The mumenal _toy mode!.

A This 4s o neasouncl uodel , .Femmoh’hj bem% A ~nevodic in Hime.

We tall A, Hie mohuakion age, A the marimal age aud fake
Hie surval rale al ege & R be

Sla)y = 4 - &
(a Y
The amature hopdleHon NCE) s
A4
N(E) = I S{a) # (t-a) cla
Ap
where e number m{E)Dtof births behoeen b and E+ab 4
6¢'Uem loté Ay
MU:} - I SLQ) ’V\(.L'-'d-) W(‘oN[&);'&) C{O..
Ao

The  fecunoling nrate m (N, £) il be amumed ko
hove Haw 'Eoblowimca {form

m (N, &) = M-/—\KCN) &XP k) amg
where
/mr(m = (1 fo.- N £ |
_y (¥ >0)
N :for NI
ona

np (£) = 5’0 for 0&t &p wodd
A for p gttt wmod A

There are MHrus five harametrers A, A, ¥, P, M, (n Ha
mrodel.

The Exhonent F Exprenes how sH'onrah,j pecwqouhj
clepenos  on demiﬂ ohove e Huaeeshold N = 4

or

Tﬁe heramefer Mg s Iew.nouhj in He summer af
Zero GU.W)f

The hwame.re;r P is He /}eananabil'-ld [mrame{er,
When p=o e have He unseanonol wodel .

Recaue of e special fornm of Mo fecundiby mtt,
we have Juwob eone equakon
A

PE(E) =  an (W), t) N(E)
AI
=> N = | wmg Sla) N(t-a) chme-anv’tzemclq
Ao

t-o



O,

\me hopulabon  hoo been dcaled o Hab  He cut off bovel
4.:5 Ncp:-ﬂ-.

Lt makes olso seme to Acale  difpently  He hopulakion,

replacn Hwe  harameter am, by @ parameter Ne.: one
o ks A e S i
with mow o, A
Wy (N) = Nep for N &N,
- A
N7 for N > N

The equakon Por K becomes

A AI ~
N = [ Sta) Qce-a) my (Nea) iy U da
Ay bf

a
A
Tﬁ\t‘.’. relohon hehwesn N and N 4s

-—

A A -
N N = m, °n

r 4 ks

-%¥

o

Tt\e Necond ncau'wua (fG) AS Mo meﬁul when OLa'soussfma_‘
equilibna, .

2. Equilbibuum 4u e aunnearonal case .
e i e R T I A N e e e G

In order h have o mon hivial  equili brium  when p=o,
e s E Rave

Ay 2 + 70 -
L S(la) da = %‘ {A_Aﬁ.f’) > NC'_ = mg
(8]
o Conditkien Hial auve aoili alwags Qsoume © wilh A a2
Aom 0.1 Hris  amounls 1o A, b3 4.4 .
Tt\em , er eqm&'b‘b{um is cjf'ven b‘ﬂ-
A 4/
A Ant 2 ¥
N, :[Z'“"E,O)J > N,

It deen wot depand em N, We can achially wale
He P—oupun'mg observahon :

Tt, for & given cuboff level NZ e have
o Aoluhon N I(t) ,telR | wiH
Nee) 3" NS for all

N
hen N il also be a solwion Jor all cut
o?{) Levels N < Nc_?..

In packiwslar | the  cub-off  Pvel does not enler
An e  duntumion of He slebibity  of equd b divm -



For noduhswe fr(]\(&) above cut-off Level , we hau\l'u/)t

A Ay AA-T
N = [ sy N (E-a)da
AO

Whiking  Kige K, + ANCE)  and kie pimg omly first-orclor lerms
gf\/%

A,
A -
AN (£) = (f 5(a) f(f; 4 ON (t-arda J1-7)
Ao
ot Aq
vy = (-7 f s(a) AN (E-0) da

z
Al/2 (1= A"/A'} Ao

— A
The tigeavoles A ( AN = AN e” “) are given b'j
A A .,
Fiay= | sae * da = A= Aoy
Ao 2(1=7)

Obnerve Hhat , i Rerzo (= [e™%M ¢ 4) ue have

A’j AI z
[ [ stare “aAda[,g J S(a) da = ‘_‘i (4- A"/A,)

