—

Some wodels 4 _popudakion dynasics ®

OsLo , Odoloer OF,

Mawm notahonn
[ o WP i A T

’{". ti'lMe.

Q. Q.ﬂe.

[ Concition
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The general aedel

44 The alate npace

The natate of on andividual (ot a given hme) is the pair

?Drmad by s age a agund Lk Condikon ¢, Condilon will
desneovse Mmnth  age (see below) | and cannot clecrease

helow a mminiwmel valee (Hat we take fo be ©).
CanciHon oF birth cannot txwed o waximal vawe €.,
The wortakky rate  will be set  «w order Hiat no
ndividual can neath a  waximal 69e Quay-

There fore |, the slete A wnll be He poductk

Lo, ey ) x 10, Cuay -

Comment :  if one wanks b Choose a mortaliby rate
Hiet  acllows (few) indiicduals o wach arbilianly
high 3% ( for tustante , A= condhautr ), one
Ahou! probably replaw coudition ¢ by
on e,q,w.,vale,v\,l— nolion of bioclogical age ,
starhn f1roma  birth  aF some pemhve value
depending on e hiclogical aqe of K wmolther
{ 'U-m o © -ﬂunchom of Hwu kind we ae Cow duuy)
and Anveoaning gt leasr as fat a0
Chwonological cge (wa a funchon W)

Normohaakou of unitls :  fthe wat of ‘toudibion” 4s takeu

an order Hat  He foss of condifion at zew dewity is 1

The  amnit of 4ime 4s 4alen An order fo have:



- aw.ax = A1 in e unseononal case

— heriod A ‘fOr m  on He setsonal Cove

A4 The phose Apau

Because v best Condihons reba condikon 4s lost at speed 4,
Hhe atale of Gun individual really Wes in the hiangles
O & a+c £ 1 {a,c30)

The phone Apace Xt -?or e duynamits  4s the
ppaw  of hosifive {inife wieasures on Hais h&anﬁle.,
For wmest  praéhcol puwipotes, one could jusl Cowsider
jwr  Hhose meoswes  Hat have a clewair.j Pla,c)
mith o peet ko lebeoque meosure dadc -

Ther ot hoo teowons W comider Hu larger ndpaw X+

— If He O (uatkow descibing e dews: hawmission
o m‘ﬁ.’&k@"’é’,& hao o |=lal'e.2.u near  Cuax e
hopulakion  cannol  juwst be descalbed by a dennily
but rather as  tHhe Aum of hwo wowmphonenl ;
the hart of tg))—ﬁ!_ah'cm horin With lem Hian
MMa ximal Ol#ms:g\ﬂ‘ he  desnibed by o dews
but  Hig* (posihve) park of  fae nopulabion
horn wnth  amaximal sl is  ralRer
desacmibed by o dewn oh O Ccubve 4
Atate apaw = ( Hae d.i.cf&onal i w=A)

M

— LI may help o cownder Dirac meamres , i
groups” of e incividuals wilh same age and
condihon.

For molahouol reanows , L wnll amnite anﬂwaé o
Iq,oinl- (n Hie phae dhac. s la,c)dade |, ¥ One
Dhould lgep 4n maiind Hat Hiic showld be l'ni'er,ore}ed
on & meosure.

Tﬁc a@namic.s in He Phawe Hhpate are overne d
by N3 ﬁaoh:rs P 3
) /\M.o’l/‘-a_,&,l‘ué nate ;
- e Lom of concluhon k\::j AndAlU'ioLuals;;
_  He birHh of mew off 2prungs.

in e unseasonsd Cane
This  awil /'oroob;WAemi-%wup of applicahions
TE XY XY by TH R T T8
' 7T A,
One nhoubel beware Hat 4he dynamics are

imeversible 3 TE 4s wob uaverkble , and TE caunob
be defined «{fon £ <o; time cannot un backw ards,

7



®

TRe Aymnamics  meill have fhe f?oll.oun'ug {mportant Fm}merhim:

thee exists @ Compatt mbset K of bhase spac Xt
such Haot

(4) TE(K) < K ) for all o0

(i) for any inikal coudiion wy in XT  fhee
tuish  £,% 0  such Fhat T
T " (xYe K.

[ TRere ase mawy  homible Choices Yor K7J.

