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1. GENERAL CONSIDERATIONS AND TERMINOLOGY

Let A be an alphabet with d > 2 letters. Let R be a Rauzy class on A and let D be
the associated Rauzy diagram'. The involution T — T~ for interval exchange maps
corresponds to involutions of A, R, D which exchanges top and bottom?.

Whenever possible, we will use A = A, in a way such that the involution on A is
m +— —m. In this case, we will always assume that

m(l—d)=1=m(d—-1).

In other terms, we have ;o = 1 — d, ya = d — 1. Recall that the letters* +a, pa depend
on R, notonm € R.

Definition 1.1. A pure cycle of D is a cycle made of arrows of the same type (equivalently
of the same name).

Definition 1.2. Anelement 7 € R is standard if m;(pa) = (1) = d. Itis semi-standard
of top (resp. bottom) type if one has m;(pa) = d but m(ra) < d (resp. m(zx) < d but
i (par) = d).

Definition 1.3. More generally, the signature of 7 is the pair (d — 7 (), d — 7 (aw)).

Summarizing, a vertex 7 is standard if its signature is (d — 1,d — 1), semistandard if
its signature is of the form (d — 1, j) or (j,d — 1), for some j < d — 1. If 7 has signature
(4, k), the length of the pure cycle of top type (resp. bottom type) through 7 is equal to j
(resp. k).

Definition 1.4. A semistandard vertex 7 is atfached to a standard vertex m if it belongs to
one of the pure cycles through 7. Such 7 is unique. A vertex 7 which is neither standard
nor semistandard is linked to a standard vertex m if there exists a semistandard vertex 7
attached to 7 and a pure cycle through 7; containing .

A vertex 7 which is neither standard nor semistandard may be linked to 0, 1 or 2 stan-
dard vertices. Once 7 is fixed, 71 is uniquely determined.

Definition 1.5. A vertex 7 as above is constrained if it is linked to two standard vertices.
It is free if it is not linked to any standard vertex. It is open if it is linked to exactly one
standard vertex and is essential.

Definition 1.6. A vertex 7 is inessential if its signature has the form (1, j) or (4, 1) (Note
that, except when d = 2, the signature cannot be equal to (1, 1)).

Remark 1.7. Let C be a pure cycle of top type length j. The signatures of the elements of
C are distinct.

IFor a general introduction on interval exchange maps and Rauzy classes, see for instance see J-C. Yoccoz,
Interval exchange maps and translation surfaces. Homogeneous flows, moduli spaces and arithmetic, 1-69, Clay
Math. Proc., 10, Amer. Math. Soc., Providence, RI, 2010.

ZFickensher proved that each Rauzy class contains a “self-inverse” element, i.e. an element invariant (up to
a permutation I of the alphabet) when exchanging the top line and the bottom line. This corresponding permu-
tation I of A is an involution, and the composition of the top/bottom exchange and I induces an involution of R
and D (J. Fickensher: Self-inverses, Lagrangian permutations and minimal interval exchange transformations
with many ergodic measures, Commun. Contemp. Math. 16 (2014)).

3Ad consists of the d integers in arithmetic progressiond — 1, d — 3,...,1 — d, see Section 3.

4,504, p, the first letters of the top/bottom lines are to be distinguished from «, oy, the last letters of the
top/bottom lines. Note that J-C Yoccoz frequently uses —oo and +oo for ¢« and .
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Let 7 be a standard vertex. There are

e (d — 2) vertices of each type attached to 7, more precisely one for each signature
(di 13])0r(]7d71> (1 <j< d*Q)’
e (d— 3)(d — 2) vertices linked to 7.

Therefore the total number of vertices related to «, including  itself, is equal to 1 +
2d—44+(d-2)(d—3)=(d—-1)(d—2) + 1.

One may define an unoriented graph® I'(D) whose vertices are the standard vertices
of D. For distinct standard vertices 7, 7/, one has one edge joining 7 to 7’ as there are
constrained vertices linked to 7 and 7.

Let us explain how to compute the edges of this graph. Let 7 be a standard vertex. For
each pair (¢, ) such that m (o) < m(8), mp(a) < mp(B) (in particular, Q, 3 = 0), there
is an edge joining 7 to another standard vertex 7’ computed in the following way. If 7
reads as

wa X o Y B8 7 i«

where A, B,C, X,Y, Z are words (which may be empty), then 7’ is equal to
i« B B A o C pa
v Y B X a Z )

Therefore, there are always 0 or 2 edges between two standard vertices. When there are
two edges, the corresponding constrained vertices are

(taAaBﬂCba)

o« A a C pa B «« B B C pa A «
wa Y B8 Z ja X a )\ pa X o Z Y B )7

One can therefore omit the double edges in T'(D), as they are automatic!

Definition 1.8. The default 6(r) of a standard vertex 7 is the number of pairs (o, 3) such
that (o) < m(B), mp(a) < mp(8). The number of zeros in €2 is equal to d + 25(m).
The default (D) of the Rauzy diagram D is the number of edges (not counted twice) in
(D). It is equal to

1
6(D) = 5 3 d(),
where the sum is over the standard vertices of D.

Definition 1.9. A pure cycle is deep if its length is > 1 and it does not contain any semi-
standard vertex. A deep cycle is hanging if erasing its arrows disconnects the Rauzy dia-
gram, rooted otherwise.

Definition 1.10. An automorphism® of D is a permutation o of the alphabet A such that,
for all 7 € R, the pair (7; o o, 7, © o) is also an element of R’.

5J. Fickenscher proved that I'(D) is always connected. See [A Combinatorial Proof of the Kontsevich-
Zorich-Boissy Classification of Rauzy Classes, Discrete and Continuous Dynamical Systems - Series A, 2016],
Proposition 5.1.

Remark that a one-to-one map from D to D that send a “top” edge (resp. bottom) to a “top” edge (resp.
bottom) is an automorphism.

7 The computation of the order of the automorphism group can be found in [C. Boissy: Labeled Rauzy classes
and framed translation surfaces. Ann. Inst. Fourier (Grenoble) 63 (2013)].
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Remark 1.11. When a Rauzy diagram has no nontrivial automorphism, the top/bottom
exchanging involution is uniquely defined. This is not always so in presence of non trivial
automorphisms. Indeed, let I be such an involution, induced by an involution 7 of A, and
let o be a permutation of A inducing an automorphism of D. If one has 707 = ¢!, then
70 is an involution inducing a top/bottom exchanging involution® of D.

1.1. Height. One defines the top and bottom heights H;(w), Hy() of a vertex (two even
integers > 0) and the height H(C) of a pure cycle (an odd integer > 0).

We write” —oo (resp. +00) for the first letter of the top (resp. bottom) lines of all the
vertices of the diagram.

Let 7 be a vertex; denote as usual by «y, «y, the last letters of the top and bottom lines
of 7. If w is a standard vertex, we set H;(7) = Hp(m) = 0. We now assume that 7 is not a
standard vertex.

We define Hy () as follows. Let d;(1) := mp ().

If d;(1) = 1 (i.e if 7 is a semistandard vertex of top type) let H;(7) := 2. Otherwise,
define

d¢(2) := i .
+(2) Trb(f)l;%t(l)ﬂt(a)

If d¢(2) = 1, define Hy(w) := 4. Otherwise, define
di(3) :== i .
()= min  m(a)

If d(3) = 1, define Hy(m) := 6. Otherwise, define
di(4) := i .
()= B ™

We claim that the process must stop with some d; (k) = 1, which corresponds to Hy(7) =
2k. Indeed, as  is irreducible, we must have d;(k+1) < d;(k) as long as d;(k) > 1. This
proves the claim.

It is convenient to define d;(m) for all positive integers. If H:(w) = 2k, we have
di(m) = 1forallm > k.

One defines similarly Hy (), starting with d(1) := 7 ().
Proposition 1.12. One has
di(k+1) < dp(k), dy(k + 1) < di(k), Vk>1

hence
|Hy(m) — Hy(m)| < 2

Proof. This is clear by induction on k. (]

Definition 1.13. The height H () of a vertex = is
H(w) := min(H(7), Hy(7)).
The height H(C') of a pure cycle C'is
H(C):=1+ min H(r).
el
8Any top/bottom exchanging involution of D is obtained in this way since the composition of two such
involutions is an automorphism. Numerical experiment suggests that any top/bottom exchanging involution of D

fixes a vertex, although not necessarily a standard one.
9This notation is not always used.
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Example 1.14. A vertex has height 0 iff it is standard, height 2 iff it is semistandard, height
4 iff it is linked to some standard vertex. A pure cycle has height 1 iff it contains a standard
vertex, height 3 iff it contains a semistandard vertex but no standard vertex.

Proposition 1.15. Let w be a non standard vertex. If Hy(m) = 2k (resp. Hy(mw) = 2k),
then the pure cycle of top type (resp. of bottom type) through 7 has height 2k — 1.

Proof. We have to show that all vertices 7’ in the pure cycle C; of top type through 7 have
H(r") > 2k — 2, with at least one of them having H(7') = 2k — 2. Denote by d}(m),
dy,(m) the sequences defining Hy(7"), Hy(7"). It is clear that we have d}(m) = d;(m) for
all m > 1, hence H,(n") = Hy(w) for all 7’ € C,. Therefore H(n') > 2k — 2. Let /3 be
the letter such that d;(2) = 7(8). By definition of d;(2), there is a vertex 7’ € Cy such
that the last letter of the bottom line is 3. For this vertex, we have dj(m) = d;(m + 1) for
m > 1,hence H(n') = Hy(7") = Hy(w) — 2.

