!|| ~ 1. By the first
inclusion of , p4 is surjective. It is also injective, because if x € X then z, fx are
uniquely characterized as being the starting/ending point of the transition in the neck.
Therefore, py is a bijection. By symmetry, the same holds for p_. Recall the definition of
%, in Section We note that:
o Gn = p4 (D) for all n > nyg.
o f=p_lofoops in X,

Since E*% are defined in 4,4 as the projections of E5" onto the respective tangent
spaces, the maps p+ preserves these subspaces. Using that ||dpi1H ~ 1, we obtain that
df [gsu || = [ldfo [E;,:(z) | for x € Y. In the next two subsections, we will estimate

ldfo [Esw || inside homogeneity bands and some related bounds.

5.5. Excursion times in the neck. In the notation of Section let x = x(t) be a
bouncing/crossing geodesic undergoing an excursion in the neck. Recall from Section
that Yo (more precisely 2Y) is the transition time from Q4 to Q_. Similarly, we define Y
to be the time taken to pass from ¥, to $_. Since f = p_lo fyop, on X4, we have the
relation

(5:2) T(x) = =ty (z) + 2To(x) + t-(f(2)),

where z is the starting point of x in ¥ 7. Since |ty| < x, Lemma implies the following
estimate.

Lemma 5.3. If x is a geodesic with entry vector in Py, then Y(x) ~ n'.

Next, we estimate the tail of T. Let Leb denote the Lebesgue measure on Y in Clairaut
coordinates.

Lemma 5.4. Leb[{z € ¥} : T(x) > n}| = noer

Proof. The push-forward of Leb under py is equivalent to the Lebesgue measure of 2,
hence we just need to estimate the Lebesgue measure of p {z € ¥, : T(x) > n}. Since

[t+] < x, equation (5.2)) gives that
Leb [pi{z € ¥4 : T(x) > n}] = Leb[{z € Q4 : 2To(x) > n}].
By Lemma Leb[€ ] ~ n~3 and Leb[%."] ~ n~3, therefore Leb[%,] ~ n~3. Letting

U, = \J €, it follows that
>k

Leb[%] ~ Y * ~ k2.
>k
By Lemma there exists C' > 1 independent of k such that CIkT < 2T (x) < Ck
for every geodesic x with entry vector in %%. For such k, we have the following;:

o If k> (Cn)72 then 2Yo(x) > C~1k'7 > n.
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oIfk < (C’*ln)é then 2Yy(x) < Ck < n.

This implies the inclusions

%Cn)ré? C{x ey :2Ty(x) >n} C %(Cfln)r%i
and, since Leb [%(ciln)ﬁ] R (nri2)_2 = nf%, the proof is complete. ]

Remark 5.5. From Remark [ is conjugate to the extended transition map fo, and
T is cohomologous to the extended function 2Y,. More specifically, if h : 39 — € is the
conjugacy with ho f = fooh then T — 2Y( o h is a coboundary for f.

5.6. Hyperbolicity properties of f on ¥,. We now establish some hyperbolicity prop-

erties of f [y . Our reference metric is the d—Sasaki metric || - || = || - ||s—sas for a small
d > 0. Recall that this metric is equivalent to the Sasaki metric || - [|sas and also to the
Clairaut metric || - ||c. Among the Chernov axioms, the only one that requires a precise

multiplicative constant is (A2.5). Recall that ES/v are the stable/unstable subspaces for g,
which project to directions E*/* on ¥y and Q. Let P denote such projection. Since X,
are nowhere perpendicular to £*%, we have |P*!|| ~ 1.

Lemma 5.6. Lebesgue almost every x € ¥o has an LSM/LUM Wg‘z/u for f.

Proof. We prove the statement for LSM (the argument for LUM is the same, by time
reversion). Since every z € ¥y has invariant directions E#/v it is enough to show that there
is no fast convergence of trajectories to . T, i.e. that %log d(fmz, . #T) 4 0 for a.e. x € X.
To see this, let a > 0 and consider the set

Apn ={z €30 : d(fx, ST) <e "}
By the Borel-Cantelli lemma, it is enough to show that ) Leb[A,,] < oo for every a >
n>1

0, in which case limsup A, has zero Lebesgue measure and so does the set {z € Xy :
Llogd(fmz, #*) — 0}. We have

Agpn={z €y d(f"x, ) <e "} U{xr € X :d(f"z, S5) <e "}

If B is the first set in the above union, then f™(B) is covered using finitely many sets of
measure &~ e~ *", one for each curve of #p. Hence Leb(f"(B)) < e *" and so, by f-
invariance, we have Leb(B) < e~ ". If C' is the second set in the above union, then f"(C)
is covered using [e"m/ 2} sets of measure ~ e~ ®", namely one to cover all of | J,~ an/2 Zk
and the others to cover Z,,,,..., _@(eanmfl. Again by f-invariance, we get that Leb(C) <

en/2 . gmon — —an/2  Hepce
Leb(Aq,p) < e 0" 4 702 « gmon/2,
The proof is complete. O
By Lemma (3), there are continuous functions x € 24 — e, e¥ such that ei/ Y e T,y

is a unit vector spanning E;/ “. Since our analysis is local, we write fo(z) = fo(,v¢) =
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(0 £ ¢(¥), £1) omitting the entry +eg9. We focus on the case fo(z) = (6 + ((¢), £¢) since
the other sign is treated the same way. In this notation,

1 ()
e = o = [y <)
If x is the geodesic defined by =z € Q \ QF, then (dfy), o P = P o (dgor,(x)). and so
[(dfo)zll = [|(dgavy(x))=Il- By equation , we have ||dfoes|| < 1 for z € Q4 \ QF.