Then , one defines the glokal attractor for te
cyhanrics M

A = NTHK)
tyo
This doer_not_clepend ow He choiw of K, and

Aahs Hes
TEA = A, o al k50
Tﬁe ho_jec}oﬁu an A are the AI-aHomorH

re.?:'w\eo
evolu ki on lf\D.U'f.h.S . an wmbPnike amount of ),

TRG OA M AS ‘h) Anderstond A and He

dxjhamic/a on 4.
[(Tn e reononal Come , one should add He Hme-urcle in Hie

bichure ; Hun we gef & mwmilar shatements ]
A3 Morka li rafe

A

Tt 4is  omwmed Hhat He Amatto.ul-ﬂ ral'e\/tm&j dlepencls
on He Condihon ¢ {tonhnuwousty),

Tin order o kil all Lndinmoluals bel@ﬁe Heor

Con cluhown c raches © , Ave will anuwe
Mok Hie ini'egra.l

J Ale) de

civerqes ot O;  for indfanw  A(e) = Ao‘l-’c."'
15 o reanonable chola .

I+ e olse Prb'oa‘ol/\j Monona ble to

O/Mm uUhae l’el.a,f'
A decreones it o

Ak Atk hopulakion

A M}Oﬁa tuF &wcl—iom T on He niate Apate ds
qiven , "f‘akiua values between O and 4,

It ds mathewakca cosier o ke 4F B be
Conh nuwows (| bo t can he dntegraled
agoinst  measwes An e phase apate), lout
reosohable © -4 funchons nhould alyo he ok.



The ackve fopulalion 45 Hon
@ N = H (Placrmiae) dade

15 Los of _condition

At awmy given Hwme , e nobustnews of indivicuals
will deneme according o |

o_l-E _ L [N(ﬂ\)

at ’Ll)

where e loss of condibion tate W s a Conkmuous
JCV\U\&WHV\E] funchon of N[‘“, wiH WPloy= 4.

A.6  Tranmspmiission o{ Condihon

The Condikion ak birth  of an offapang depends
only on e condibion of He mother at Hat imoment:
£ Hus lont condikew 4s c , He condibfon of
off pprng As B (c) .
The tunchen G 45  amumed ko be imma/atn%

with ¢, B(Cpmax ) = Cuay , ohd also
d6 A
Ie < 'Tpor all ¢ .
Le,i- us  eplan whué fo mhose this last Conolihion ¢
assume Hat ab  zero dews (for imtance) an

Andivi o o has hwoo cdaughters of Hwme £ <,

ok ¢, be He condihon at He wolber ak

Bwe £, , ¢; Hwe Condibion at hwe t, . We have
cy = €y~ Lh=b,)  (Wloi=1)

The hoo doughters are born  Wilh (ondikiows O (e,),
O ey respucHuely.

Mow omume abat ok a dater Hwme 4, | bolh
daughters have ofoprings.

The condikiow of He older daughler at His hme
A5

6ley) — ey~ &)
while e Concliion of Hw Younger 4s

9(c,) — (/t‘%—ft‘l3

Tt is Aeanonable tp amume Aot the hawowy tted
Conclihon effect altenuates with geunerakons , weaniwy
Krak e condihon of the ApuUng of fhe

older o Her should ke owmealler Hat Ao tondition

of e offrpung of He Younger wma Hher .
ML ang
Oley —(E4-6) > B (cq)— ey -ty )
e
G‘CC&)‘—QCCL) < /e‘g_""t' = &G



whith explaine He  Amhichon ew ©

43 The fecundiby rafe

A hotdabion  of size  Pra,ec) Ba be o]? o thers | it

age € [a,a+ha] and wndifon ¢ (c,cibc) ar hme £
will give birth between tHwe t Gad tiAE to a

Mmumoer of  female ofaprings equal b Plac) miae, N E)

Aa Ac O,

The Condikon of Hime &f’?bpuwds ot birth Us oattordin

te 4.6 e number (n (O, Blerne) = B+ 9’(c)lAc,J

As o He {)-QCA.LV\.OUI":I Note mala,c, 1\1“‘l £), we anll
onume &  mumber of properhie desenibed helow -
We will Comicler bhoH e wumseomonal Cove , tn
which m dow mot  depend explict Hy on hme_ and
the Aeosonal came ; 4w Hais case, ?‘?\e {-umchou\ nA
As e foroduck of a funchon (2K denol'e.d bﬂ m)
depencliun o Al ,c, N and a funchon Arh
de.(n,ewdulv\% onby on hHwe. This ek funchon tokes
valwes wetween © and A and 1s Periocuc. of
period 4 nw Hme , Taking Hypically high value
mear A4 duwng hatf o penod (Hie Summer) and
fow walue near ©  oluing e ofher half (e winter).

The. funch'om. ma, e, N Ls omumed b be

xmo\amm% milth ¢, clecae.cmmg il N Moreover
A As O anmluw  a  ds [ «mahmo.h'om 69
ACe, N aohich is  cle weas wa  wikh ihcrea.scvsg
with,  N®' and  always larger  Han Some

/

AhicHy  honihve Coustaur [ Iw offher Terma A (Cupy,0)>0)

[ aul A cemorse for He adive populakion .