(]

Corollary 1.16. Let C be a pure cycle of top type and height 2k — 1 > 3. All vertices
7w € C satisfy Hi(m) = 2k, hence H(m) = 2k or 2k — 2, with at least one satisfying
H(m) = Hy(m) = 2k — 2.

Corollary 1.17. Let V be a vertex such that'’® H,(V) = 2k > 2. There exists a finite
sequence (Vo,C1,Va, ..., Cop_1, Vo, = V) such that

o for(0 <1 < k, V;is avertex of height 2i;

o for0 < i< k, Co;_1 is a pure cycle of height 2i — 1;

o for0 < i < k, Co;_1 contains Va;_o and Va;;

o (o1 is of top type.
Proof. By induction on k. The case £ = 1 is clear. Assume that £ > 1 and that the
conclusion of the corollary holds for kK — 1. Let V' = V5 as in the corollary. Let Coj_1
be the cycle of top type through V. By the proposition, the height of Cy;_1 is equal to
2k — 1. By the corollary above, Cyx_1 contains a vertex V' = Voi_o with Hy (V') =

2k, Hy(V') = 2k — 2. We apply the induction hypothesis and get the required conclusion.
O

Proposition 1.18. Let V be a vertex such that Hy(V) = 4, H,(V) = 6. Let V, C1, Vo, C3,Vy =
V') as in the last corollary. Let oy, as be the letters such that my(a1) = () = d. Then
V is inessential iff one has mi(a1) = m(a2) + 1 in Vp.

Proof. Clear (I
1.2. Chains.

Definition 1.19. A bimonotonous chain'' is a sequence (Vo,C1, ..., Cax—1, Vo) such that

e for 0 < 2¢ < k, the height of the vertices V5; and V5 _o; is equal to 2i;
e for 0 < 2¢ < k, the height of the pure cycles C119; and Cy_1_9; is equal to

21+ 1;
o for 0 < 2i < 2k, the pure cycle Cyo; contains Vo; and Va; 493
e the vertices 1y, ..., Vo are distinct;

the cycles C1, . .. Coi—1 are distinct, with alternating types.

1071 the original version, Yoccoz mentions that the corollary must be reformulated since one can have V = V’
in the proof. Adding the hypothesis H(V) = H¢(V') seems to solve this case.
M denoted simply monotonous chain or monotonous cycle in the remaining of the paper
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The length of a monotonous cycle is the number k of pure cycles. It is at least equal
to 4.

Remark 1.20. Let (Vy, Ch, ..., Cak—1, Vi) be amonotonous cycle. Then (Vay, Cor—1, . .
is also a monotonous cycle, called the opposite cycle.

We will now analyze the monotonous chains of small lengths. In general, we denote
by «; the winner of C9,. We have ag = F00 according to the type of C; and similarly
for a1, hence only «q, ..., ax_o are really relevant. We will generally assume, unless
stated otherwise, that C' is of top type.

1.2.1. Monotonous chains of length 4. This has been considered earlier. Such a chain is
determined by a pair (a1, az) such that we have in V)

me(ar) < m(as), mp(ar) < mp(az).
We have then'?

\
g

=
I

(—o0 S ar]e (a1 S any (a7 400 )
(c0 Sfaaly (a1 S asly (e /=00y )7
(—o0 Saqly (a1 Sasly (g /400t )
(a1 S agly (a2 /=0y (00 Saaly )7
(—o0 Sy (g /ool (a1 7 aglt )
(a1 S agly (g /=00y (00 Maaly )7
(=00 Sfau]y (a2 /400 (a1 Mool )
(a1 Sagy (00 Saaly (e /=00y )
(n S asly (=00 SMan]y (oo /400 >
(a1 Sasly (00 Sfarly (e /=00y )

In V3 (i.e, for the opposite chain), the condition on a1, as is now

|
g8 g

>
I

>
I
|
g8 g

g 3

‘/é:

=
I

—~ TN — T —
|

mi(aq) > mi(an), mp(ar) > mp(ag).
1.2.2. Monotonous chains of length 5. Let (Vy,C4,...,Co, Vi) be a monotonous chain
of length 5. We use the orders induced by Vj. One has
e >
ap —OO]b ’
Vy = —00 oot
+oo (a1 /=00l (+00 Saily )

The winner a2 of Cs must belong to (a; * 4+00):. Moreover, as C5 has height 5, it
does not contain any semistandard vertex, hence ag € (+00 7 ay]p. Then we have

V= ( -0 (=00 Sfaa]y (a2 /ool (an S aslt > .

we (33 2snk
(

+
8
N\
2

+o0o (a1 S —ooly (400 Sasly (e Madls
The winner a3 of C7 must belong to (s 7 aq)p. Moreover, as C has height 3, as
must belong either to (—oo ™ ]t or to (ay 7 +00];.

12go; instance, (a1 a2]¢ means Tl';l(il + 1),71{1(1'1 + 2),..‘,7r;1(i2), for i1 = m¢(a1) and
1o = m¢(a2), see also a similar notation in Section 18.5

L, C1L, W)
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e Assume that ag € (—oo * aq]s. Then we have

Ve = < —00 (=00 Sagly (a3 Sar)e (a2 S toole (o1 S ag )
+oo (o S —ooly (00 NMagly (s S aily (a2 Sasly )]
Ve — < —00 (o0 Masly (a1 Saze (a3 Sarle (a2 +ools >
s +oo (o S —ooly (00 Nasly (as Saily (a2 Sasly )]
Vip = ( —00 (=00 Sagly (a1 Sage (a3 S aa]e (a2 /ool > .
+o0  (+o0 S asly (az Mouls (a2 Sasly (oq /—o0ly

e Assume that ag € (az  +00];. Then we have

Vi — < —oo (=00 San]e  (az T as)
¥ oo (a1 /=]y (+00 S asly
Ve [ T (—oo Saale (a2 Sasls
+oo (o S —ooly (400 M asly
Vip = < —00 (=00 Sfau]y (a2 S as):
0 +oo (400 Sazly (az oy
The model for the first case is
[ =00 a3 o
Vo= ( +00 oy g
o -0 (3 Q9
Vio = < 400 oy oy
The model for the second case is
[ —o0 a1
Vo = ( +00 oy g
_ -0 1 Q3
Vio = ( 400 oy oy

(a3 S 4ooly  (on 7 )y >
(a3 Saily (a2 Sasly )7

(1 Ny (az 7 +ool )
(a3 Soaly (a2 Sasly )7
(a1 M asle (as /ool >
(a2 Sasly (o /=)y )

oy  +0o0

a1 —00 > ’

o] +00

a3 —00 ) '

asg  +oo

a1 —00 > ’

g +00

a3 —00 ) )

We see that the two models are actually symmetric to each other: if a monotonous chain
is of the first type, the opposite chain is of the second type.

Notice also that the two models correspond to the vertices AT, A~ of the diagram'?
[5,2](2)(0). The monotonous chain connecting these two vertices may be transformed'
into the concatenation of two chains of length 4: the edges in I'(D) connecting A" to S

and Sto A~.

135ce Sections 2 and 5.2 for the definitions of [5,2](2)(0), AT and A~
14The precise meaning of the word “transformed” is unclear to us.
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1.2.3. More on monotonous chains of length 5. We analyze the chain from the central
cycle Cs which is of top type and height 5. In this cycle, 7; stays the same, with 7 (c2) =
d. The ordering 7 is also determined up to o, with a residual cyclic ordering on the
remaining letters.

We have 7,(—00) < mp(a2). Otherwise Cs would contain a vertex of height 2.

The letters a1, a3 are distinct and satisfy

mp(a;) > mpag), me(ay) < me(400),
for i = 1,3. The two models above correspond to m:(a1) < 7(ag) and 7 (aq) >
m(as).
Considering only arrows with winner in {400, a1, 2, a3} one has an embedding of
the diagram [5, 2](2)(0) in a "neighborhood" of the monotonous chain of length 5.

1.2.4. Monotonous chains of length 6. Let (Vy,C1,...,C11, Vi2) be a monotonous chain
of length 6.

The beginning of the discussion is the same as before. However, as C; has now height
5, we must have a3 € (a1 7 a2)y, hence

Vie [ —%° (o0 Sar]y (g /400y (a1 S asly (s /sl )
‘ +oo (a1 /' —ooly (+oo Sagly (a3 SMaily (a2 Sazly )
The winner ay of Cy belongs to (s 7 a2);. As Cy has height 3, we must have
ay € (ay /' —o0lp. This gives

Ve — ( —00 (=00 San]y (ag /ooy (o Sasly (ag Nag)e (s ol
8 +oo (a1 Saaly (au S =0l (oo Sasly (s o]y (a2 S asly

Vi — < —00 (—oo Saily (az /S +ooly (an Sasle (aa Mool (as S oul
10 +o0 (a1 Saaly (oo Sy (as Saals (a2 Sasly (as /0 —oo)s

Vi — < —0o (a1 Sagl (o Sl (a3 oulr (oo Sani (ag /7 4ools
12 +oo (aq Souly (oo Sy (as SNaaly (e S agly (as /0 —oo)y
The model for this chain is

Vi — —00 (] Q3 Q4 Qg —+00
07\ 40 as a3 a; as —o0 )’

Vm:(oo a3 g g Q1 +oo>.
+00 a4 g a1 a3 —O0

This model is symmetric with the passage to opposite chains, exchanging top and bot-
tom (because the chain has even length), «; and a5_;. The vertices V{, V12 in the model
correspond to the vertices'> BT, B~ of the diagram [6, 3](4)odd. The chain of length 6
connecting B+ and B~ can be replaced'® by the two edges in ['(D) connecting S to BT
and B~. With our notations, recall that we have

S — —00 Q4 Q1 Q3 Qg 00
400 a1 ag4 oy ag —oo )

138¢¢ Sections 2 and 6 for the definitions of [6, 3](4)odd, BT and B~.
16The precise meaning of the word “replaced” is unclear to us.