Lemma 5.7. The following are true.

(1) There is a Hélder continuous function a : Q4 — R such that EY is spanned by [

a(x)

1
for all x € Q4.

(2) For allx € Qy, there a C*FUP function © such that W is locally the graph {(©(x)), )}
of ©.

Part (1) says that E* is not horizontal in the (0, ) coordinates.

Proof. Recall that the definition of €24 depends on the small parameter y; hence the homo-

61(1‘)]7 we

geneity bands %), are only defined for large n. Let x € Q4 \ Q7. Writing e}, = [e ()
2

have
dfocs = [61(56) Ié’((;s))ez(x)

where (' ~ n3=7 in €, by Lemmam Since ||dfpes|| < 1, we get that |es| < n=3+7 and
in particular e; — 0 as n — oo. In other words, 5 — (1,0) as n — oo, see Figure @ Since

A

>y

FIGURE 9. We have e — (1,0) as n — oo, hence W} is not horizontal.

x +— EY is Holder continuous (Theorem [2.6) and E“ is transverse to E*, part (1) follows.
For part (2), recall that by Theorem the leaves W are uniformly C'*%P. This
implies that W2 are uniformly C'*1P for 2 € . Since WY is transverse to the horizontal

direction (1,0), the implicit function theorem implies that we can locally write W;' as the
graph {(0O(1), 1)} of a C**HP function ©. This completes the proof. O
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Lemma 5.8 (Growth bounds). If x € %, then ||df [gu || = 32

Proof. Since ||df g« || = |dfo | Y o) |, we need to prove that ||dfy [gu || = n3=% for

x € 6,. We use the Clairaut metric. By Lemma (1), there exists a : 21 — R continuous
such that EY is spanned by [a(x) for z € Q4. If x = (0,v¢) € 6, Lemma gives that

1
/
dfo [a(x)} = [a(w) +e (:U)} where ('(x) =~ n3~7. Hence
1 +1
a(x) +C’ _ 1+ a(x) + (=)
5.3 d, u =
and, since a is bounded, we obtain that ||dfy [gu ||c &~ n® - O

Lemma 5.9 (Distortion bounds). If z,T € &, or x,T € 9,y withT € WY, then
1
| log [ldf Ipy || —log |ldf [gx ||| < d(fz, fz)5.

Proof. Again, it is enough to prove the estimate for the map fy in the Clairaut metric.
Performing a calculation analogous to the one before Lemma and using the equivalence
between metrics, we have ||dfo [ge || > 1 for x € Q1 \ QF and so dc(z,T) < do(fox, foT)
whenever 7 € W,!.

Write = (6,) and T = (6,%). By equation (5.3)),

o (E) o ()

_ 1+ |a(z) + (@) L+ la(z)[ )|
~|es (T ec) s ()|
Using that log (‘|Z||> = log (1 + |a||;||b|) < ‘a‘bf‘, we obtain

lla(z) + (@) = |a(@) + @) | lla(@)] —[a@)]]
log [|dfo Ex [lc —log|ldfo TEx |lc| < Tt a@) 1 @) o @)
(@) = (@) la(z) —a@)| _ |a(@) —a@)]
T l+a@+ @] 1+la@ + @) 14+ [a(@)

Since a is bounded and ny is large, Lemma implies that |a(Z) + ¢'(Z)| > §|¢'(Z)| and so
' (z) — {'(@)]
¢ ()]
This estimate holds for all z,T € €~ or z,T € ¢,;. Assuming that T € WY, then by

Lemma (2) we can write the latter expression as a function of ¢ and apply the mean
value theorem to get that

|log ||dfo Tx [lc —log |ldfo 15e Ic| =

(54) |log [|dfo 12+ lc —log |ldfo [x [lc| < 2 + 2la(z) — a(@)).

[¢w) = W)
<)
< 20551 — 1 + 20a(¥) — a(@)]

|log ||dfo [gx llc —log||dfo [Eu [lc] <2 + 2[a(y) — a(y)|
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Also by Lemma (2), the restriction of a to W is CMP, i.e. the map 1 > a(t)) is CVP,

hence |a (1)) —ﬁw)] < Y — 9| < dol(x,T) < do(for, for). To estimate the other term,

HC”E’T < n? and so by Lemma

¢ (%)

apply Lemma to get that

‘C’ “’)’W) i< [ o~ I3 }W’ DI < [ — 95 < do(e, )3 < do(for, foT)3.

Combining these estimates, we conclude the proof of the lemma. O

Lemma 5.10 (Uniform bounds on Jacobian of holonomies). There is a constant k > 0
such that if x,T € 9; or x,T € Dy with® € W then

| log [ldf gy || —log |ldf Tpu ||| < d(z,m)".

Proof. As usual, we prove the corresponding estimate for fy, taking the Clairaut metric
and assuming that fo(0,1) = (0 + ¢, +¢). Let z = (0,%) and T = (0,v). Fix kg > 0 such
that = — a(z) is kKo—Hélder continuous (see Lemmal[5.7(2)), i.e. |a(z) — a(Z)| < dc(z,T)".

By (5.4),

Lok ldfo 15 o — log ldf 1 o] < 2/ =S

+ 2a(z) — a(7)]

|C'()]
< 255~ B] + 2la(z) - a(®).
Again, | ’C ‘|¢ Gl < [n2g = B3| [ =PI < 9 = BJ} < do(z,T)%. The lemma follows
Withn—mln{g,mo} ]

We end this section with an estimate of the variation of T on stable/unstable manifolds.