TF 4 hetter o allow He tweight funchion TT(ac) used in
deﬁcu»\c@ Hie achive fopulobion  N@®' (o depend also,
An o deaeaning  way o He achve ]"bo)w.lahcm 1tself .
Equahoun (1)

N H pla,c) m{a,c, N dade

AS mow Thuly on eguabon (unot & defiuihion) which

AS  howeuver  east seen o have a wunique Solubou:
Re Cft haud  Mde (s inteoning wilh N while
the  aight hawd  avde ds cleveaming  awith M““.J



¢ The equobiom
24 We have alreccly unifen Ahe first one

(1) N (mu:) - ” Pla,et) mla,c, N®') dade

which cletermines  uwnique &‘.3 the achive hopul akion
ol hwme &£ dn ferms of He poiub of Hhe
phane dhaw Pra,cr) dade  duaribing Hue hopulation
deshibubon at Hwme £.
32 The onecond equakon  deswibes  Hie evolubon of
he  populadon born bhefoe  Hwme £ , given by
the  mmorhullhy aund Lom 0P Condibion Laws:

W L e (N Y o — s
O W LW e R - a0
Tedhnical Commenr : StucHy apeaking , we can only wute

Hae efr hand side whew e ho pulakon clishibubioun
has o demsihy (40 Hhab P exish ) ownd 4s differeatia-
~ble  ( o Hwar 41we can kake parkial dervalives).
On o high-bow level | nevetthelen | the €eft hand
Nide  ablways makes sewe at He distubublional
Aewne _

Cowcre,l'e,% , we  an take any ook funchon X
which 4is a Awmooth funchon on ofate spac
vanishing Jfor a=0  (olhewise ome the birkh
rown  should Cowme Ln).
Wute < X,@> Jor He ntegral of X agaimet
a foink P 4w He phare dpaw X*. Then  We
will  aewicke  eguakon (2) s
d _ X @y 93X _
d_b<x,u>>_. <ﬁ_w(~J§E Ale) X, @ >
(mew ore ot He mans ore mob Guite Hu dame ! this
is dur to an dulegrakou by port ). As X 4s swmoolh,
Faking 4t parhal denvakve 45 Mo problew and we
Con anfeqgrali agaimt Hwe meavwe P <w phase spac .
The tquakon aboue rhould hold for Quy lear funchon X,

Equakon (2) s ,4n & sewe, mob really a packal
deffrrenhol equabon , aad one Dhouwd Hunk of F
4n the following avay.

The procuct of - He “atate space by  He positive
Fime axis 45 a2 -diwmewional dpan ‘?ola'ofed
\Né Q 2 - harameter famc of  Curvea ; each
curve  Oesaches  Hie  time evelunon ©f age and
Condabions eof indd mauals :

ola  _ 4 de _ — (N
de g ae Wi ey,



®

Re hwo hacameters f)peaﬁjcu? the Curve heing
he

Hme of birkh £y  Qud pob Condli hou ~at birh ¢, .

Tﬁ\en, eaathon () j'usf xpremes how the deuwihé LP
evolueo  along Hhis Cutve Y

2 Pr) = — Ale) 0¥
< ¢ (e} @ (yed)
and  ape cCan nolve this  diflenbial equalion ;
¢
Plrte) = @ILO,¢, k) exp(—g Aleluy cl ]
O

(He condibon € on (urve ¥ beiv\c& funchon of Hme)

2.% The lowt hoo equakons destibe He birlh procem -
We first  wute theme i He Acmpler Cwe awhere
e hopuloron has 6 Conhwmaoue dewriby , and
He  Junchon &  sanshies
6'(ay > o© @;r all ¢ ¢ Lo, Cuax ] -

Ln Wis come |, there 45 aF hwe t o conhinuous

funchon  mic)t) duh  Ahat  mc, b) Ak Bc 4s
the mumber of fewale offsprings born behoeen

Hwme t and t4+AF  Avith ek Condition berwewn
e and c+ Ac. On one side e have

C%) M(C,{:‘) = Lp[ol CJ l:)
On He other ( nee A4,%)

(1 mew, ) ) = Jm la,c, Nt t) Plagt) da

T He g&naml cone , one ohould rer'nferpre.{- wlc, Bdde
05 a  honilive measwe |, depending on hme , en
Hw concdihibw dAnterval [0, Cumax].
Tb»l(.cw% o 84 teak ﬁu,mch'on. Xo on [o, Cmay ]
(conkinuouws) , mulhpiying (W) by 'XOLQMJ awd foqraH@g
ﬂive/;