).
).
).



EXAMPLES OF RAUZY CLASSES 11

1.2.5. More on monotonous chains of length 6. We analyze the chain from the central
vertex Vi of height 6.

One has 7 (ag) = mp(as) = d. As Cs, C7 have length > 3, one also have
mi(+00) < m(az), m(—00) < mp(ag).

On the other hands, as V}, Vg have height 4, one has

mi(+o0) > m(ar), mp(ar) > mp(as), mp(—00) > m(ay), mp(as) > mp(as).

This gives the model for Vg:

Vi — —00 a1 +00 a3 a4 Q2
6 +o00 ag —o0 ay a1 az )

1.2.6. Monotonous chains of length 7. Let (Vy, C1, ..., C13, V14) be a monotonous chain
of length 7.
The beginning of the discussion, in particular the formula for V5, is the same as before.
The winner g of Cy still belongs to (ag 7 a2);. But as Cg has now height 5, we
cannot have g € (1 /* —o0]p. Actually, the condition that the pure cycle of bottom type
C~ has height 7 means that no vertex of this cycle has height 4, which is equivalent to

(a1 /7 —ooly N (as 7 as)y = 0.
We have to consider three cases:
(1) ag € (00 7 az)p.
We have then

Vi = ( —00 (=00 Sfaily (g /4ol (
+oo (o S =)y (400 Souly (o S ag)y

2) ayg € (as / a1)p.
We have then

Ve = ( —00 (=00 Sy (e S 400l ( ( (
8 +oo (S =)y (400 S sl (a3 M agly (as S oa]y (a2 7 asly

(3) Q4 € (ag / Oég)b.
We have then

Ve = —00 (=00 SMaily (g /4ol (o Sasly (as Sagly (s 7 ogl

+oo (a1 /' —ooly (+o0 Sazly (a3 Sauly (a2 M aaly (a7 asly

As C11 has height 3, the winner oz of this cycle must belong to (—oco 7 a1]: U (e 7
+o0];. We consider separately two possibilities.

e a5 = «3. This can only happen in cases (1) and (2) above. In this case the two

possible models will have d = 6.
In case (1), we have

Vi — —00 ] Q3 Q4 Q2 +00
0 +00 a4 @y a3 oy —00 )’

)



Vo

Vo

o

Vo

Vo

Vo

Vo

Vo

Vo
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In case (2), we have

—00
Vig = ( too
—00
Vo= ( +00
—00
Vig = ( too

o7

aq
Q2

(€3]
(€%)

ag
ag

a3
ag

ag
Oy

(&%)
Q2

o7
o7

(&%)
a3

e%1

+o0o
_w :

+oo
_w :

These correspond to opposite chains in the diagram [6, 2](1)(0, 1) between the
vertices () and S—.
e a5 # «1. In this case the letters o;, 1 < 4 < 5 are all distinct and the model will
have d = 7. There are apparently 12 (!) distinct models

)]
—00
+00

@)

—00
+00

3

—00

“

—0Q

&)

(6)

—0o0

@)

—0oQ

®)

®

—00

Qs
e

Qs
Qg4

Qs
Qy

e%1

aq
(e 7}

Qs

(€51
Q2

aq
Qs

Qa2

&51
a2

as
as

ag

Qs
Qa2

ag

asg

ag
Q2

ek}
Qs

Qs
as

Qg
Q2

Oy
Qs

Oy
a3

a3
a3

Q3
Oy

Oy
a3

Qy
Qs

Qy
(e%:]

o7
Qs

Q2
Qs

(&%)
as

Qa2
Qs

Oy
Qy

Qy
Qs

(&%)
(&7}

Qg
(€3]

(%)

Qa2
aq

Qs

Qs
aq

Qa2

+00
—00

“+o00
—00

—00

—+00
—0o0

—0o0

)
)
)
)
)
)
)
)
)

)

Vig =

Vig =

Via =

Vig =

Vig =

V14 =

Via =

Vig =

Vig =

(—oo Qa5 Q3 Qg Q4 Q1

-0 a5 (3 Qo Q04 Q1
+00 @4 @3 Q2 Q1 Qs

—0 5 Q3 Q2 Q4 Q7
+00 @4 @1 Q3 Qg Qs

—00 Q1 Q5 Q3 Qg Oy
+00 a4 @ Q1 Q3 Qs

+00 Q4 a3 Qp Q1 Q5

— 0 ;1 a5 Q3 Qg Q4
+00 @4 @1 Q3 Qg Qs

—0 &5 Q3 Q2 Q04 Q7
+00 a2 a4 a3 Q1 Qs

—0 &5 Q3 Q02 Q4 O
+00 Q2 a4 Q1 Q3 Q5

-0 ; G5 Q3 Qg Q4
+00 @y a4 Q3 Q1 Qs

/N S/ N /N /N /N /N /N I/

—00
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+00 @ @3 g4 a5 @1 —

an
—00 5 Q1 Q3 04 Q2 +0O -0 a5 (3 G Q4 Q7
(. )
0 g g vy Qg ;. —OO +00 @y @1 Q4 Q3 Qs
(12)
—00 1 Q3 Q4 Qg Q5 +00 -0 1 G5 Q3 Q2 04
% = + ’ ‘/14 =
0 g g vy Q3 ;. —O0 +00 @y @1 Q4 Q3 Qs
Here
e (1) and (12) are opposite chains in the diagram [7, 3](1)(3);
e (4) and (11) are opposite chains in the diagram [7, 3](3)(1);
e (2) and (9) are opposite chains in the diagram [7, 3](4)(0)O;
e (6) and (7) are opposite chains in the diagram [7, 3](4)(0)O;
e (3) and (9) are opposite chains in the diagram [7, 2](1)(1, 0%);
e (5) and (8) are opposite chains in the diagram [7, 2](1)(1,0?);

1.2.7. More on monotonous chains of length 7. We analyze the chain from the central
cycle C~ of bottom type, height 7, winner a;3. The ordering 7, is the same for all elements
of the cycle, with last letter 3. The top ordering 7 is well-defined up to g and is a cyclic
ordering for larger elements.

One has 7;(4+00) < m(cvg). Also, as C7 has height 7, no letter « satisfies both 7, () >
m¢(ag) and mp(a) < mp(—00). One has m¢(a2) > 7 (a3) and also m¢(cg) > 7 (a3). One
has also

mp(an) > mp(ae), mi(ar) < m(400), mp(as) > m(ay), m(as) < m(+00).
The letters «; are distinct except possibly a; = as.

1.2.8. Monotonous chains of length 8. We analyze the chain (Vp, C4, ..., C15, Vig) from
the central vertex Vg. The only possible model is

( —00 a1 +00 a5 Qg Q3 Qg 04 )
Vs = .
+00 ag —00 @2 Q@1 Q4 Q5 Q3
This vertex belongs to a diagram [8, 4](6) which is not hyperelliptic'”.
For a monotonous chain of length 10 the model for Vi is

Vo — —00 a1 +00 @y Qag Q3 Qo Q5 Qg Q4
10 +00 ag —00 @y a1 Qg Qa7 g4 a3 a5 )

The stratum is [10, 4](2, 2, 2).
For a monotonous chain of length 12 the model for V75 is

Vig — —00 a1 +00 a9 Qg 3 Q2 Q7 Qg8 Q5 Q4 Qg
27\ 400 ap —00 ay a1 ag a9 oy az o ar as )

The stratum is [12, 6](10), not hyperelliptic.

n the original version, Yoccoz wrote as a comment: “‘computation seems to indicate the even component”

-0 1 G5 Q3 Q2 04
+00 @y a4 Q1 Q3 Qs
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Considering only monotonous chains of even length ¢, there is a periodicity of order
6: When £ = 6m + 4 (with m > 0) , the stratum for the model is [6m + 4,3m +
1](2m,2m,2m). When £ = 2m (m > 1), with m + 1 # 0 mod.3, the stratum is
[2m, m](2m — 2). In all cases, one should compute the connected component!!

2. LISTS OF RAUZY DIAGRAMS FOR SMALL d

We omit below the hyperelliptic diagrams and the genus 1 diagrams, which take care of
all diagrams for d < 4. The notation'® is

[dvg](HO)(Hla vey Hsfl)'
Here, d is the size of the alphabet, g is the genus, x; are the orders of the zeros at the
s marked points; kg is the order of the zero at the marked point which is the root of the
Rauzy-Veech algorithm. The other k; (if any) are arranged in nonincreasing order. If

necessary, one adds a parity sign O for odd or E for even'.

* [5,2](0)(2), [5,2](2)(0).
* [6,3](4)0, [6,2](0)(1, 1), [6,2](1)(1,0), [6, 2](0)(2, 0), [6,2](2)(0, 0).