Lemma 5.11. If x,X are both bouncing/crossing geodesics with entry vectors x,T € X1
such that T € W;/u then

IT(x) = YT(X)| < d(z,T) + d(fz, fT).
Proof. For x > 0 small enough, let ps, : gj—y X0 — o and ts, : g_y %0 — [—X; x] be
the coordinate maps of the flow box g_, ,j¥0. These maps have the same regularity as the

flow g;, hence in particular are Lipschitz. Since the leaves We/v are uniformly transverse
to the flow direction, d(z,y) ~ d(x, px,(y)) whenever x € Xy and y € W2/ is close to .

Fix € ¥+ and 7 € W2/" By definition, T = pyx,(y) for some y € /V[Zf/u, le. y =
s, () (7). We also have fr = gy(x)(7) and z := gyx)(y) € Wjéu Hence f(Z) = px,(2) =
Ity (2)(2) = Gty (1) +7 ()t () (T), 80

T(X) = T(x) + s, (y) — t,(2)-

Since
o [tzo(y)] = [ts (y) — tuo (2)| < d(2,y) = d(x,T) and
o [tgo(2)] = [t (2) — te, (f2)| < d(z, fz) = d(f(2), f),
we conclude that |T(X) — T(x)| < |ts, (y)| + [ts, (2)| < d(x,Z) + d(fz, fT). O
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6. THE FIRST RETURN MAP f SATISFIES THE CHERNOV AXIOMS

In Section we defined the first return map f : Xo\" — X\, and in Sections
and we obtained precise estimates for trajectories that approach the degenerate closed
geodesic v. Even though the rate of hyperbolicity of g; in a neighborhood of ~ is weak,
geodesics spend a long time during the transition (Lemma and so the accumulated
hyperbolicity is large (Lemma [5.8]). We now prove that f satisfies the Chernov axioms
(A1)-(A8) stated in Section

Theorem 6.1. The first return map f satisfies the Chernov axioms (Al)—(AS).

Proof. Recall that the parameters > 4, g > 0 are fixed and we are choosing x, 4, 7 > 0
small enough, and ng € N large. Recall also that A is the neck, cf. Section[2.3] We consider
the d-Sasaki metric, cf. Section which is equivalent to the Clairaut metric on T'N/, cf.
Section Let T: X\ 1 — (0,00) be the Poincaré return time defined by f. We have
inf(T) > T, > 0, cf. Section

VERIFICATION OF (A1l): Recall that X = int(X), cf. Section Take X = X = >0,
which is a compact Riemannian surface with the metric induced by the d—Sasaki metric.
We have that .#T,.#~ are closed subsets of X, cf. Section The regularity of f is the
same of g, hence it is a C? diffeomorphism. This proves axiom (A1).

VERIFICATION OF (A2): Recall that the directions Ef;/ “ are the flow projections of E\f/ “
defined for all x € X. By Lemma 1), {E;Z/ “} are df-invariant. On ¥, f has high rate
of hyperbolicity by Lemma hence we just need to estimate the hyperbolicity of f on
Xo \ 4. Since each su-disc is tangent to ES/" at its center and the su-discs used in the
construction of X have radii smaller than n (see Step 5 in Section[5.3)), thereis C = C(n) > 1
with lim C(n) = 1 such that CHldgry Tgor | < Nldf 1o | < Clldgry 1o || for all

xr € Xo \ . We estimate the hyperbolicity along E¥. The set
Y={g(z):z€ Xo\ 2+ and 0 <t < T(z)}

is at distance > (/2 from 7. Letting m; = inf(us [y), Proposition implies that
0 < m; < oo and so equation ([2.1)) for E* gives that

T(z)
g () [ fu | > C5texp [/0 uy (gex)dt| > C5exp [inf(T)mq] =: A,

If § > 0 is small enough then A, > 1. Hence, for §,n small enough we have ||df [gu || >
C'_lHdgT(z) [pu || > C~'A, > 1. Arguing similarly with E2, we find Ay < 1 such that
ldf Tes || < CAs < 1. Choosing 1 < A < C~'min{A; ! A,}, we have that ||df [g« || > A
and ||df ! [gs || > A. Finally, choose a = a(A) > 0 small enough, and for z € X define the
cones

Cy ={v* +0v" 0% € EJ" and ||v"]] < af|v’||}

Cy ={v° +v" 0% € EZ" and ||v°]] < afjv"| }.
Hence:
o Condition (A2.1) follows from Lemma [2.4)3).
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Condition (A2.2
Condition (A2.3
Condition (A2.4
Condition (A2.5

VERIFICATION OF (A3). Recall that . = %p U.%, where
I ={r € %o :7(x) < oo and g,y (r) € 9%} U {7 = oo},
Sy = U ODy,.

n>ng

follows from Lemma [2.4{2
follows from Lemma [2.4)4
follows from Lemma [2.4(1
follows because ||df [gu ||, ||df

0O O O O

-1

— — —

)-
), since X N Deg = 0.
I

s || > A and o > 0 is small.

By construction, 0% is transverse to E", hence by df-invariance the set {x € ¥y : 7(z) <
o0 and gr(y)(7) € 0%} is as well. We also know that {7 = oo} is contained in the stable
manifold of Deg, hence it is transverse to E¥. This shows that .#p is transverse to EY,
but also .%s since the curves %, converge in the C! norm to {7 = co}. Another way to
see this latter property is observing that, in Clairaut coordinates, {7 = oo} is contained in
{¥ = 1o} on Q; (with suitable modifications on the remainder of € ) while the two curves
composing 0%, are of the form {¢ = 1,,} with 11113010 Un = Yg.

VERIFICATION OF (A4). This is postponed until after (A8).