S wle, &) X (o) de = ” w (a,¢, N0, ) pla,c,k) XBLQC(J)dadc

twhich now wakes alivays sewme  and dhowld hold Lo

0y lat  funchon 'XO

On e offer [m»\ol, An the general tane ; Lquahkon

(3) ohowld be Joined b equakon (2) (it is tRe

nikal Ccondition for equakon(2)). Tnstead of
Comiclenng @5 tn 2.2 only  feok Pumcriows



X vanishing for a=0 , 1we comider Qqenerol Test
Punehons (AR U Amoolk 1) . The hoo egquakons (2) and

(3) ore  equuivalent B Hae Aingle egualion

(224 13) d X,y = <2 _ 2R _ A h(ek) Xio,c)de
= P - W AL YK, > +§ X

*f)or any ek funchon X.
Pu.HflAq @).(3), W logelfar qives

@I+43) +{u)

1 E'l_..
(5) dk
where

A
<’X:(-P>= <'PXILP71

A
Xta,e) = 2% (a,¢) — (N 22 (a,0) — Al X {a,c¢)
a P14
+ o la,c, N EY X (o, Bta).
(Observe Mat hesides He hasic date W, s, m, 0, e

dishibulkion (p  enters cu X only Hwough e ackve
ho pul ahon  N® ).

u We Huws hove wnittea Hie equakiows u He Gewgral ﬂe&iuj.
We womb dehally o Comioler Nevtral Apecial Minakows .

— a5 has been menkomned before , the unseowonal cae where
mr dots wob depend expWcitly on Hme .,

~ e comtaut Logs of conchhion Case , Ahew e omume
Hat T =14 A Hhee ds wo effect of Hhe ackive
hohul ahew en e oy obwkaen evolves.

i .
- H’ae. mohur =a.ch‘ue.“ case : we will her omume
L R e S SV

Hat He Mahi’ ﬁu,n('.HOM ™ 4s {;mhprl-ioua[ o
He Pzwmu% Nate am.

- e Twadimal Condikion at birh " care 1 where ©
A owtant , equal fo Cuay o

We can (ancl  anll)y alo Hat Hewera| e{’ Hese Apeccal
Conditione Qe amat {'Dﬂe["?uzr-



®

T for insfonce  we Combine combtant s of couditiow wnth

moxiwmal  Condihon ab  bicHa , fve voniable ¢ = Quax— 0 bewouws
waeles .

10 ampreover , we  wk For he "wahne = adhve" condifion, we
ger O muuch dimpler wodel (studied laker)  Hat we coll e
"toy woclel”.
25 Existene, uniquenen and_boundidngn of solutiows .
The atatement for  txistence and uniquinen & osolshows is s follows.
Given an  4nibal Hwme t, , ond an inikal posibhon X, in

phose dpae X, here” exists  a  unigue cute
Cx(E)) fy g Aw phoase apate with follouring  properties

L) nlE) = Mo

i) for any swmoolh  tfeot fumchon X on sk spaw
e fumchon E <7(,Mf:)> 49 wu"iwtwuneg cli ferenhiable.
on L& ,+0), aud (5 is sakisfied for ol A5 4.

L A glimpse of the paod will be givew loter ] .

e\;l—a et boundednen o all solubons , we merd sowe naturmd
poHee . T

A) Hhe amorhalily rate s bounded hom below :

Z) the e&wmdxl'a wnte
N @) geer ko 4= 0O.

AlCuay) > ©
qoze o O (o e ackve fopulabion

3) Al mohme individwols ase ackve : wmee precis Hiar
KRe fumchon m (a, ¢, N®) Us  bounded from above
by & Conshant Hwes Ha aweight funchon m{a,¢, N,

Asw.wi,uﬂ Has ,  Me claim Hat Mee axiste M"_ such fthat

ho ok

) Al oF Fmes F, , He athwe hopulokon 4 below MY,
A will emain b0 for  all  pesit hma b3 b

i) Given any iwihal  Condibion x, of Hme &, , Her
wxasthh &

A4 Puch Hat Ha geohwe  hopulabion a
Ames L3 b, ds dem mah(m.

lobed



P'wo;: We Choose N;' Mool /30 ﬁanae Hat

wnl@,6, N EY L Alemay) TREGLEXREN

On lhe kolher hand ) Hhere

L
¥
'Eor al a,c, & awnd all Nlm;l\?o* .
exists  R> O asuch Hat

mila,e, N® by ¢ &ale,, ) Tiae, N¥)

NT_2NS K. Assume

Eor all a,¢,t and all N¥(G0).  Let
NT,

Rat ab bwe t,, HRe lolal populakon N(E) 4s 2
The mwoctalify rate s oF ot A(Chay ). The number
of newhorn s qiven