3. HYPERELLIPTIC CLASSES

This is copied from [AMY]ZO.

Let d > 2 be an integer. Let A4 be the alphabet whose d elements are the integers in
arithmetic progression d — 1, d — 3,...,1 — d. Let ¢ be the involution k — —k of Ajy.
We define inductively the hyperelliptic Rauzy class R, over A4 and the associated Rauzy
diagram D,. The Rauzy class R, contains a central vertex 7* = 7*(d) defined by

(k) = %(d+ L+ k), mi(k) = %(d+ 1= k).

For d = 2, this is the only vertex. For d > 2, R4y is the disjoint union of 7*(d + 1),
Jt+(Rq) and j,(R4), where the injective maps j;, jp, are defined as follows: for 7 € Ry,
writing j;(7) = tm, jp(7) = bm, we have

tm(—d) =1, tmy(—d) = m(d — 3),
tmi(k) =1+ m(k—1),
1y (k) = { m(k—1) %fm,(k‘ —1) <m(d—3),
m(k—1)+1 ifmp(k—1) > m(d —3),
for2 —d < k <d, and

bry(d) = 1, bre(d) = (3 — d),
bry(k) =1+ mp(k + 1),
by (k) = { me(k+ 1) .ifﬁt(kJrl) < (3 —d),
m(k+1)+1 ifm(k+1) > m(3—d),
for —d <k<d-2.
181.C Yoccoz also frequently uses the notation [d, gl(ko) (k7Y .., n:jzl ), meaning that each x; appears
n; times.
9Note that a Rauzy class is uniquely defined, up to a change of alphabet, by the root kg, the stratum of the
moduli space of Abelian differential (i.e. {ko,...,~s—1}), and the corresponding connected component of the
stratum (hyperelliptic, odd or even spin structure).
204, Avila, C. Matheus, J-C. Yoccoz: Zorich conjecture for hyperelliptic Rauzy-Veech groups. Math. Ann.
370 (2018)
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The one-to-one maps R;, R, from R, to itself determining the arrows of Dy verify

{ Ry(m*(d + 1)) = ji(m*(d)),
Ry(m*(d+ 1)) = jp(7*(d)),

{RtojboRf:jm
Ryojio Ryt = jy,

{ Ryojio Ry (m) = ji(m),  w#m*(d),
Ryojyo Ry (m) = jp(m),  m#m*(d),

Ryojio Ry M (n*(d)) = n*(d + 1) = Ry 0 jp o R, ' (7*(d)).
The involution Iz on R, defined by

Li((mg, ) := (mpot,me o)
satisfies

Ig(7*(d)) = 7*(d), Igp104,01q=ju,

IdORbOId:Rt.

Remark 3.1. There is a natural one-to-one correspondence W from the elements of R, to
the words in {¢, b} of length < d — 1: namely, Wy(7*(d)) is the empty word, Wy (j: (7)) is
the word tWy_1 (7) and Wy (j, (7)) is the word bW;_1 (). The involution I corresponds
to the exchange of the letters ¢, . One has also

Wa(R(m)) = Wa(m)t, Wa(Ry(m)) = Wa(m)b, if |[Wa(m)| < d — 2.

When |[Wy(7)| = d — 2, one writes Wy(7) = W't™ with m > 0 and W’ empty or
finishing by b; one has then Wy (R (7)) = W’'. Similarly for Wy (R (7)).

It is also not difficult to recover from W,(7) the winners of the arrows starting from
m: the winner of the arrow of top type starting from 7 is the letter d — 1 — 2wy, (7) of
Aqg, where wy, () is the number of occurrences of b in Wy (); similarly, the winner of the
arrow of bottom type starting from 7 is the letter 1 — d + 2w, (7) of A4. Observe that we
have always
d—1-—2wy(m) >1—d+ 2w(m).

We now state another property of the hyperelliptic Rauzy diagrams which will be useful:
given any vertex m € R, there is a unique oriented simple path in D, from 7*(d) to .
(A path is simple if it does not pass more than once through any vertex). Indeed, this is
best seen through the representation of the vertices given in the remark above: the length
of such a path is |Wy()| and the path itself is through the sequence of initial subwords of
Wy (). We will denote by ~* () this path.

Observe that all simple loops of positive length in R; are elementary, i.e made of arrows
of the same type (and consequently with the same winner). For any such loop -, there is a
unique vertex 7 such that «y passes through 7 but v*(7) does not contain any arrow of ~;
one checks that 7 is the vertex of -y such that |IWy()| is minimal. One has

Y[+ [Walm)| = d — 1.
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The hyperelliptic diagrams have no non trivial automorphisms.

4. GENUS 1 DIAGRAMS

There is one genus one diagram for each d > 2. For d = 2 and d = 3, they are also
hyperelliptic. To describe these diagrams, we choose an alphabet with two special letters
N = ;« and J = . We denote by A* the subset formed by the other d — 2 letters.

The standard vertices are in one-to-one correspondence with the bijections between A*
and {2,...,d — 1}: for standard vertices 7; and 7}, coincide on A*.

Let 7 be a standard vertex. The default takes its maximal value 1/2(d — 2)(d — 3). All
vertices which are linked to 7 are constrained. Therefore there is no free vertex, nor deep
cycle, in D. The edges of I'(D) from 7 are in one-to-one correspondence with pairs of
integers (a, b) with 2 < a < b < d — 1. The other extremity of the (a, b)-edge is the vertex
7’ satisfying, for @ € A*

mla)+b—a if 2<7(a)<a,
m(a) =< w(a)—a+1 if a<mw(a)<b,
() if b<m(a)<d—1
The total number of standard vertices is (d — 2)!. The default of D is

5(D) = i(d —2)(d—3)(d - 2)\.

The symmetry group of the diagram is the symmetric group of A*.

The involution of D exchanges N and 3 and fixes each letter in A*. Tt fixes every
standard vertex of D. For every pair of standard vertices which are the extremities of an
edge of I'(D), the involution exchanges the two vertices which are linked to both of them.

The genus 1 diagrams have large groups of automorphisms, isomorphic to the group of
permutations of A*.

The total number of vertices is
1

5. THE TWO DIAGRAMS WITH d = 5, g = 2 AND A DOUBLE ZERO

5.1. The diagram [5,2](0), (2). The automorphism group of this diagram is cyclic of
order 3. Instead of a canonical involution, there are three of them. We choose as alphabet
—1=a,1 =pa,a,b,c.

There are three standard vertices

-1 a b c 1
SC'_< 1 b a c 1>
and the two others deduced by cyclic permutation of a, b, c. Each of the three involu-
tion fixes one standard vertex and exchanges the other two. The involution I, fixing S,
exchanges the letters —1 and 1, a and b, and fixes c. It has two other fixed points, which
are the two constrained vertices linked to S, and Sj.
The diagram I'(D) is the full graph on 3 vertices.

The default of each standard vertex is equal to 2, hence the default of the diagram is
equal to 3.
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Of the 3 pairs of symmetric vertices linked to a standard vertex, 1 is inessential and the
other two are constrained. Therefore there are neither free vertices nor deep cycles. The
total number of constrained vertices is equal to 6.

The total number of vertices is equal to
N(D)=3x[(d-=1)(d—2)+1] -6 =33.

5.2. The diagram [5,2](2), (0). We use as alphabet A;. The involution is j — —j. There
are three standard vertices. One is the unique fixed point of the involution:

40 -2 2 4
S'_<40 2 -2 —4)'

The other two form a symmetric pair

-4 =2 0 2 4 -4 -2 2 0 4
+ . ~ =
A"( 4 2204>’A "( 4 20 -2 4)'
The defaults are 6(S) = 2,5(A") = §(A~) = 1. The default of the diagram is equal
to 2.

e Of the 6 vertices linked to S, 2 are inessential and 4 are constrained; 2 of them are
linked to AT and 2to A~.

e Of the 6 vertices linked to AT (or A7), 2 are inessential and 2 are constrained,
linked to S.

There are 2 deep cycles symmetric to each other. Each has length 2 and their vertices
are linked to (AT, A™).
The total number of constrained vertices is equal to 4. The total number of vertices is
N(D)=3x[(d—1)(d—2)+1] —4=35.

This Rauzy diagram has no nontrivial automorphism.

5.3. More on the diagram [5, 2](2), (0). We change the alphabet to A = {+o00,£1,0}
so that

g - 0 -1 1 +oo
T\ 400 0 1 -1 -0 )°

Remark 5.1. It is also better to rename A" as A(—1) and A~ as A(1) but we don’t do
that at the moment.

The diagram is essentially made of

e 4 monotonous chains of length 4. Two chains connect the top cycle through
AT /A~ to the bottom cycle through S. The last two pure cycles in these chains are
the same. The other two chains connect the bottom cycle through AT /A~ to the
top cycle through S, and are the images of the first two chains by the involution.

e 2 monotonous chains of length 5. They connect the top (resp. bottom) cycles
through A* and A~.

We have omitted in this description the pure cycles of length 1.
We compute the winners of the pure cycles of length > 1.

The winner of a pure cycle of top type through a standard vertex is +o0o. The winner of
a pure cycle of bottom type through a standard vertex is —oo.



18 JEAN-CHRISTOPHE YOCCOZ

The monotonous chains of length 4 from the bottom cycle through S to the top cycles
through A™ (resp. A™) have non trivial successive winners 0 (for both) and —1 (resp. +1).