VERIFICATION OF (A5). The leaves W;/ “ are flow projections of the leaves /Wj/ “ which,
by Theorem are uniformly C'™MP_ Hence the same holds for the leaves Wg‘z/ ‘.

VERIFICATION OF (A6). We claim that ¢(s) ~ s satisfies (A6). To see that, observe that
if z,y belong to the same connected component of ¥ \ X4 then

1
[log IDf T5 || —log | DS 1 Il| < d(fa, fy)3.

since outside ¥, the map f has the same regularity as ¢;. Inside X;, Lemma gives
the same estimate if both z,y € 9, or z,y € 2. If W is a LUM and z,y belong to a
same connected component of W N.%,_1, then for all 0 < k < n either f*z, f*y belong to
the same connected component of ¥g \ X1 or fFxz, ffy € Dy, or fEa, fky e D,y for some
nk > ng. Since we also have d(f*xz, f¥y) < A¥="d(f"z, f*y) for 0 < k < n, we conclude
that

n—1
|log [|Df" [ || —log |Df™ 1y ||| < Z\logHDf v, | —log || Df &, |

n n
<N d(fFa, fry)s < S0 AsE A, fry)s < d(fe, )5,
= k=1
VERIFICATION OF (AT). As in the verification of (A6), if z, T belong to the same connected
component of Xy \ X4 or both z,T € 2, or both x,T € 2 then
|log [ Df g | —log || Df Tpu ||| < d(z,y)".

Indeed, the first case holds because the restriction of f to ¥y \ ¥ has bounded C? norm,
and the latter cases follow from Lemma By symmetry, it is enough to verify (A7) for
unstable holonomies, so let Wy, Ws be sufficiently small and close enough LSM’s, and let
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H : W1 — W5 be the (unstable) holonomy map. By classical Pesin theory (see e.g. [BP07,
Theorem 8.6.13]), the Jacobian JH of H is given by the equation

log JH(2) = > (log||Df 1z, ||~ log|Df 1m,,, |I)-
i=0
By the uniform hyperbolicity of f, we have d(f iz, f7'H(z)) < A%d(z, H(x)) for alli > 0
and, since f~'z, f7"H(x) belong to the same connected component of ¥y \ ¥4 or are both
in the same 2, or 25, we conclude that

|log J H (x)| < ; |10 | Df Tg2, ||~ Tog || DS 1

|

< i d(f 'z, fH(2))" < iA‘“id(x,H(aﬂ))” < 1.

=0 i=0

VERIFICATION OF (A8). Let W be a LUM. By (A3), E" is transverse to the boundaries
of homogeneity bands and so W N .%] is at most countable. When it is countable, we can
write W N = {xp, Tny1,...} where |c(zy,)] = 1+ % and ¥, = Teo € o N gj_s,625-
Writing x,, = (€n, On, 1) in Clairaut coordinates, we obtain that p(xy,, Too) = [ty — Vo] =
le(zr) — ¢(2o0)| = n ™2, which proves (A8.1). For (A8.2), note that by Lemma

0y := lim inf — & ~ 1,
oi=limipl sup 3, Ro% DL Sy ey <

(W1<é n>ng n>n0

for ng large enough, so (A8.2) follows. Finally, (A8.3) follows from our construction of ¥,
which was made to prevent triple intersections of #p up to the ng’th pre-iterate under f.
In the termlnology of Section [3.1] n this gives that Kp,, = 3, which is obviously smaller than
min{f,*, A} for ng large enough.

VERIFICATION OF (A4). We have intentionally left (A4) to the end, since we will use Sinai’s
argument of local ergodicity for chaotic billiards, see e.g. [CM06l Theorem 6.22]. More
specifically, since we have checked that f verifies all Chernov axioms on hyperbolicity with
singularities and absolute continuity, we can now apply Hopf’s method of su-paths/Hopf
chains in the spirit of Sinai’s “fundamental theorem” [CMO0G, Theorem 5.70] and obtain
that f is locally ergodic, i.e. each connected component of ¥y is contained in a single
ergodic component of f, see also the discussion in [CMO06l §6.5]. Since the geodesic flow g;
is ergodic, f is also ergodic. Proceeding as in [CMO06, §6.7], there is a spectral decomposition
Yo =G1U---UG) such that:

o each G} is the union of connected components of Yo;

o f(G;) =Gy foralli=1,...,p, with G171 = Gy;

o the restriction fP [g, is mixing (even Bernoulli) for all i =1,...,p.

We wish to show that p = 1, since this gives that f is mixing and so f" is ergodic for all
n > 1. To guarantee this, it is enough to choose 5 and Yo so that f has two periodic orbits
with periods a, b such that ged(a,b) = 1. The idea is simple: if p > 1 then all the periodic
orbits of f have periods multiple of p; but we can slightly change ¥ to decrease the period
of a particular periodic orbit by one unit. The details are as follows.
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Assume that p > 1. Recall the definition of S in page The set of periodic orbits of g;
is dense in M. This can be seen e.g. by the work of Knieper [Kni98, Theorem 1.1], which
implies that g; has a unique measure of maximal entropy, fully supported and equal to the
weak-* limit of the periodic measures. Consider a periodic orbit = of g; of period T that
passes through a small neighborhood U N B; (75_1) of Ay1(t1,1). By assumption, this orbit
defines a periodic orbit of f of period pn for some n > 1. Slightly perturb ¢ ; so that gjo 7z

no longer intersects U N By (#1), while preserving all previous properties of & and . The
new period of the orbit of x for f is pn — 1. Since there remain unchanged periodic orbits
with periods multiple of p, this perturbed f has period 1. Axiom (A4) is proved. O

Remark 6.2. An alternative approach to (A4), would be to follow ideas of [CZ05a]. The
“acceleration” fP [, of f satisfies all Chernov axioms, so we can use it as a Poincaré map
to study ¢;. Unfortunately, this requires redefining the singular set and checking many
properties for this set, so we have chosen not to follow this approach.