” wla,c,N'“f t) Pla,c) dade

&.e\nu’ YR R < L Alepax) Nt 4 Nw“ Zz No‘ln/

L
and £ ‘EQA(_CMM) NLMU:O) m all canes . e have Hwy
AN ¢ ACmayx) BN+ RN in all e
ot
£ — £ Alewax) N P N@yNF.
Rut 4 as N(t)%» Nz aNFR, 4 NPUNF we
munk  have
— N+ &N® ~ LN

and i&w@m we have proven Haat

Cg\;“'o)-s - ;—‘1-’ Allpay ) NI

oA 'Eouq s Nlk) memoine » NT. This clearlq

imply  Hwe Aequiyed thieo » ( N Cammol wross
upwards  He Hiteeshold N1 .

From the eenhial boundednen of N, He entual bounded nah

of Ha birk Count
g mc)de

twmneoliakely Jollows [ Hwe f’-ewn.oul-g rale beiug bounded ).
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3 Eguilibria in e unmmonal cave.
34 We ae Cowidering  He wunneasoual Come  (wm imdependant of ¢).

A hoint O la,e)dade  In phae paw. U5 an equi i brium
{f the nolukon Nlackng  fpom it &t Hme © 4s
Covubant .

The  2em horudabion As  Suth 4 hoiub. We ae lovlu‘uj
for oter 2quilbra.

We it show et Hae s mad—ﬂﬂ one much equilibrium,

ovidedl b e fecundiby rile” ab 2en population
A5 high emough.

_F' N . .

The equikibriam  numt nakicfy Hie tquakon

@ o= [j {’% _ w(N‘;"J%zk_ _AK s m(aeNS") Xio, 81)] @, (a ) dade
¢
hogether ik

(a {2]]

(A No ] = ” P, lac) mela,e N, ) dade

Ab first we  forger (), and treak (5) wilh NS asa
perameler Equakiou (§) wwusr ke sdlafied for awy tesk funchon X,

Workiug will, (2)(3)4nskead for‘ the rake O'fofmph'c,il-ﬁ,

e have
(6) P, (a,e) = MO[C.-banCMém” Slacy
whee We  turvival aate  Sla,c) is given by
Slac) = % p ( — g/ltc-f-uwcr\l‘r;“))du)

Thew (W giver om equahon for W, :

() sy (00 8le) = Jm(a,c,N(:') (?Mo[c+al-|)£hlf,ml) S(a,0)da

non hivial
Tﬁ,e_ 40rt>of of He existeute ond Amiguentn of vV egau Wiium
s now  Auor or len an  follows



@

0 We rwwe (3) 4in integrald fouu as in hage * :
SMO © XoleYde = || mia,c, NE) wSta,c) ny(crag () X, (8le)) dade
Por any Comhnmouws tot  [umchon on [ 800), Cuayl.
Ofler a chauge of vaniables e nghthand siols e omio

Cranx
ra my () | )(o (¢) de
(o)

where  Hie operator

—]—,deuuob.'ua on l\Jo"m
[

; Txo(c) = J m | €=8 o a,No(m; S(C_:B_(m a) 2o -
) PN Y™ WS

¥, (ew@) da

2) Due to the bypothees om 6, m, P | He opraber T =T
hos e P.ouaoun‘uq [veoperhes °

o there exists  Non duch Hab  for 0< NS < N
Hee txists o NGl Pmba‘oiutu measute Y@ on
[9(0). cma.x] MiCh ’[’B\Dd'

J K df'JNtm = ’\(Nzgm) [xodPN(‘“
0 ' °

!

js definad bj

O

for rome AIN®IS> 0. Ohe has Lim ANz
NES N, /
(=4

ond A 4s deCACMEV\tj Amuaj with N

\meﬁm A e amume >\LOJ >4 ([ Bus uall
hold 4f Hie chewsiky 4s—lae fecnoliby iy fame
mough) Bere  unll &xisk a Ui gae  value
of N anth AN = 4.

3) The lowt ntep  ds  fual bo Avc.&e e plobakili y SIS
An order o /)G»HSH (). °
In Hu uaken
No(a} = H T {a,c, Nim) ng e+ aL{J(N;m)) S(a,c) dade

e fwt fake  Mmp(ide kb be the  Aight mu Chple
HNO(Q)o



3.2 Stabikhy of mon hivial equilibium . He lineanaed oystew .

ket N, (0, m, cheracterize  the equikbuuwm Hiab we have

Jwr found . TAssuming  for simpluhy Hab B8 has no plateax
and wwew Bl s o , WY, and Mg,  anll really be funchous
(imRod of measurts) .