The monotonous chain of length 5 from the top cycle through A™ to the top cycle
through A~ has non trivial successive winners 0, 1, —1.

The winners in the other chains are obtained from the involution.

6. THE DIAGRAM [6, 3](4) ODD

6.1. Standard vertices. We use the alphabet {+o0o0, +2,+1}. There are no nontrivial
automorphism. The canonical involution sends k to —k.

There are 7 standard vertices. One is fixed by the canonical involution of D

g =2 2 -1 1
T 00 2 =2 1 -1 —o0 /)°

The others 6 come into 3 pairs of symmetric vertices

gr 0 2 -1 1 =2 o) (-0 -1 -2 21
T o 1 2 -2 -1 —o0 )’ T oo -2 1 -1 2 —
g% 2 -1 =2 1 ) (-0 -1 1 -2 2
T oo 1 -1 2 -2 —o0 )’ T oo -2 1 2 -1 —oo
2

+ —00 1 -1 -2 00 - -0 -1 2 1 -2
C'_(oo1—2—1 2—00’0'_

The involution has another fixed point, which is essential.

po_ e 2 oo -1 =2 1
o 00 —2 —o© 1 2 -1 )
It is free of signature (2,2). There are 4 other free vertices, of signature (3,1), (1, 3),
(1,2), (2, 1) respectively, which are inessential and form two symmetric pairs with respect
to the involution.

e Of the 12 vertices linked to S, 4 are inessential and & are constrained; of these, 2
are linked to A1, 2to A~, 2to BT and two to B~. One has §(S) = 4.

e Of the 12 vertices linked to A, 3 are inessential, 6 are constrained and 3 are
neither constrained nor inessential. Among the 6 constrained vertices, 2 are linked
t05,2to Ct and2to BT. One has §(A™) = §(A~) = 3.

e Of the 12 vertices linked to BT, 4 are inessential, 4 are constrained and 4 are
neither constrained nor inessential. Among the 4 constrained vertices, 2 are linked
to S and 2 to A~. One has §(B*) = §(B~) = 2.

e Of the 12 vertices linked to C*, 4 are inessential, 4 are constrained and 4 are
neither constrained nor inessential. Among the 4 constrained vertices, 2 are linked
to A~ and 2 to C~. One has §(CT) = §(C~) = 2.

e The statistics for AT, B~, C~ are deduced from the involution.

The total number of constrained vertices is thus equal to 18. The total number of vertices
is equal to
ND)=7x[(d=1)(d-2)+1] —18+5 = 134.
The default §(D) of D is equal to 9.

oo —2 -1 1 2 —o0
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6.2. Deep cycles. There are 6 pairs of symmetric deep cycles. Only one of them is hang-
ing. Of the 5 pairs of deep cycles which are rooted:

e 2 pairs have length 2, containing two linked vertices, respectively to
(A=, C7), (AT, CT), (BT, A"),(B~,A™).
e one pair has length 3, containing one free inessential vertex and two linked ver-
tices, respectively to (B*,C*) and (B—,C~)*
e one pair has length 3, containing three linked verticesto (A~, B~,C~ ) and (AT, BT,C™).
o The last two symmetric cycles are attached at the fixed point F' of the involution.
They have length 2, the other vertex is linked to BT /B~.

This Rauzy diagram has no non trivial automorphism.

6.3. Analysis by increasing height. One has 7 standard vertices of height 0. Each pro-
duces 2 pure cycles of height 1, 14 in total.

Each pure cycle of height 1 contains one standard vertex and 4 vertices of height 2.
Therefore there are 56 vertices of height 2.

Through each vertex of height 2, there is one pure cycle of height 1 and one pure cycle
of height 3. Therefore there are 56 pure cycles of height 3. They have length 1,2, 3 or 4,
with 14 cycles of each length.

A cycle of height 3, length ¢, contains one vertex of height 2 and £ — 1 vertices of height
4. However these vertices are counted twice when both H; and Hj, are equal to 4. From
the analysis of the diagram I'(D) in the previous subsection, there are 18 vertices V' with

H(V) = Hy(V) = 4

which correspond to the 9 edges of T'(D). For the remaining vertices of height 4, there
are 24 with H (V) = 4, H,(V) = 6, and 24 with H,(V) = 6, H,(V) = 4. The total
number of vertices of height 4 is therefore equal to 66.

Consider the pure cycles of top type, height 5. Each contains at least one vertex with
Hy (V) = 6,H(V) = 4. But some of these cycles may contain several such vertices.
Actually, 13 of these cycles have length 1, hence are not concerned by this problem. There
are actually 6 cycles of top type, height 5, length > 1.

e Two have length 2, containing two vertices of height 4.

e One has length 2, containing one vertex of height 4 and one inessential vertex of
height 6.

e One has length 2, containing one vertex of height 4 and the essential vertex F' of
height 6.

e One has length 3, containing three vertices of height 4.

e One has length 3, containing two vertices of height 4 and one inessential vertex of

height 6.
There are 5 vertices of height 6: the vertex F' has Hy(F') = H,(F') = 6. The other 4
vertices of height 6 are inessential. Two have H;(F') = 6, H,(F') = 8 and the other two

have Hy(F) = 8, Hy(F) = 6.

Finally, there are 4 pure cycles of height 7, two of each type. All have length 1.

2lThis pair should be hanging too.
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7. THE DIAGRAM [6,2](2)(0, 0)

We choose Ag for alphabet. There is one non trivial automorphism o of D, associated to
the transposition 1 <+ —1. There are two choices of top/bottom exchanging involutions: J
is induced by the involution (—5,5)(—3,3)(—1, 1) while J; is induced by (—5,5)(—3, 3).

There are 12 standard vertices. Two of them are fixed by Jy and exchanged by J;

-5 -3 1 3 -1 5 -5 =3 -1 3 1 5
AO"( 5 3 -1 -3 1—5>’A1'_( 5 3 1 -3 -1 -5

These vertices have default 2.
Another two are fixed by J; and exchanged by Jj.

-5 -1 1 -3 3 5 -5 1 -1 -3 3 5
DO'_( 5 -1 1 3 -3 5>’D1'_( 51 -1 3 -3 5)'
These vertices have default 5.
Another four vertices have default 3:

-5 -3 3 1 -1 5 _ -5 -3 -1 13 5
+ . -
BO"( 5 3 1 -1 -3 —5)’ BO"( 5 3 -3 —11—5>’

Bf3:(5 -3 3 -1 1 5), Bf?:(5 -3 1 -1 3 5

N————

5 3 -1 1 -3 -5

The last four standard vertices have default 4:
-5 1 -3 -1 3 5 _ -5 -1 -3 3 1 5
+ . —
CO'_( 5 1 3 -3 -1 —5)’0'_< 5 —1 3 1 -3 —5)’
-5 -1 -3 1 3 5 _ -5 1 -3 3 -1 5
+ . —
Cl'_( 5 —1 3 -3 1 5)’ Cl'_( 5 1 3 -1 -3 5)'
The non trivial automorphism exchanges? By and B]", By and By, Cj and C}", C;
and C . The involution Jo exchanges BS‘ and By, Bf' and B, C’ar and Cy, C’1+ and
Cr.

Of the 12 vertices linked to any standard vertex, 2 are inessential. The edges of I'(D)
are as follows:

(Ao < CF), (Ao & C7), (A1 & C7 ), (AL Cg )

CSF <~ DQ), (C(; <~ .Dl)7 (C;r <~ Dl), (Cf <~ D(]);
Dy — Dl)

There are 18 linked open vertices of each type. There are no free vertices.

(
(BY < Cq), (Bf «» C1), (BY, Do), (By ¢ Cy), (By < CY),(By « Dy);
(
(

There are 8 pairs of symmetric deep cycles, all rooted. Their vertices are all linked. Of
the deep cycles of top type
e 6 have length 2 with vertices linked to (Ao, Bi"), (Ao, By ), (A1, B ), (A1, By),
(Co . Cr), (G, Gy )
e 2 have length 3 with vertices linked to (Ao, By, By ), (A1, B, By).

22D0 and D; are exchanged too.
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The default of the diagram is equal to 21. The total number of vertices is

N(D) =12 x [(d = 1)(d — 2) + 1] — 42 = 210.
It is probably useful to notice that 210 = 6 x 35, where 35 was the number of vertices
for [5,2](2)(0).

8. THE DIAGRAM [6,2](0), (2,0)

The automorphism group of this diagram is cyclic of order 3. Instead of a canonical
involution, there are three of them. We choose as alphabet {—1 = ;a,1 = 0,0, a,b, c}.
The automorphisms fix —1, 0, 1 and permute cyclically a, b, c.

There are also 3 top/bottom exchanging involutions I,, I, I.. The involution I, ex-
changes —1 and 1, b and ¢, and fixes 0, a.

The diagram has 12 standard vertices.

The involution I, fixes two standard vertices:

-1 0 b ¢ a 1 -1 b ¢ a O 1
Pa'_( 1 0 ¢ b a —1>’Qa'_< 1 ¢ b a 0 —1)’
and similarly for I, I.. The vertices P,, Py, P, are permuted cyclically by the automor-
phism group, as are (), Qp, Q.. The involution I, exchanges P, and P,, @, and Q..