7. PROOF OF THEOREM [[L1] AND STATISTICAL LIMIT LAWS

In this section, we prove the results mentioned in the introduction, Theorem and
Remark [I.3] as well as various statistical limit laws.

In the previous sections, we constructed a first return map f : ¥y — ¥( that satisfies
the Chernov axioms. The return time function 7 : £9 — (0,00) defined in Section is
bounded below but not above. We have f = g, (i.e. f(z) = gr(z)(7))-

By Theorem f is modelled by a Young tower with exponential tails: there is a subset
Y C g with Leb(Y) > 0 and a function ¢ : Y — N such that F' = f? : Y — Y is “nice”
(uniformly hyperbolic with product structure and bounded distortion) and Leb(c > n) — 0
exponentially quickly as n — oco. Note that

F=f%=(9;)° =g, where (p:ZTOfe.

Hence, we have shown that the geodesic flow g; is modelled by a suspension flow over
F :Y — Y with roof function ¢.

Next we estimate the tails of ¢. Recalling the definition of ¥ in Section T="7"Iis
unbounded on ¥, while 7 is bounded on ¥y \ ¥;. By Lemma wy, (T > n) ~ Leb(T >
n) ~ n~ @t where a = % Since o has exponential tails, a standard argument (see
for example [Mar04, [CZ05a]) shows that us, (¢ > n) < (logn)®tn=(@+D  In particular,
s, (@ > n) < n~ (@179 for any € > 0.

To apply the recent work of [BBMI9|, we also require the following “bounded Hoélder

constants” property for .

Lemma 7.1. We have |p(z) — ¢(T)| < d(x,Z) for x,T € Y with T € W, and |p(z) —
o(T)| < d(Fz, FT) for 2,T € Y withT € W!.

Proof. This is essentially Lemma[5.11] Assume first that 7 € W If 2,7 € ¥4 then 7 = T,
and so by Lemma [5.11] we have that |7(z) — 7(Z)| < d(fz, fT). Since the same estimate is
trivially true for x, 7 € o\ X, it follows that |7(x)—7(Z)| < d(fx, fT) for all x,T € Xy with
T € W¥. By the hyperbolicity of f, this estimate implies that |p(z) — p(T)| < d(Fx, FT)
for all z,7 € Y with * € W. The argument along stable manifolds is similar. O
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In the terminology of [BBM19l Section 6], we have shown that g; is a “Gibbs-Markov
flow”. The condition (H) in [BBM19, Section 6] follows from Lemma by [BBM19,
Lemma 8.3]E| The main remaining hypothesis in [BBM19] is “absence of approximate
eigenfunctions”. This can be verified using ideas from [BBM19, Section 8.4]. The general
setup there applies by Lemma Since g; is a geodesic flow and hence has a contact
structure, it follows from [BBM19, Remark 8.11] that absence of approximate eigenfunctions
is automatic.

By [BBM19, Theorem 6.4], we can now deduce decay of correlations for the geodesic flow
g with rate (=9 as claimed in Theorem for a certain class of observables. However,
these observables belong to a regularity class defined in terms of the abstract suspension
flow over F' with unbounded roof function ¢. In order to work with sufficiently smooth
observables on the underlying phase space M, it is necessary to introduce a new Poincaré
map g with bounded roof function.

Remark 7.2. In the corresponding decay questions for billiards, we would often take g
to be the billiard collision map. However, for the geodesic flow, there is no such natural
candidate for g.

To construct g, we adjoin the cross-section g to 3p. Recall that g is constructed by
small flow displacements of . Since £ U Qo is a global Poincaré section for the geodesic
flow g¢, the same holds for X = Yo U Qy. Let g : XX — 3 be the corresponding Poincaré
return map. Also, let h : X9 — (0,00) be the first return time to ¥ under g;. Then g = g,
and h is bounded above and below.

Let 0i¢ = (4o g)|e—o denote the derivative in the flow direction. An observable
¢ : M — R is “sufficiently smooth” in Theorem if 9/¢ is Holder for j = 0,...,k, for
some k sufficiently large independent of € and ¢. (Actually, it suffices that ¢ and 1) are both
Holder and that one of them is sufficiently smooth.)

In particular, when r > 4 is an even integer, an observable ¢ is sufficiently smooth if it
is O* for k sufficiently large. Otherwise, the flow is not smooth (nor is M) and we require
in addition that the observable is sufficiently flat at the degenerate geodesic ~.

Proof of Theorem [I.I] We are now in the situation of [BBM19] Sections 7.1 and 7.2] (where
g¢ and g are called T; and f, and there is no counterpart of our f). Most of the assumptions
therein follow from the existence of the Young tower, and the other assumptions (7.2),
(7.4), (7.5) are immediate (see [BBM19, Remark 7.2] for extra information). The remaining
assumptions of [BBM19, Corollary 8.1] (i.e. condition (H) and absence of approximate
eigenfunctions) have been dealt with above. Hence we conclude from [BBM19| Corollary 8.1]
the desired polynomial decay for Holder observables that are sufficiently smooth. O

Turning to decay of correlations for the global Poincaré map g, we can write F = ¢g#
where ¢* : Y — N is the return time to Y under g. Hence

*

go=F =g = (gn)*

4Condition (8.2) in [BBM19, Lemma 8.3] is stated more generally in terms of a separation time s. It is
standard in the Young tower set up that the estimate in terms of the metric d in Lemma [7.1]is stronger, e.g.
apply condition (7.3) from [BBMI9] with n = 1.
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so it follows that ¢ = Zf:*a "hog'. Since h is bounded above and below, ©* has the same
tails as ¢, hence [BMT21l, Proposition 5.1] gives that

(log n)a—l—l

*
< sy (0" >n) < T

notllogn
This says that g : ¥ — X is modelled by a Young tower with polynomial tails with tail
rate essentially of order n~(®t1). The upper and lower bounds in Remark now follow
from [You99] and [BMT21), Theorem 7.4(a)] respectively.