Ag A,

and ['e\_ar‘eﬁare_ Hauz EQM&'b’L{uvm .4_5 stable  on [om% an

[ i l > A o= O LY L2,

.
Oh& Can Compule F
— AgA — A
Fa = (A (4 Ay _ ' Ve ° - 1 _ e
A A A%A, A4,
When A = —iw |, Hhis gjves
Fl-tw) = (lu'(1-fBe) o 1 ) (unAgu+isinAju)
. utA,
—~ 1. ( Gn Alw 4+ isin Ayju)
WA,
The mumber of unstable direckous , e the mum ber of
v "
solubous o-? F(A) = A (A= Po/n] An the e\aeﬁ_

201-7%)
blane Re A >0 |, 4s equal ko He Mmawber of Fmes

Hot  F=iu) hurms oound A t- P Fom, )* (<o) as
2(1-7F)
“ goer from —o0 ko foo  (wehave FEU — O an

b)) —s + 00 )



_Tc\e. Lma%iw&ﬂg pact of F{-cw) 4s

= u—_' (l— é—o) Cen Aou + M-ZAI-.I(S$.V\ AODL — A A,u)
Ay

We have Flo) = 'nf/z - %" )L

I swpect (ond His could be checked mumerically
neeceol , hur Hiere 4s no argency ) Hhat  for
infeger Ry O | Hhere € exacky one value A4

ev-era_
meait (”/'4*' Err ] Ag' for W hich

Im Fbtiu) = © ,

andl that He give all hosikve mob ofVF(-mwl=0;
e megahive 1cots are Hen He —u,, kyo.

This  4s ertainly hue.  f ko is darge enough : Af
we ook for e roots o,f_

Pl =Ai T Fl-iw) =

(% A AOM -+ ! (St'n Aou.—- St'V\A,u.)
Al - AO u{ A-Ag)
which lie behoeen  Err A" and (Rt A7' awe have
| (sin Agu— simAw) | g A,
ulA -Ayd KT (A, =Ag)
‘e\enu, lean Aul < 2 Ao
e ﬁTT (A,"'Ao)

On tHe oHur hand
/
CMﬁ’(u)): m -erM- SiiA AOM. T (.mAOu.

+ e (AjnAju = A o Au)
Al=Ag

W here

cos A u 1 (A, Aju - At Au) [ & RA
[ (o] +(A,—Ao) [ o i ] / A__—,—A

[#]
anc , if fLwy =0

[ BimAsu| > ]/4__ LA
kin‘ch‘_Ao)?-

Hhere Pore Mﬁ(u) will he Mmonotone n He
interval  where | oo Aoul & 2 Ao Qe Hoon
e (A=A
an 3 , 2 A
(T+km) | a4 bad > 2A

K2 (A~ A" A=A,



_l—aka'vn.ﬂ ky4 , me o ok ovlong ow

3 \//I _ HAS > 2A
24 T]’!.(A’_Ao)?' Ai_AO

(g
HAM+ 9Af < 9T'(p-a "
(5]

Which 45 jacfecky safe for masonable valus of Ao, A,

The case k=0 wust he inveshqaRd dircty , but skl
lboks oKk Lor e Ao;—_o.i} B =2

ASSLLW\,Ma the above b be twe , we nolk Hhat Re Fl~iu)
A5 equel &

Rap(—t'u) = -—u_l(i..ﬂo)/}(onu + L (A u—-tenAu)
A ‘t—‘llAj
onel ¢ s mob SWfficult Lo check.  HRabk  Re Fl-iu) haw
e mgn ef  _ senhiu, , Ae ds  wnegakve  for etvenk

and  potvkive  fer odd k.

s . Y= cu) behave bke Hus

The number of bums  menkoned above is huiw (because
o8 uco) e mumber of inkges k awilh

F(";fa‘[zk) < A (A= 40/”'!)1
RLE=%)

U‘eua Nefuenen. F(—MZK) intueme ho O). Tﬁer&poh&/ Hre
egusi Lbnum 45 skable  £f and ondy 4’1&

Sy K Aa Aol R

2 |FEiunl

(Exerase : Compule  F(-( &) (for some values of AyJ
and e Covesponeling  valuss of Y ).