The remaining standard vertices are S;, S;", SF, S., S;", S, One has

gt .o -1 b0 ¢c a 1
e’ 1 ¢ b 0 a —-1)°
The automorphism group permutes cyclically S}, S;F, S+ and S, S, , S.. The invo-

lution I, exchanges S and S, S;" and S, S and S, .
e Of the 12 vertices linked to P,, 10 are constrained and 2 are inessential. One has

5(P,) = 5.
e Of the 12 vertices linked to (), 10 are constrained and 2 are inessential. One has
6(Qa) = 5.

o Of the 12 vertices linked to S;r, 8 are constrained, 2 are inessential and 2 are open.
One has 6(S}) = 4.
The default of the diagram is 6(D) = 27.
The edges of I'(D) are as follows

(Po <> Qa), (Py <> S1), (Pa < 57), (P <+ Sy ), (P > SF);
P, < Qb)» (Pb L S;), (Pb L S;), (Pb <~ SC_), (Pb L S;);
PcHQ(‘)a(PCHsj)v(PCHSE)’(PCHS;)7(PCHSI;,—);

Qu < Q1) (Qy > Q). (Qe < Qu):

There are no free vertices. There are 6 deep cycles, all of length 2. Their vertices are
linked to (S}, S7), (S, S, ), (S, S.) (twice each).

The total number of vertices is equal to

N(D) =12 x [(d—1)(d — 2) + 1] — 54 = 198.
Again, one should notice that 198 = 6 x 33.
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9. THE DIAGRAM [6,2](0), (1,1)

The automorphism group® is cyclic of order 4. We choose for alphabet {—1 = ;a,1 =
b, a, b, ¢, d}. There are two top/bottom exchanging involutions I, I7. The first exchanges
—1 and 1, a and c, and fixes b, d. The second exchanges —1 and 1, b and d, and fixes a, c.
The generator o of the automorphism group permutes cyclically a, b, ¢, d in this order.

There are 4 standard vertices S, Sy, S¢, Sq permuted cyclically by the automorphism

group. One has
-1 b ¢ d a 1
S 1= < 1 dc¢c b a -1 ) ’

The involution I fixes Sj and Sy, exchanges S, and S.. The involution [; fixes S, and
S., exchanges Sp and Sj.

Of the 12 vertices linked to S,, 6 are constrained, 4 are inessential and 2 are open.
Similarly for Sy, S., Sq. The default of every standard vertex is equal to 3. The default
§(D) of the diagram is equal to 6.

The graph T'(D) is the full graph on 4 vertices.

There are 8 free vertices, all inessential. There are also 8 deep cycles, each of length 2,
consisting of one of the open linked vertices and one of the free vertices.
The total number of vertices is equal to

N(D) =4 x [(d—1)(d—2)+1] — 12+ 8 = 80.

10. THE DIAGRAM [6,2](1), (0, 1)

There are no non trivial automorphisms. We choose for alphabet {—2 = ;a,2 =
pa, —1,1,a,b}. The involution fixes a and b and exchanges +1,+2. There are 4 stan-
dard vertices, denoted by P,Q, ST, S™. The involution fixes P, @, exchanges S* and
S™.

One has

-2 a -1 b 1 2 -2 -1 b a 1 2
P'(za 1 b -1 —2>’Q‘<2 1 b a -1 —2)’

S+':<2 -1 a b 1 2)5_':(2 -1 b 1 a 2>
’ 2 1 b -1 a =2 )77 ~ 2 1 a b -1 =2 )°
o Of the 12 vertices linked to P, 6 are constrained, 4 are inessential and 2 are open.
One has §(P) = 3;
e Of the 12 vertices linked to @, 2 are constrained, 4 are inessential and 6 are open.
One has §(P) = 1;
e Of the 12 vertices linked to S, 2 are constrained, 4 are inessential and 6 are open.
One has §(S*) = 1.
The default §(D) of the diagram is equal to 3. In T'(D), the only edges are the ones
linking P to every other vertex.
There are 12 free vertices, 8 of them inessential and 16 deep cycles.

e Each of the two open vertices linked to P belongs to a deep cycle of length 2,
whose other vertex is free and inessential.

ZFrom [Boissy] (see footnote 7) we see that the group has order 4. One can obtain a generator o by consid-
ering the monotonous chain of length 4 corresponding to the pair (a, b).
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o There are two deep cycles of length 2 (one of each type), whose vertices are open
and linked to (@, S™); similarly ,there are two deep cycles of length 2, whose
vertices are open and linked to (Q, S™);

e There are two deep cycles of length 3, one of each type, containing one vertex
linked to (), one vertex which is free but inessential, and one free vertex FE;

e There are two other deep cycles of length 3, one of each type, containing one
vertex linked to S+, one vertex linked to S~ and one free inessential vertex;

e There is one deep cycle of length 2 containing a vertex linked to S* and a free
inessential vertex; similarly for S—;

o Finally, there are two other symmetric free essential vertices G*. Both deep cycles
through G have length 2, the other vertex being F'* (for one cycle) and a vertex
linked to ST (for the other).

The total number of vertices is equal to

N(D) =4 x [(d—1)(d—2)+ 1] — 6 + 12 = 90.

Perhaps one should observe that 90 = 6 x 15, where 15 is the number of vertices of the
hyperelliptic diagram for d = 5.

11. THE DIAGRAM [7,3](3)(1)

11.1. Alphabet, Automorphisms, Involution. We take as alphabet A = {to00,£1 £+
2,0}. There is no nontrivial automorphism. The involution exchanges +oo, 1, +2 and
fixes 0.

11.2. Standard vertices. There are 16 standard vertices. Two of them are fixed by the
involution

g .- —00 2 0 -2 1 -1 +o0
T\ 4o -2 0 2 -1 1 - /)’

AT -2 -1 1 0 2 +4o0
T\ 4o 2 1 -1 0 -2 —oc0 J°
Otherwise, we have 7 pairs of symmetric vertices

At —0o 1 0 =2 -1 2 4
T\ 4o 0 2 1 -1 =2 —o0 J?

Y e 0 -2 -1 1 2 +oo
T\ 4o -1 0 21 -2 —-o0 )’

(oo O2112+oo>
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- 1 -2 -1 2 0 4
400 0 1 2 -1 -2 —o0 )’

o e 0 -1 -2 1 2 +o0
T\ 4o -1 2 1 -2 0 —-o0 )’

gt — -2 -1 1 2 0 4+

\ +oo 2 -1 01 -2 -0 )’
o -0 -2 1 0 -1 2 +o©

T\ 4o 21 -1 -2 0 -0 )’

T\ 40 0 2 -1 =2 1 -0 /)’

-0 0 =2 1 2 -1 4o
400 -1 1 -2 0 2 —oc0 /)’

Gt = [ T -2 -1 2 1 0 4o
"\ 40 2 01 -1 -2 -0 )’

(—oo -2 0 -1 12+oo>

=40 21 -2 -1 0 -0

11.3. The diagram I'(D). The vertex S has default 6, withedgesto C*,C~, BT, B~ F* F~.

The vertex T has default 2, with edges to AT, A~.

The vertex A™ has default 5, with edges to GT, A=, BT, E~,T.

The vertex B has default 5, with edges to S, AT, F*, E~,C™.

The vertex C has default 4, with edges to DT, S, BT, F*.

The vertex D7 has default 3, with edges to Ct, G, E*.

The vertex ET has default 3, with edges to A=, B—, D™.

The vertex F'T has default 3, with edges to S, BT, C™.

The vertex G has default 2, with edges to AT, DT,

The default of the diagram is 6(D) = 29.

The model for a monotonous chain of length 7 connects G* and G~. In I'(D), the
shortest way is to use the edges from G to AT, AT to A=, A" to G~.

11.4. Vertices of height < 4. There are 16 pure cycles of each type, height 1, each with
5 vertices of height 2. This gives altogether 160 vertices of height 2. Attached to these
vertices are 160 pure cycles of height 3. Actually, for each 1 < ¢ < 5, there are 16 cycles
of each type, height 3 and length ¢. Such a cycle contains ¢ — 1 vertices of height 4.

There are 160 = 16 x 10 vertices with Hy(7) = H (m) = 4, and similarly 160 = 16 x 10
vertices with Hy(7) = H(w) = 4. In view of the default of T'(D), this gives 58 vertices
with Hy(m) = Hp(m) = 4, 102 vertices with H;(mw) = 4, Hy(m) = 6, and 102 vertices
with H;(7) = 6, Hp(7) = 4.

Let V be a vertex with H;(V) = 6, Hy(V) = 4. Let (Vp,C1,V2,C5,Vy = V) be
the chain connecting V' to a standard vertex V{y. Let o, o be the winners of the top and
bottom cycles through V. In Vj;, we have

m(ap) < me(aw),  mp(ow) < mp(ap).