7.1. Statistical limit laws. Since g : 3 — X is modelled by a Young tower with polyno-
mials tails, it is possible to read off numerous statistical limit laws for Holder observables
on Y. Many of these pass over to the flow. The results in this subsection do not rely on
Theorem and hence are not restricted to sufficiently smooth observables.

Since a = % > 1, the return time function ¢* : Y — N lies in L?. Hence it follows
from [MV16, Corollary 2.1] that the central limit theorem (CLT) holds for the map g.
Namely, let ¢ : ¥ — R be Hélder with [;, ¢ dus = 0. Then n~=1/2 Z}:& ¢ o g/ converges in
distribution (with respect to uy) to a (typically nondegenerate) normal distribution. (At
the level of the one-sided Young tower obtained by quotienting stable leaves, the CLT was
proved by [You99, Theorem 4].) By [Zwe(7], the convergence in distribution can equally be
taken with respect to Lebesgue measure on 3.

Statistical limit laws for the flow g, follow by inducing from those for maps, see e.g.
[MT04, MZ15, KM16]. Here it is convenient to apply [BMI8, Theorem 5.5]. (The roof
function ¢ and return times 7 and o are denoted by H, h and T respectively in [BMIS].)
Again ¢ € L?. The underlying assumptions on Y and conditions (5.3)—(5.4) at the beginning
of [BM18, Section 5] are automatic consequences of the fact that Y is the base of a Young
tower. The assumptions on g; in conditions (5.1)—(5.2) of [BM18] follow from Proposition[2.5]
and (2.1)). Finally, the assumptions on ¢ in conditions (5.1)—(5.2) of [BMI18] were verified in
Lemma 7.1} By [BMI8, Theorem 5.5] the CLT holds for the flow. Namely, let ¢ : M — R
be Hoélder with fM ¢dp = 0. Then t1/2 fg ¢ o gs ds converges in distribution (with respect
to p or Lebesgue measure) to a (typically nondegenerate) normal distribution.

A refinement of the CLT is the functional CLT or weak invariance principle (WIP).
Given ¢ : M — R Holder with [, ¢ du = 0, we define W, (t) = n=1/2 font ¢pogsds. Then W,
converges weakly (with respect to p or Lebesgue measure) in C([0,1]) to Brownian motion
W by [BMI8, Theorem 5.5].

Finally, we briefly mention applications to homogenization of deterministic fast-slow sys-
tems where the aim is to prove convergence, as the time separation goes to infinity, to a
stochastic differential equation driven by the Brownian motion W. See [CFKT19] for a
recent survey. Using rough path theory, it is sufficient [KM16l [KM17] to check that the
fast dynamics satisfies certain statistical limit laws. As we now explain, our geodesic flow
examples ¢; satisfy all of these requirements for all r > 4.

First, we require a multidimensional version of the WIP (for observables v : M — R%).
Again this holds for g by [MV16] and for the flow by [MZ15]. However, the WIP does
not suffice to specify stochastic integrals, and for this one requires the so-called iterated
WIP. Once more, this holds for g by [MV16, Corollary 2.3] and for the flow by [BMI8|
Theorem 5.5]. The remaining ingredients needed for homogenization are moment bounds
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and iterated moment bounds. Since h is bounded above and below, such bounds for the
flow follow by [KM16l, Proposition 7.5] from the corresponding bounds for the map g. For
two-sided Young towers, such as we have here, optimal bounds for moments and iterated
moments were very recently obtained by [FV22]; in particular they hold in the full range
r € [4,00).

APPENDIX A. ON TWO THEOREMS OF GERBER & WILKINSON

In this appendix we show how to adapt the results of Gerber & Wilkinson [GW99] to
prove Theorem More specifically, we show how to obtain [GW99, Theorems I and II]
for surfaces with degenerate closed geodesic, see Section for the definition.

In [GW99|, Theorems I and II are proved for C" metrics of nonpositive curvature, where
r > 4 is an integer, under two assumptions on the surface:

(1) If 7 is a geodesic that is not closed, then there is no infinite time interval I for which
K(y(t)) =0, forall t € I.
(2) If 7 is a closed geodesic, then there is a ¢t such that K vanishes to order at most r — 3.

See the statements of the theorems and the remark in [GW99, p. 43]. It is clear that surfaces
with degenerate closed geodesic satisfy assumption (1), regardless of the value of r € [4, 00)
(integer or not). But assumption (2), for non-integer r, makes no sense. Our goal is to check
that, even though surfaces with degenerate closed geodesic do not satisfy (2), all estimates
of Gerber & Wilkinson remain true, and so does Theorem The reason is that (2) is
used to obtain a control on how the curvature approaches zero: if = is a closed geodesic of
zero curvature, then there are constants C1, Cy > 0 such that

(A1) — Cydist(p,7) 2 < K(p) < —Cadist(p,~)" 2

in a neighborhood of 7. This estimate does hold for surfaces with degenerate closed geodesic,
as we now explain. Let S be such a surface. The region containing the closed geodesic
with zero curvature is the surface of revolution N, which we call the neck. The profile
function is £(s) = 1+ |s|", hence by the curvature formula given in Section [2.2] we have:

(2)’ There are constants C7,Co > 0 such that
—Cils|"7? < K(s,0) < —Cals["2,

where (s, 6) are the Clairaut coordinates on the neck N.