The Wine on 4edl Mmyshem il be :
0 [ an®e = [1apw)+ AN ] %v;%

(M =1 la, Nl = ;3_5 (e N <o)

2 | 2 a4 AP ~ g, 2 = - !'p N
(: <%LP+BQLP %Mmp AALp,,.LpO%%A
(with g, = WNSY, Wha dJL‘:'P NS
N

(3% | AQlo, e, kY = BwniqE)

() | Db, ) 8/l0) = ]Mom,aw da + BN [ w! AP da
N VR
We will look for solubows of He foruu

ANIMLH =
At —
A (he,t) = 7 aplac)

An (e, k) e AR ()

h

whee A s a Complex parameter. Then we qet fBe
hew  nysiem

@ (S G- (e, (7,87

AL B )APD = —~(sth) 4C N@ ! 2%
@)(% Ve L) AP (rtA) 8P + AN Yo =
) AP (0,e) = An(c)

(L") £ (B 8y = [ m 4G da + §AND (Wl da

We Can bee folue cdirecly Hhe [first-dearee mysten (2),(3")3

v bw . -
? AY (a,c) = Sla,ck, M) 29 (o,c),

A S(a,c,N) = exp(~ad) S(ac)
= WP (-—- F(/.\(C+ Wol&)+)\')d;u.>
(o]



e 'eua.ue_
3. 3 - [ 3w, o-' gn'@)
B -wk) = v % s
jT\I'S %(V%
(8) DY (a,c) = S(a,c, A [ AR (€rany,) + &Z_(a,c,N) ANC]
it

o
(9) ZoLa,c,)\) = Wi ( ?%\'@(a—u.,c-l-uwo) 5—|(G-u,c+uq'o,/\)du.
o c

Newt , aesolue (4" for KR soming

oy Z, (N = “[%_F: (a,c, Mé‘”) P la,c) + mia,c, N2 Slae,n 2 la,¢, \)) dade
1e have
(4 AR (Ao o™ ] ma,e N S e, M Enlaraly,) dade,

We are Pt axkh (4"), which gives

(12) Ba(ewen 8 = [ la,e, N Sla, ¢, M Baleray,)da

— (4]
-+ 22' (,C)f\) &N p
wWhere

(’[3) Zz’ (e, A) = & m (g, Ném) Slag, M) XD(Q'(,I\) cda

+ g g"-ah';‘q (a,c, N:m) Py la,e) da

Tn e qemeral wuie, witk allourng  plateavx for 8, we

phoudd ralher Mwuwke  awn sategraled version  of 02): wwlhplying
(2 by X (Bw) , X & kst funclion , Ond ntegrabing , we get

(4?.’) S X An (dde = U mita,c, N Sla,c,A) X (B} &n (e+ay,)dade

+ an" Sz_zcc,mx(eu.s)de_

which showld hold  for auy Reb fumchou X,

We want o Buow {or Awhich values 0]2 he Couwplex prraweter A
the aystem (M + (2 (00 (2D) hos a dolulion.



&,
\Pct me  oxplain Lnformauﬂ how to do this in
e qweml cane. 1 owwt AMG mathem oheal
te chmolihen ot o meedsd o Juehey the procus.
Also, W Olwc\lal o hevinﬂs mnll be o;'wtpler , oud
dven  mauch  ampler.

One El'rsi- rewuke He n'ghl"l-naud Mmces of (1), Gz’) .
“ W(Q,C,No'm, S, A &n (c+ay,)dade = f 2.3(6,)\)&7\(@ de

it
Zyle,M) = [ ma, c-ay, , N) Sla,c-ay, M) da

Sn‘wﬁlw&ﬁ
ﬂw la,c, NS*) Sla,c, A) X [Ot)) Bw (6 +al,) dade= j T2 X (@ Baer de
mnth
T;)X () = jwla, C-ay,, No(af Sla,c-ay, ,2) X(€lc-ay,))da
ond  Hwe e wght hand mde of (12')  Can he rewritten an
g Ty X le) An(elde

W here

TXte = T + (1-2,0) 7 2, A [zz (w2 X (Blwr) dux

~We have hete a lineor oprakor Ty 0ching on feol funchows X,
which depenca  ow  Ha Complex harameter AL
On general  prndples of Apetktal theoty , egughion (12') has
a noluhen af and ewly f 4 45 an egenvalue of T,

T+ hamens that | allhoush He daw of feot fundions is
infind Te . demtimional ,  the operabor  Th is of a kind
(soid “"traw -dam®™)” such Hiat Re deferninant

P(M:dei— (4 —-T;\)

MRl amckes nemse . As T, dejonda hdoworphically on X,

the name anll he fue  for  P(A) LiF moy have
heler , however) ;  awhat Wwe wank o how are
He zeroen of B (s v e fwk dimemional
cone, w A il be an &gewvalue of T 4f ond
onty if  P(A) =0)

The equbbuum il be  nlable 4 and wej.:
e P does Mot  vanish 1 He 8\0919_ plane ReAy 0,

In  ony core , lthee can be on finiteby ma hy
2er0en P 4An He hall plane el O .
This 45 he coune P achcau@ L5 near A



when  Re (M) 4s darge , or when [Twmin)] ds lamge
ond  Relh) atays bouncled Prowm below.