)‘2.




3. Gwuwal Paguthies of the dynawia .

31 The wnrtononal Cone
\w

A reonouoble  (hur mob wuunique) choia _for the phawe spac

A6 e Apace of ConkKnnous -?»wmch’om , taling  powhve valuw,
@&eﬁéntol on C—-@,o:] and Ao.h'sﬁgu'ug

A~ i A AA

Niol = | star Rea)mmy (R da

A
Call Hais Ao %Y ,o It s also reasonable o comider
he aspae Y of posihve wnhauous funchons defined
on (~00,0] Awhich sahsty
A
t(l\ £y - (' s(a) Q(&-a)ﬁx (r\?tr-m) da.

Ao
closed
In hoth camer , He relaksme define a lmsar subspace
of the apawe  of Conhinuows fun chows.

/

—

Ln He wunseosonal cowme , the dynomies difive o
rtmi- group  of hawmsformarows (TE)  from Y b

ks ed
&
f Tl Th . T 0.
RBecome A, 50 we can achwlly Compule TE foc rmall £
or 06 sA LA, , 0%t y-R,
A A
TC (o= Qitrar i et &=
Ay

- [ S(a) lc(t-f-/.\- o) 4:4\?,, Cf<l\tt'+4-a)) de

Ao »;ﬁ ~4¢tgo.

Tﬁ\e woinal €A On Y are  mot mverhhie: sne canmof
define T¢ for t4o.

Land

Fa™
On He oHer hand , one con defrne  alse TE, YV
«For— £y o0 by He aame Lovmula ;5 Hike clynamics dse
invertible @ for M ¢oO

TA QY = N CEen) V tco

/

Fmo“.j one han a "forget " map V. (r&:;hicl'img
N o L-101) , which gives a commmutahve diagmun

'\.'I—-S—\,
§ 5§

T

lpor all E¢o.



The map TT ds nob gurjechive @ acheally wost elewments of Y
connot  hove on anfi aile hont |

Poun dednem of soluHouws
e e e et b

— s} -
if ¥y, we have NMAF(KJ\) 4 NCL¥ ‘for all :J\, hence
A a A=y A
N{EY ¢ %" {4~ '2_;5:) NC,- = Viiax
las
IF/;(//( Al hote Hhe me - dnegumoliby” AL NA 7)< e,
26 NG A ¢ 1 L e /z/y
" 15
Niby 7 & (40 Ay M d
2 At Afs/s . W
1
E

We wnll mot  he sntereslesl sm He cone T <l (The bouma is
i ffeaent iw Hus )
ke

Difleren habilihg ol Solkons

We tan 1wl Mu equahon as

. t A, A
NOEY = ] Sbew) R i Nlw) da
E-4, ¥
wkich g{v&
- A G—AOA
W o(6) = (- Aoy Qlb-ng) mngle-A) — L | Qe
aF A, A, E-A

Which gives , lor ¥ 3! )

-y

A_ cr

A A
| dn | ¢ (M= Ae) N
b 1

The focmule  also shows Hiak Soluh ows  hecome smosther and
Amoother 0w hwe funs. ~
In powvhedar  erery  fuuchon dn T 4s achually
AMM , and  we couldl Compule boundy
dor all derivokves.

T anitl amew qive Om 1oe o ofq wmore  Cnwvolued repcdF ;
Hhar achve  hopulahen Wil always . afrer sowe
hamihew peded | 4 sbove a deleamined level
Anolependent  of e “ 4vikal conolHons _

Comi dar Bor‘ nmplieshy o pefubon  N(t) , t <o,
with AnPinil poot e an elamewr of Y, T
it prove Haak 4‘{3 N0} 45 asmall (Mough, Hien
N(t) —5 0 @d t — —o00 Mpommh‘a% -ﬁamt'.

[,’\} {«)) duw
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lo prve Mis  weeds aweral Aleps - Tt 15 eomer Yor HRis

& reoult o cownmder e (st acaling , with Culoff al—i
ngk—%—l—s—éewn{;@‘——&n—aépmb—eh&&m

( N= N/N )
@ The erkmates on fowt jhage read
NCY & Nyax = mg Ay (Ao AD/A,)q'

e N Y.

le\ud eanidy -L‘Mp{% Brat Mere exists Ny auckh that

NiE) & N, = N(e) ¢ 4 for all telt,-A

L we wnll then fave

Iao o-].