It is clear that (2)’ is in our context. In the sequel, we check that [GW99, Theorems
I and II] hold under assumptions (1) and (2)’. We warn the reader that, while [GW99] uses
Fermi coordinates (s, a), we will maintain our use of the Clairaut coordinates (s, 8,1). Let
H~ and H™T be the stable and unstable horocycle foliations of S.

Theorem A.1. Let S be a surface with degenerate closed geodesic. Then:

(1) The leaves of H™ and H* are uniformly C*+LP,
(ii) The tangent distributions TH™ and TH™ are Holder continuous.

The proof of Theorem requires two general lemmas [GW99, Lemmas 3.1 and 3.2],
which we reproduce below (only the items that we explicitly refer to are listed).
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Lemma A.2 (Lemma 3.1 of [GW99]). Let K, Ko, K1 : [A, B] — R be continuous functions
and u, ug,uy : [A, B] = R be solutions of the Riccati equations u'+u?+ K = 0, ui+u?+K; =
0,7=0,1. Let y = u1 —ug and}i( = exp[ ft ui (T dT], i = 0,1, and let jo,j1 be
solutions of the Jacobi equations j! + szl =0,¢=0,1. Then the following hold:

(i) y(B) = y(A)jo(A)j1(A )+ [ [Ko(t) — K1 (t)]o (1)j1(t)dL.

(iii) j;(B) =1 and j; satisfies the Jacobz equation j” + K;j; =0 for i = 0,1; moreover, if
w1 >0 on [A,B], then 0 <j; <1 on [A, B] and j,(A) < 1/(B — A).

(v) If K is nonpositive and u(A) > 0, then

u(4)

UB)Z B DA 71

and this estimate is an equality whenever K is identically zero.
(vi) If 0 < jo(A) < j1(A), 0 < j{(A) < j1(A) and Ki(t) < Ko(t) <0 for all t € [A, B],
then jo(B) < j1(B).

Lemma A.3 (Lemma 3.2 of [GW99)]). Let f : S — R be a nonpositive C* function on a
C? compact surface S. Define L := sup {‘%f(a(t))‘ : 0 geodesic and t € R}. Then

1f(p) — f(a)| < V2L\/—f(p)d(p,q) + dp,>

forall p,q e S.

Given v € TS, let k_(v) and k. (v) be the curvature at v of the stable and unstable
horocycles. Recall from Section that k+ = us, and that k+ = 0 only at T''vy. The next
result is a lower bound on the curvatures of horocycles, which is [GW99, Lemma 3.3] in our
context.

Lemma A.4. Let S be a surface with degenerate closed geodesic. There is a constant
Cs > 0 with the following property: if v = (s,0,%) € T'N in Clairaut coordinates, then

k(v) > Cymax{|s| =272, |y =2/}

Proof. In [GW99], this lemma is proved in Section 4. It considers a geodesic that visits the
flat region of S in the time interval [T, 0], and decomposes [—T', 0] according to whether an
estimate as in assumption (2)’ holds or not. In our case, the estimate always holds, hence
we do not decompose [T, 0]. The other ingredient is [GW99) Lemma 4.2], a lemma due to
K. Burns, which holds in our case in Clairaut coordinates, also due to assumption (2)’. [

Using the above lemma, we can control the curvature of the horocycles in terms of the
Gaussian curvature at the basepoint. This estimate is [GW99, Lemma 3.4] in our context.

Lemma A.5. Let S be a surface with degenerate closed geodesic. There is a constant
Cy > 0 such that for any v € T'S with basepoint p € S it holds

ky(v) > Cyn/—K(p).
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Proof. We first assume that v = (p,v) = (s,0,%) € T'N. By assumption (2)’, —K(p) <

C1]s]"72. By Lemma we have ki (v) > 0301_1/2\/—K(p) for v € T'N. Now, since
k+(v) is continuous and positive outside T* N, there is C' > 0 such that

ki(v) = Cv/—K(p)
for v ¢ T'N. Taking Cy = min{CgCl_l/2, C'}, the proof is complete. O
As done in [GW99, pp. 51 and 52], Lemmas |A.2} |A.3| and |A.5[imply the next result.

Lemma A.6. Let S be a surface with degenerate closed geodesic. There are constants
C5,Cs > 0 with the following property. Let ~y,v1 be geodesics, let K;(t) = K(v;(t)) and
u; © [A,B] — R be a solution of the Riccati equation u} + u? + K; = 0, i = 0,1. If
uo(t) > ki (yo(t)) for all A<t < B and u1(A) > 0, then

[ur(B) = up(B)| < Cse + Co(B = A)e® + [ur(A) — uo(A)o(A)1(A),

where & := max{d(yo(t), y1(t)) : t € [A, B]} and j;(t) := exp (— ftB w;(7) dT) as defined in
Lemma [A2], i =0, 1.
Proof of part (i) of Theorem . Let S be a surface with degenerate closed geodesic, and
let 70,71 be geodesics on the same unstable horocycle W C S. We estimate |k (7((0)) —
k1 (~1(0))| in terms of € := d(9(0),71(0)). Since t — d(70(0),71(t)) is convex (K < 0) and
d(y0(t),71(t)) — 0 as t — +oo, we have d(yo(t),71(t)) < e for all ¢ < 0. Let u; be the
unstable Riccati solutions along ~;, ¢ = 0,1. Applying Lemma with A = —1/e and
B =0, we have

[k (75(0)) = k- (36(0))] = [u1(0) = uo(0)] < Cse + Coe + |ur (A) — uo(A)[jo(A)j1(A).
Since u; > 0, we have 0 < 32 <1 and, by Lemma (iii), EQ(A) < B—iA = ¢, hence

[k (71(0)) = k4. (39(0))] < Cse + Ce + max ui(A)Ji(A) < (C5 + Co + 1)e.
O

Next, we prove part (ii) of Theorem We will need two auxiliary lemma, the first
being [GW99, Lemma 3.6] in our context. Recall that ki,k_ are the curvatures of the
stable and unstable horocycles.