There are  as many mnakable direchowms aF Hie equilibliuu
6s W are e 2ede of P 4dn He half-plane {ReA > 03.
Those 2ees of P that haren bo be on Hu Jmo.g'.‘um&
axis ive rise ‘o  Mmeulmal dirckons. (In bol

coses , one Ahould Count 2emes wilh mulkphcihy).

Ll_ Tke ”aomfa.wir &44 of Conclikon" tone,

ha We omwme here Hat AP =4 dow not dejend on the
Cechve hopulakon .
In Hais cwe , eguakon (2) n 2.2, hage 6, can be
Aolvedl  curect by uscihg  the nikal onokhon provicled
b‘d guahow (3) ,haqe * . One hoo

Pla,e, t) = mia+re, t-a) Slac),
Cta

2w Dla,e) = xp (— | 4Lu)du>

T\nueﬂorc , wa ortle,ﬁl- awrlh equalions (1D and W) twhich ore
rew ien oaa
fn) N®(y = ” T (o,e, N9 ) m (a+c, t-a) Sla,¢) dade

({-3]

(45) M6, t) By = j m (&, ¢, Ne) ) mare, F-a) S{ae) da,

As above, (] one wank r allow plafeauxr (or 6,

i A
one nhould take 'Mcc)olc.” o4 @ hositive measule on

L B0}, Mpay] { Bor each t). This wmeans that, ro wake
demre  of egumahon (15) An  Hhis case | one should
feplowe  «wt bﬂ

s S ni Y X () de = ﬂ m(a,c, N¥Uer k) niare, b-a) Slac) X (06 b
Wheed dhouwld hold  for omy Foot funchon X on (60, Gua,T.
k.2 Egqumilibaium An e snseasonal case ;
The cauakiowe Ffor equilibtium ore mow [see (0 ,(6),(3), p.12)

(#¢) My L6 (0 8(0) = [»M (a,¢, NS m,(arc) Slacrda

3] Nom = ” My T (4,cC, N;'“) melatvre) Sla,e) dade
with  the 4ankegralol version of (16) (o-&'uﬂ

(1¢') S My () Xilade = ﬂ m(a,e, Né“')mofaﬂ) S la,0) X (6] dade



Ly  dinear 2ed stem at egwhbrum

We have mow \.Pé =0 n gquahon @) hage 13,

Which Gives suuch armpler eguohom. Lndeed, keeping nolahons
of hages 13-15 , we have Hun

Zota,c,M = 0

/

Z, 0 = | %E’j (a,c,Ném} i v (a+c) Sla,c) dade

(independent of A)

Zile,A) = jb’%_mla,c, Nom')mo avc) Sla, c) da
" {independent of A)

ond  therefore  equakoms () ,(12) haqe 14 give

— - — —aA
(18 AN 2 “1-2,) ' ” T (a,c, chm} Bn lave) Sla,c)e  da

(18) B (910) B0 = J m(o,c,No(“') ﬂ;[ai-c}S[a,c)'e—a,\da;
b AR 70

or in integrated form

(@) [ X Sawrde = | TiX (e Snlerde (see p.i5)
wi b
Ty X le) = | ma, c-a, NS™') S(a, c-a) X (6 (c~a)) e Nda

v -2 2, 00§z Xowdu

Zslc,m = fﬂla, c-a,Nf,m) S(Q,C-a)e_a)\ da.

5 The “makwe =achve" cane

S0 We bhere  omume Het He fecundiby rate (s of
e  form

m o, ¢, Mlm, t) = M//\\(Nlm) W (E) TTia,c, N

a2 * w - 0
(mrth  A- perodic M, WX Z1 in e unseasonal case
and  am deueming with NI

It s mow mahnal ®  Anbtioduce He
achive  hopulabon  Avith condibion ¢ mamely



Goo  N"™(t) = S $e,e, t) mlec, N“'b) da

( aqain owe thould rather Huink, aF auy given Hwe b,
of He diibubow of neputa achve hopulahion
N®(c,t)de  an a  hosiive measure om [0, Cunyl,
nob  muming b has a demsihg) .