Abro , <F  NE,) ¢ Ny

i
Nty ) = MOL N (&, ~a) Sla) da
[=]

A
where My f ) S{alda = Mg A (AL Ae )2:; 6 > 1,
o] 2 A,
there fore  dRere exists & e[t -A L, B ) mntbe N, )éBN(&-)
Therefore |, f NLO) & Na |, Hhere oxish a devtearug fequente
to=0 )bﬁ_ >ty 20
Wi Hn Aje by — 44 2 A0
Qundl N(t) ¢ O7°N,
Asswme that N ¢ Ny Hiew
Ay
NLEY = mg | N(t-a)Slarda,
AD
Ler

N He anoxiwmub value of WNit-a) , Boga €A . Ttis
cleer Haak He integral sk be  bigger or egual R
B walue Ak bakes i we have

N(b-A) = N N(t‘-A,,+é):.l'\l_—4mo(A._A°/Al]4
doroga ¢ N (4

S~ Ao )T N(E-A+s) = O
Al g (A= Rop 1T & A

~—

<}

£ A,'—'Ao . (.RQCG.“ f’e\a.’r

Id” | & my, (1- Ao/A'])_ In s cane , e dnlegral x equal ko
Aq
o | (-

‘}2‘: W N - wo{l.../‘%l)(A,-m)dq
A, = N w3 (1= Ao )™

’]

Wy (L= Aosp, )

= My ﬁ B (T 1Ry 1) oy

Q



N
my AT (M- AO/M)—" L a (N =) duw

-1 -

N~ mg )=

-1 A
.lz A‘I [4—- O/A[

We hauve Harelore

NCR Y B S AT (- Ao 1

I I

Y ! )
Max N{4) ¢ [6moA.,t4- A°/A,)2J (Nm):"z C(Mm)’:“_
E-A ¢ A& E-A,

@ I_E N(E) £ (N-J./C )3 and  N{FYENy |, aue can o.H.Qﬁ 79 hol'ca,/

becaute ave ger Max Nis) < Ny . Ae obluin
E-A ¢ACE-A,
"‘5 y |
! /
Max N») ¢ C(Max N ) ¢ C3NE 2
E-2A ¢ 2 € E-2A, E-A, 4 & E-Ag

@ Ler &'V\Gulj t «< 0. %or wasonable values of Ay, A, , He
Aanterval t t-l--ZAo, t‘-}zA,,'] haa *EPJAS‘"B\ > A4 ([F A'72A0)

ond tHue , Mot contain  one of Hw poink t, of (@),
There fore ~ 1kl Al
+2 A
N U:‘ﬂ' ) £ N, o 6 1

amd e deduw Flom @ Hak

1]
! (4] - 7

%howiug e  Clsiredd rerulh,

RM ; with amore avork , one can compute He exadt
exponennal  rate ; N(E), Por t — - s of order ¢
M here '

At

Ay
Mg f e"* Siayda = 4 Ao

/
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3.2 The neonronal case
R e i S )

A nlamdard procaclre is bo view the Hme-penodic ewluhon
equiakion a0 an  oulonomows eQuoakion, taking hwme inf
Hie phae naw.

Thus , our phase dpae how dhowd be Y x Rz

where Y 4s Hae game o Hhaw tn page (6), The ek - § 1oup
AS now B ﬁ-owows (@or 0% AL A,)

T3 (Q, k) = (K)\S, E+a) | where G (s hhen wod Z

A Al £~ ~ A A
N7 {(m = , Sta) N(um-—a}wr(r\:(uw-—m] wp(hws-a)da

Ao

) éto wndestand  Hhe ‘Eomﬂ-ierm behaviour of Molubiows
At 45 enomagh ach,mwj o nte how Irajechotits tome
bah & Yx {o}.
C This is o “general melhocl | 4n our Cove, even
moe A A oo B dptial mahwt of (tre
woliwhon  eguahon given an  dnhal conclibion

(_I:l\:)o) An Yx.?o_}) AR awe Rnow —rk(,ﬁ?,o):(tllfo]