Moreover, the length of the cycle Cj of top type through V' is equal to 7, (cvy) — 7p (v ).
The vertices V' # V in C5 with H,(V) = 6, Hy(V) =4 (ile H(V') =4as H, (V') =6
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is automatic) correspond to the letters v}, such that m,(a;) < m,(a) < mp(ay) and o) ¢
[Oéb /‘ Oét]t.
We consider the pure cycles of height 5 linked to the different standard vertices

e There are 4 cycles of each type linked to .S; 3 have length 1 and one has length 2,
associated to (o, ap) = (2, —2).

e There are 8 cycles of each type linked to T'; 3 (of each type) have length 1, 2 have
length 2, 2 have length 3 and one has length 4.

e There are 5 cycles of each type linked to AT. Amongst these, 5 have length 1, 3
have length 2 (2 top, 1 bottom), 1 (top) has length 3 and 1 (bottom) has length 4.

e There are 5 cycles of each type linked to BT. Amongst these, 5 have length 1, 3
have length 2 (1 top, 2 bottom), 1 (bottom) has length 3 and 1 (top) has length 4.

e There are 6 cycles of each type linked to C*. Amongst these, 5 have length 1, 3
have length 2 (1 top, 2 bottom), 3 (1 top, 2 bottom) has length 3 and 1 (top) has
length 4.

e There are 7 cycles of each type linked to DT. Amongst these, 6 have length 1, 4
have length 2 (2 top, 2 bottom), 2 (1 top, 1 bottom) has length 3 and 2 (1 top, 1
bottom) has length 4.

e There are 7 cycles of each type linked to E+. Amongst these, 5 have length 1, 4
have length 2 (1 top, 3 bottom), 3 (2 top, 1 bottom) has length 3 and 2 (1 top, 1
bottom) has length 4.

e There are 7 cycles of each type linked to F*. Amongst these, 6 have length 1, 4
have length 2 (2 top, 2 bottom), 2 (1 top, 1 bottom) has length 3 and 2 (1 top, 1
bottom) has length 4.

e There are 8 cycles of each type linked to GT. Amongst these, 6 have length 1, 4
have length 2 (2 top, 2 bottom), 4 (2 top, 2 bottom) has length 3 and 2 (1 top, 1
bottom) has length 4.

Summarizing, there are 44 cycles of top type, height 5 and length 1. For length > 1
we need to know how many times each cycle is counted, i.e how many vertices of height 4
these cycles contain.

11.5. Cycles of height 5 and vertices of height 6. There are 22 pure cycles of top type,
height 5 and length 2. Among these, 16 contain a vertex of height 4 and a vertex of height
6, and 6 contain two vertices of height 4. These 6 cycles are the midcycles of monotonous
chains of length 5 connecting T'to E~, AT to D™, B~ to AT,C~ to E~, E~ to G~ and
FttoB~.

There are 10 pure cycles of top type, height 5 and length 3. Two of these cycles have
only vertices of height 4. The first one connects T, E*T, G, the second one C*,C~, E™.
Four of these cycles have one vertex of height 6 and two of height 4 (connecting (T, G™),
(AT, F*), (B~,D"), (C~,G™) respectively. Finally four of these cycles have two ver-
tices of height 6 and one of height 4 (connected to D~, E~, F~, G™ respectively).

There are 5 pure cycles of top type, height 5 and length 4. One of these cycles have one
vertex of height 4 (connected to 7") and three of height 6. Two of these cycles have two ver-
tices of height 4 (connected to (D, F'1), (E+, G™) respectively) and two of height 6. One
of these cycles have three vertices of height 4 (connected to C+, G+, E~) and one vertex
of height 6. The last cycle has four vertices of height 4, connected to A=, D~, FF—, BT,

We conclude that altogether there are 36 = 16+ 1248 vertices with H,(V) = H(V) =
6. Some of these vertices will have Hy,(V') = 6, the others will have Hy (V') = 8.
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For these vertices V' with H,(V) = H(V) = 6, denote by C' the pure cycle of bottom
type through V. For 21 of these vertices, C' has length 1 (hence height 7). For 7 of
these vertices , C' has height 5: these cases correspond to monotonous chains of length 6
connecting T’ to B~, Bt to T, F-to F*,C~to F*,F~toCt,F" to ET,E~ to F™.
For the last 8 vertices, C' has length > 1 and height 7. More precisely

o There is a monotonous chain of length 7 between T and Et;

e There is a monotonous chain of length 7 between G and G~;

e In two cases (connected to D, D™, C has height 7, length 2. The other vertex
in C has height 8, and the top cycle through this other vertex has length 1 (hence
height 9);

e The last case is a monotonous chain of length 7 from T to G with a decoration:
C has length 3, there is an additional vertex of height 8 such that the top cycle
through it has length 1 (hence height 9).

We have only described the cases where C' is of bottom type. The other cases are
obtained from the involution.

There are 7 vertices with H,(V) = Hy(V) = 6, 29 with H,(V) = 6, H,(V) = 8,
29 with H,(V) = 8, H,(V) = 6. There are 5 pure cycles of each type of height 7 and
length > 1, 4 of length 2 and one of length 3. Finally, there are 3 vertices with H; (V) =
8, Hy(V) = 10, and 3 with H;(V') = 10, H,(V) = 8.

Summarizing, there are
16 vertices of height 0;

160 vertices of height 2;
262 vertices of height 4;

65 vertices of height 6;
6 vertices of height §;

Apparently, the diagram has 509 vertices.

12. THE DIAGRAMS [4 + N, 2](2)(0V)

We have already seen the cases N = 0, 1, 2 from which we infer the general case.

12.1. Alphabet, automorphism group and involution. The alphabet is A = Ay L A*,
where A* is an alphabet on IV letters. The automorphism group is the group of permu-
tations of A*. The involution exchanges 3 and —3, 1 and —1, and fixes every letter in
A*.

12.2. Standard vertices. Standard vertices are in one-to-one correspondence with triples
(a,b,c) where

e a (resp.b, resp. ¢)is abijection from {1,...,|a|} (resp. {1,...,]b|},resp. {1,...,|c|})

onto a subset A (resp. B, resp. C') of A*;
e the subsets A, B, C' form a partition of A*.

The subsets A, B, C are allowed to be empty (this corresponds to |a| =0, ...).
The standard vertex associated to (a, b, ¢) is

-3 a -1 b 1 ¢ 3
S(a,bm).-( 3 a 1 ¢ -1 b —3)'

Here, a in the top or bottom line means (a(1), ..., a(|al)).
The number of standard vertices is equal to
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Nut(D) = %(N—&-Q)!.

12.3. Default of standard vertices. For S(a, b, ¢) as above, let us compute the number of
pairs of distinct letters in A which are ordered in the same way by 7, and 7. Notice that at
least one of these letters must belong to A*. If («, /3) is such a pair, we have the following
possibilities

(1) Both «, 3 belong to a;

(2) Both «, B belongtobU {—1};

(3) Both «, 8 belong to c U {1};

(4) a belongs to a, and 3 belongs to bU {—1};

(5) «a belongs to a, and S belongs to c U {1};

The default of S(a, b, ) is thus equal to

BI(bl = 1) | Jel(lel =1) _ lal(al = 1)

5(S(a,b = N 1
( (a’ 70)) (|a‘ + )+ 2 2 2
N(N+1)
= YD el + fal
The minimum value is LMJ (when |a| = 0 and |[b] — |¢|| < 1). The maximum

value is N(NT'H” (when |a| = N).

Of the (N +2)(N +1) vertices linked to any standard vertex, only 2 are inessential, one
on each side of the standard vertex. On the top side of the standard vertex, the inessential
linked vertex has o, = —1.

12.4. Edges of I'(D). To each pair («, 3) as in the last subsection corresponds an edge of
I'(D) from S(a, b, ¢) to another standard vertex S(a’, V', ).

(1) «, B € a: We write a = agajaz, with ag, a; non empty. We have
a =ajapas, b =0b,  =c

(2) a,B € bU{—1}: We write b = bob1bo, with b; non empty. We have
a =bia, b =byby, c =c.

The case where by is empty corresponds to o« = —1.
(3) a, 5 € cU{1}: We write ¢ = ¢gcq ¢z, with ¢; non empty. We have

a =cia, b =0, [ =cyc.

The case where ¢ is empty corresponds to o = 1.
4) a€a,f €bU{-1}: We write a = agay, b = byb; with ag non empty. We have

a =ay, b =byaphy, c =c.
(5) a€a,f € cU{1}: We write a = apay, c = cocy with ag non empty. We have
o =ay, bV =0b ¢ =copapc.

Notice that the edge (1) leaves |a|, b, ¢ unchanged. The edge (2) (resp. (3)) lengthens
a and shortens b (resp. c¢); it is the opposite of (4) (resp. (5)).
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12.5. Open linked vertices. Let S(a,b,c) as above. To get the unconstrained vertices
which are linked to it, take 8 € bU {—1}, k € ¢ U {1} and write b = bgby, ¢ = cpcy. The
two vertices corresponding to (3, k) are

-3 a —1 bo C1 3 bl 1 Co
3 by =3 a 1 ¢ 1 -1 by )’

-3 ¢ 3 a -1 by b 1 ¢
3 a 1 Co bl -3 C1 -1 bo ’

Observe that by, by, ¢, c; may be empty! The first vertex is inessential iff by and ¢, are
empty. The second vertex is inessential iff ¢y and b; are empty.

The first vertex belongs to a deep cycle of top type of length 1 + |bg| + |c1]. All other
vertices in this cycle are also linked to some standard vertex, hence there is no free vertex!
These other vertices are associated to decompositions by = b(()l)béQ) with b(()z)
or to decompositi = Vel with ¢V

positions ¢; = ¢y ’¢;”’ with ¢;”’ non empty.
The vertex associated to by = b\"b?) is linked to S(a’, ¥/, ¢’) with

non empty

a=a, V= bél)bl, d = cobéz)cl.

The vertex associated to ¢; = 0(11)052) is linked to S(a’, V', ¢') with

a’ = a, b/ = bocgl)bl, C/ = C()ng)‘

Observe that these cycles keep a fixed.