Then e have
(L) @m0, B Bt = 43 (Nle) 43 () N@ e, k)

oL nglher 4n iux\’egra[\_'.d Form

7’

(@) {mie,t) Xlevde = AN &) [ N¥et) X 18ta) de.

On He olfer haud , fwen n He gemeral case [ not
Omunid ng "matvie = ackHue" ) we have

b
(22 @la,c, k) = mler | wiN®wnds , t-a)

t-a
t & al
Lxrp [ — bj_.a/&(c.-i- L xp(l\]" (4))d4)d.uj
(ree hoge +)
Ond lﬂerefare_ , um'w% (2,:’)

(23) ; N'e, E) XY de = ” Pta,c,t) mla,c, N1} X o) dade

= H /VC«LNLQ'{&—Q)] vt (t-a) Nm (¢, t-a) f/?\tl LQ,C)dadc}

whee here
t U
(au) X (a,e) = exp[—-h{ A(etc)~t(al.p(mm(4))d)& )Ju}
- -
£
T (a, 6 ) _k[a p (N ds , N
t
Kler — [ @in®e)d )
—-a
5.2 Eauilibnium dn the smoeasonal core

Let Noto'](,c,lolc. he (he equibbrium cishibuhon, with

acive  fopulakion NG Sek Y, = ap (NG
We have

( ‘ A e
(@9 | N Xwde = n (N [ N2e) TR Lat) dwole

TKLe)



whewe mow
{al

a
( 26) Ti”(«c) :r(yxp [ - L A[BCC)—UWO)olM] Tila, B -2y, Ny )

X6 ~-ay,)e da

53 Linearized mystew at equalibuwm , wnth comtant loss of Condikion

[ T wilt do later ([ necemary , Hee ealeulabon  wild
variable loss ; ¢k is  wmch wore o nip haakol, as always
the

Hat in  Mwe cow tank Loss
Nawe  printiples )

it
In e comtant loss of ondibon + “watue = atkive
equaheous (23>, vy axe wrilten

wse , but follows

Mnseomenal  Coge.

(20 f N,y xiade = [[ & (N k-0r) NP, t-a) X (a,0) dacl,

i'(a,c} = X(6lt-a) T(a, Bic)-a, NLt))

wp [ — ?ALetc)—M)olu]

E g b b v DO«HC;P\ﬁa
S J\Jomlm X{e)ohe = A LN;m} “ N::”(c) ila,c. ) da de

(2®)
(with N2 instead of N®() in the formuta §or X ).

N ) + AN™ () | and

wfuhu% M{a)(c,l'] =
kaping owly first -orcler  terms | we have
= (T)+ (m)+ (O) ,

(ZQ) S AN R X L) de = A Ko

AN
[} AN®'tb-a) N¥'(e) G la,e) Tia, 6a, NS X (60)-a)dade

(1) = )

(3o) ) (I) = ”/"‘\o H AN e, b-a) Q(a,ﬂ rr(Q,QCC)-q,M;m) X (8 c)-a)dade
(m) = m?o AN®E) No““(c) Siac) %E le, Bte)-a, NS X (860-a)ehd
and g = an (NS , AT %J& (NS)

S (ac) = exp [ - éa/)(etc)—u)cbu_]

A le A s AL
[/Jmhuq o befd‘@. AN[m(c‘I:) = ANt '[c.) e b) AN‘“{H.—. AN“"@/

e get:



©

) | BR®e Y de = (Th £ @) Hm)
_ a -\
@[ N Srae) mia, B-a, N X (B—a) e dade

- Ay
(Ih = m, A
—_— A -
Goh (@) = A, || B8 S (a,80-a, YY) X(BL-al e M dade
” |
(@) = an, AR ] NS Siae) Py (a, Bler-a, N} X 186) ~a) dade

L anll niop hewe His calcwahon , and Cowme back laler lo ik
+f werded -

G. The I"Dj - modlel |

6.1 We omume here et wmahee =ackve " , Cowtank Loss
of Cownolihown and maximal ke af condibhou at

bi i .
In s cae, conolihon 4s a uselen vaniable.

We mnite (on in §5%, buk wi Hwoub ¢ )

(30) malam, N b1 2 am (N X () moa, N
and mow have

G2y N®w = [ @, t) mle,N®) da
A Ha

(3% Prla,t) = mn(t-a) Sla)

(3w Sy = exp(— Lthu)oh.L)

o d
(35)  mlr) = AW (E) A NSy N,
This allows by subshluhon v wute He pingle equahon

{ay
(36) N (8 = J Sla) (a, N®t) X (E-a) i (IN(e-a) N'Th-a)da