A
Ond { NS {au) = ﬁ(uw.\) o A gu §~4

Jor ol hovikive Jukegers  we hnow Cowmplefely He Tx'md‘edm-a
baqumw e nolwnon behween hme

Ha-A, aud fo, and 4t 45 reosonabl R
Cdaume  Aq 2t |

—ﬂ:e,re,ﬁore , our hansic dgnam‘cal obJa,P is  Hhe amap
T =2T7%* . Y« fo} — Yx o}, (_W\ere is Mo[‘&,{wﬂ
dpeciod At hwe 0, We could ao well comicler uny t e Rip
and comider 1. Nx§t,3 va——>\1x{t;,} s Hus wap

is conjugated B Hwe frreceding one)

As in e unseoonal cane, we tau Qlso lowvider He
A Y and e Anverkible tuap

T, Y9 .
As  befoe ,  Aolukione or bounded {same proof)

@viral At ~
Peearse  we hove dalen o OUsconHuwows iy
O i e s P

Selukong il be  Lipschify  bub aob G (ndecd]



" D,
i—l-';’_ 4y = (1=~ %o) N (t-pfoy »’\23 [ Qu-Ao}) ’Q"P (E-A)
! E-A A A
— [ T Ry (R o duc
Ak, f

with  disconbmmubes when t = A, or A+p wod L.

(So soluvone are 5 hiecewise, Wwith hwo “angles” 4n eath 39_;;(-),

The awone ditfoculk okt , Hak  olubous rtoy abowe

& criain fovel povided  feeunmdity @k swall cluniby 4s high enough
A5 ciscumed  below ; hogelher sl equilkibra.

Si Eguilw brium  4n He 4easonal e .

44 Reecall Hakr in the umwearonal cose, one gels a mou hivial
equw Whrum (= womrmant Mmon yem mahire fopaslalion)
ot dedtna on

!

2 ¥
%(4-%‘}9) > NCP:"'MO;

Ae  feowmdiiby ot swmall demihy is l«?h enough - [_\fdéaen on

!

He oppooite one has Ay (4. Ao Y my!, all solukons

Collapie 4o 200 exponenhally fant].

Tn He ceamronal e, Qn equikbuum should be intempreied
o o fixeol pomt  of Hw amap T (ohshuck frow Hu
hival Pixed pomt 0),

Vo ne under whith circumsfanis One gels such an
C&qmi%\l)%uw, Lot o Dowaidueo%e evp Wwhon egquohon
i st dealing ) ab w dbmihyg ¢

NG = my, Aj Sla) N(t-a) 4, (t-a) da

which 45 o Linear equabion . Now, & "Perron-Frobenivs
ik Huoum  tedls o He Po%unu.g Hhere exists

o W - pealodic  hositive funchon N , and
0 A gue homhve teal mumber X.—:A(P) muh Hak

A ~
N (8) =A [ S Nit-a) 4, (t-a) da

Ao f
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e A omN <1, all solubioms anall collopse whomwkau?&
S:Ovoi' Ao zeo: mo nown hivial equiliblium (or 0‘“9 ;ud

edse)

The Wsoumion Mow twuns ow follows

v A mARAL At s mob unwmonable fo Ugecdt o
mon Wivial  equilibuwuwm ( bor He mon Linear
equalion  of Covrse).

T 4wl M b prove hefow Hhal  Auch a mon Iiwal eguihibviuu
ish .

The Gaumhon of Hu dumiquenom of tueh & don Tivial equilibiium
saews far fom obuwow:

To jwve the exislente of a non hivial equilibiuu, ene
Comicrs  &he wap S defid by

A

SIN) () = g | Slay N(E-a) myle-a) 55, (t-arda
Ao

where N 45 & hosihve 4-—t£n'odic conhnuows 'ﬁumh‘on

and S(N) hos e nawe haojerhies. We waut to fud
o diszd poist of .