Lemma A.7. Let S be a surface with degenerate closed geodesic. There is a constant
C7 > 0 such that for all v € T'S it holds

Cl‘7k+(v) <k_(v) < Crky(v).

Proof. As in Lemma we divide the proof into two cases. Start assuming v € T'N.
Assumptions (1) and (2)’ allow to apply a result of Gerber & Nitica [GN99, Theorem 3.1],
and obtain the upper bound
ki (v) < Cmax{[s| 7272, [y| =2/
for v = (s,0,v) € T'N in Clairaut coordinates. This and Lemma imply that
1

el ky(v) <k_(v) < C'ky(v).
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for some C’ > 0. The case v &€ T'N follows as in the proof of Lemma O
The second auxiliary lemma is a simple estimate on solutions of the Riccati equation.

Lemma A.8 (Lemma 3.7 of [GW99]). Let K : [A, B] = (—00,0] continuous. If ug,u; are
solutions of the Riccati equation u' + u? 4+ K = 0 and uy(t) > up(t) > 0 for t € [A, B], then

exp [ff uy(t) dt} § ui(4)
exp [ TP ug(t) dt} = uo(A)

Proof of part (ii) of Theorem [A.1 We wish to show that |k (vo) — ky(v1)] < Cd(vg,v1)"
for all vg,v; € TS. As in [GW99], we divide the proof into five steps.

STEP 1. It is enough to show that |ki(vo) — k4 (v1)| < Cd(vg,v1)* for vg, v with the same
basepoint. Indeed, given vy, v1 with basepoints po, p1, let v] € TpllS be the vector spanning
a geodesic negatively asymptotic to the geodesic spanned by vg. By part (i), we have
|kt (v]) — k4 (vo)| < Cd(po,p1). Since S has nonpositive curvature, Busemann functions are
(uniformly) C? and so d(v},v1) < Cd(vg,v1). Hence, if |ky (v]) =k (v1)] < Cd(v],v1)® then

|k§+(’U0) — k+(1)1)| S Cd(po,pl) + Cd(vo,vl)a S QCd(’UQ,’Ul)a.

STEP 2. Given p € S and vg,v; € TplS, let w be the angle between vy and v;. We can
assume that |w| < wg for wy small. Let v, € TI}S , 0 < r <1, be the continuous family of
unit vectors making angle rw with vg, and let ~, be the variation of geodesics with +,(0) = p
and 7..(0) = —v,. Define

T := max{Ty : the curve r € [0,1] — 7,(¢) has length < /w for all 0 < ¢ < Ty},

and consider the scalar function j,(¢) associated to the perpendicular Jacobi field generated
by the variation of geodesics 7,. By definition, j.(0) =0, j.(0) = w, and

[ mar=va

Comparing j, with the solution of the Jacobi equation in zero curvature (cf. Lemma[A.2|(vi)),
we also have j,(T) > wT. Therefore T < 1/y/w. Similarly, comparing with the case of
constant curvature Kpi, = inf K, we obtain that j,.(7") < \/%mm sinh(v/—KninT'). If wp is
small enough, then 7' > 1. Now, as in [GW99, pp. 55], applying Lemmaand Lemma

we obtain

i) — ko) < Cavo+ G (e |- ' w(t)dtDB (o0 |- [ ' w(t)ar]

for constants 3, Cs, Cg > 0.

B

STEP 3. We estimate exp [flT wo(t)dt}, where wg = j}/jo satisfies wly + wi + K oy = 0

with wo(0) = oo and wp(t) > 0 for ¢ > 0. Proceeding as in [GW99, pp. 56-57], there is a
constant Cy > 0 such that

o[- [ ] < v
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STEP 4. Assume that k; (vg) # 0. Since wg(1) > ug(1), Lemma [A.8| implies that

exp [LTUJO(t) dt} < wo(l).
exp UlTuO(t) dt} = uo(1)

By Lemma |A.2(v), we have ug(1) > ug(oo()oll and so 1:38)) < wo(l){fgé’é)o)H) = wo(l,gﬂ%g(;)ﬂ).

Since K is bounded from below, u((0) and wg(1) are bounded from above and so there is a
constant C1; > 0 such that

exp [—/Tu (t)dt] < Cn exp [_/Tw (t)dt}
L ~ k. (vo) L .
STEP 5. By Steps 3 and 4, if k4 (v;) # 0 then
B

exp <— /Tu-(t) dt> < £wﬁ/2
o = ke (v)?

for some Ci2 > 0. By Step 2,
|k (v0) — ki (v1)] < Cev/w + CoCramin{ky (vo), by (v1)} P2,
Recalling that w := dist(vg, v1), we conclude the proof, since:

o if min{ky (vo), ky(v1)} < w4, then ki (vo) — ki (v1)| < ky(vo) + ki (v1) < 2074
o if min{ky (vo), ky(v1)} > w'/4, then |ky (vo) — ki (v1)| < Cgy/w + CoClraw?/4.
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