We mould like b aply e so-alled “Leray- Schauder
CTichonof) Huoww " which says He -folwm‘ng :

I, in a i-ofweoafcal veetor dpaw B, we dgave a
Convex comhack oubset K and am Con himiouy
map S henoling K to K Hien S has at eyt
ome’ fixed poink “dn K,

The Moblem hee is ®  take He dght € and K.
There 4s Mo poblem with E £ 15 Jwsl e

Apaw of Cohhunuow - %u:oau'c Pun hion , which
is o Panadi aace  anltn arual  Sup -hotwm |
For K, Twank to take a oubser of l’ﬂ.mforw\.

K (Eo, Nw,u L) dg wilh a convewienr Choien ofl
harameders &, , Nya., L, and defined o Yo Bows .
We neale Hu funehon N ak He ewd of fage [ (n oder
to have (for dmoknce)
H

L
Then K (g, , Npgy, L) 4s Jdhe st of
Continuouo 4~ jomodic funchows (e elewmeuk of E)



which mousvee r0bnfy
@) for all t | EDS(H & N(t) ¢ N

Mma xR
(£0) qaor all £, 47
IN(e) = N@t) | € L Te-t].

ﬁis AS wai&d reen o be a Compack tonvex oubset of E

What emains 46 he done 45 1o show Hal we can
/@zﬁed: Ey, ; Numax , b such Abhatr S sends kK ifubo K,

We amume o befohe Yt Then | whaleper N, we have

)

N(t-a) My (N(E-0)) < A

and  therefore N

fS(uIE) ¢ mo | Sla) wy tE-ayda & g At (4 %o)"'

Tﬁmfpre , AF s :«eiﬁouﬁ\\ole‘to ke, |
Npax = Mo A1 (4 Ae)",

Next omes He thoie 60 L One hos
t-Ap
SWIE) =m, | S(t-w) N L) Ty (ML) Who () duc

E-Ag

hema
dSN) (1) = (A~ Ro ) M, N(E-Ay) i (N (E- A1) Wiy [E-A,)
dt Ay

b"Ao

—-_%{_A N{w) Wyl ML) Whs L) olae
A8
(with disconhniihte  when t = A, or Aoptp  mod Z) giving
aqaén
4] < (o

We il hake

L_ = L/l,__ é.?)/Wlo .

\/\/‘\/\/\/‘Wv\'/W

go‘Ew- no qood. There remnins o choose Lonuenieui'&; &, .



O,

We aall forove [at awy €5 swmall eongh 4wl oo

let N on eclemenr 6 K {&,, Nuay) L), We dlis b nquish
fwo  (anes

a) {W, me have Mok oudy (> bur |
&N) € N ¢4,
Then , My [N(£)) =41 whenever A%P (k)£ O, Tﬁemﬂore

A
SN)(E) = m, [ ©(a) N(t-a)} 4%, (t-a) da
Ao

Ay ~~
> woa‘,g S(a) N'(t-a) &%, (E-aloa = m e A N (k)

v

p
% € N(t)
Mo any g il oo 4n s cove.
b) Wae exist f:o € Cf, 17 mn NUE-)) > 1.
We apume Aj—A, > 4 Ut newn resonable )

Re.come of (i) , we can Pnd an infenal T arouwnd
confaining t, , conmined in LCp, 17 , of fenghh

£ = M ('Ell_. ) A{'Ao""/ 1-p)
\’\"WM/W\,\

L LN & Ny, oc all £eJ.

4
NO Wy (NI 3 Newe® (i N1

Awnch  Hat

Z2Y (cf Y, e Nk} &)
Now , when we wile
t- Ao
6(!\') (&) = IMDSLt‘_u.) N{w) #hy (N (W) /ﬁn"f (w) dw
E-a

we can fnd  an anteoer beZ Huh Hhat T +h
i ontoined in CE-A,, -4, (heame B laght €
of J A amaler than Aj-A,-1) ; om T+k we will

A%

N

M(w) JU(N{M\) 7 M (é, ma ).



There Pore
-y
SINY (®) 7 ’W\o[g S({'“u)dM] M'.""(‘zl:} N:\ax)
Jek
2, . A=Y A
> M, 2‘%:' Min (%)Nhno.x )%—?5@ P2 EONG:)

We have jwob defomed &, 20 Hat He h/\,oo:ﬁ is Complef .

e
RUMNh-f W hen JMDA > /_L/ 6. mon Awal eqaw(,Wo'h'um N (F)
Connot Aah‘sf.é
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