12.6. The total number of vertices. One first compute the default of the diagram. One
obtains, after a small computation24

5(D) = 525(5) N+ 1)(N4—g 2)(5N +11)

The final result is

N(D) = Ng(D)(N? 4+ 5N +7) — 26(D) = 214(1\1 +4)!

13. THE DIAGRAMS [4 + N, 2](0)(2,0V 1)

13.1. Alphabet, Automorphisms, Involution. The alphabetis A = {—1,1,a,b,c}UA*,
where A* has N — 1 letters. The automorphism group is the product of the symmetric
group of A* and a cyclic group of order 3 which permutes cyclically a, b, c. There are
three involutions I,,, Iy, I.. The involution I, fixes a and every letter in A*, exchanges —1
and 1, and also b and c. Similarly for I, I.. The letters a, b, c are associated to the three
pairs of vertical separatrices of the double zero®, the letters in A* to the N — 1 nonsingular
marked points which are not the root of the RV algorithm.

24See Section 16.5 for some formulas that are used there and in the next sections.
Z5The relation between the letters and the separatrices (horizontal, or vertical) can be found in the paper of C.
Boissy mentionned in footnote 7.
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13.2. Standard vertices. The standard vertices are parametrized by a letter x € {a, b, ¢}
= (wp, wq, wp, w.) where w;, for i € {0,a,b,c}, is a bijection of

and a 4-tuple w =
|w;|} onto a subset A; of A*, and the A; form a partition of A*. We have

{1,...,
b w, ¢ w, 1>

-1 wy a w,
c w, -1

Sc(w):< 1 wg b wy, a w,

The number of standard vertices is equal to

Nt (D) = %(N—i—?)!.

13.3. Edges of I'(D). The pairs of letters («, 8) which are ordered in S.(w) in the same
way by m¢ and 7, are divided in several types. We denote by = € {a,b,c} and v’ =
(wh, wl, wy, w,,) the symbols such that S.(w) is connected via the («, 3) edge to S, (w’).
(1) «a, 8 € wy: this gives, with wy = wél)w(()Q) (3)
z=c, wh=wPw w?, w =w, w,=w I =
— G o — Wy 0 0 > a — Way b — Why W, = We.
(2) a, B € {a} Uw,: this gives, with w, = wMwPw
w, =wPw®, w,=w,, w=uw,.
() a, € {b} Uwy: this gives, with w;, = w{w > w®
r=c wy= wl() Vo, wh = we, w, = wél)w}gs), wl, = w,.
4) «a, € {c} Uwe,: this gives, with w, = wgl) (2)w£3)

wh = we(2wo, W, =w,, wj, = wy,
( ) (1) ( )to obtain

r=c, w)= w((f)wo,

w! = wMuw® .

x=c,
(5) a € wp, B € {a} Uw,: we write wg = w((J ) and w, = wg
r=c, why=w?, w = w((ll)w(()l)w@) wy = wp, W = we.
(6) a € wp, B € {b} Uwy: we write wy = w(() )w'? and wp = w ( ) to obtain
z=c, wh=w?, w,=w, wj= wl()l) (1)w£2)7 wl, = we.
(7) a € wp, B € {c} Uw,.: we write wy = wo (2) and w, = wél)wg) to obtain
z=c, wh=w?, w, =w, wp=wy, w,=uwPw w?.
8) a € {a} Uw,, B € {c} Uw.: we write w, = wgl) ) and We = wgl)wg) to
obtain
r=a, wh=w?, w,=wy, w, =wPw, w,=wPw?.
9) a € {b} Uwp, B € {c} Uw,.: we write w, = wg ) ZE ) and w, = wg) £2) to
obtain
wy, = wél)wgz).

(2) / 1 /
r =0, wofwb, wczwg)wo, W, = Wq,

A small computation gives the default of the vertex S.(w)

N(N +1
5Sew) = MEIL | + g+ ]+ 1.
< 1, maximal when

The default is minimal when wg, w. are empty and ||wg| — |wp]|

Wq, Wy are empty.
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Itis easy to see that I'(D) is connected and thus that the standard vertices are as claimed.
Indeed take as base point a vertex of I'(D) such that x = ¢ and w,, wp, w, are empty.
Starting with any other vertex, an edge of type (8) or (9) (if necessary) leads to a vertex
with 2 = ¢. Then edges of type (2), (3), (4) allow to eliminate w,, wp, w.. Finally, a
succession of edges of type (1) connect to the base point.

13.4. Default of the diagram. A small computation gives

N(N+1
(D) = 3(N-1)! Z [%—i—l—kno—knc—nanb]
no+ne+np+n.=N-—1
N2 + 23N
= (N+2)! W

13.5. Open linked vertices. Each pair (o, ) with @ € {a} Uw,, 8 € {b}w, gives rise
to a pair of unconstrained linked vertices. Writing w, = wgl)w,(f), wp = wél)wl(f), these

vertices are

(—1 wy @ w((ll) wé2) c W, 1 wL(lQ) b w£1)>

1 w,(f) c  w. —1 wy b wl()l) wl(72) a w[(ll)

< -1 wl(f) c We 1 wo a w,(ll) w,(f) b wél) )

1 wy b wél) w¢(12) c w., —1 wl(f) a w((ll) '

The first (second) vertex is part of a deep cycle of top (bottom) type of length \wl(f)\ +
\wl(ll)\ + 1 (resp. wé2)| + |wé1)| + 1). Therefore this vertex is inessential iff |w£2)| =
W] = 0 resp. |ws?| = [wi| = 0).

All vertices in these deep cycles are linked to some standard vertex, hence there are no
free vertices.

13.6. Number of vertices. As there are no free vertices the total number of vertices is
given by

N(D) = %(N + 2)I(N? 4+ 5N +7) — 26(D)

11
= —(N+4)
o+

14. THE DIAGRAMS [5 + N, 2](1)(1,0")

14.1. Alphabet, Automorphisms, Involution. The alphabet is A = {—2,—1,0,1,2} U
A*, with |[A*| = N.
The involution fixes each letter in A* and 0, and exchanges +1, £2.

The automorphism group is the symmetric group of A*.
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14.2. Standard vertices. For each w = (w_,w_1,wp, w; ), we have the vertex
o =2 w- =1 w_1 0 wp 1 w1 2
Sw) '_< 2 w1 w0 wy -1 w.y -2 )°

The number of standard vertices is equal to
1

14.3. Edges of I'(D). The pairs of letters («, 3) which are ordered in S(w ) in the same
way by m; and 7, are divided in several types. We denote by w’ = (w(, w,, w;, w!,) the
symbols such that S(w) is connected via the («, 8) edge to S(w').

(D) a,p € w_: We write w_ = w( )w(z)w( ) and we have

/ 2,1, (3)

w.o =www W =wog,  wi=wy, wi=w;.

2) a,fe{—-1}Uw_1: We write w_q = w'! l)w( )w(S) and we have

/ 2 ' wWew® r_ r_
w_ =wiw_, w_;=w_{w’{, wy=wy, wW;=wi.

3) a,f € {0} Uwy: We write wy = w(() )w( )w(()g) and we have

) A (1),,3) r_
wlo=wylwo, Wl =wog, wh =wy wy, wh = w.

4) «a,8 € {1} Uw;: We write w; = w%l) 52) ) and we have
/ (2) ’ / (1) (

wo=wwo, w=w_q, wy=wy, wj=w;
) acew_,pe{-1}Uw_1: We write w_ = wPw? w g = w(_11)w(_21) and we
have
w = w(_Q), w' | = w )w(l)w(zl), wh = wp, Wi = w;.
6) acw_,p € {0} Uwy: We write w_ = w(_l)w(_g), wo = wé )w(()2) and we have
w =w?, wo=w_y, wy= w(()l)w( )w(()z), w) = wy.
(7 acw_,B € {1} Uw;: We writew_ = w(f)w@) wy = wi )wg ) and we have

2 1
wo=w?, W =w_y, wh=wy, w=uwPwMw?.

A small computation gives the default of the vertex S(w).
N(N +1)
2

The default is minimal, equal to

5(5(w)) =

+ 2w_] — (Jw_yfwo] + [wolwy| + [wi][w_]).

LM&J , when w_ is empty and

lwoa| = fwoll <1, Jjwol = |un[| <1, [Jwr] = Jw|l <1

+5)

The default is maximal, equal to N(NT, when w_1, wg, wy are empty.

The proof that I'(D) is connected, using the first four types of edges, is as in the last
section. This implies that the list of standard vertices is as stated.
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14.4. Default of the diagram. A small computation gives

1 N(N +1)
= —_ ' — j—
3(D) 2N. Z [ 5 +2n_ — 3ngnq]
n_+n_i1+no+ni=N
N(7N +23)
(N+3) 240

14.5. Open linked vertices. Unconstrained linked vertices are obtained from three types
of pairs («, 3) of letters of A.
() ae{-1}Uw_1,B8 € {0} Uwy: Write w_q = w(f}w(f’l), wo = w(()l)w(()Q). The
two vertices obtained from («, 3) are

(—2 w_ -1 w(ll) w(()z) 1wy 2 w(fl) 0 w(()l)>

2 w(_21) -2 w_ 1 w 0 wél) w((f) -1 w(_ll)
-2 wéQ) 1w 2 w- -1 w(_ll) w(_21) 0 w(()l)
2 w_ 1 w; O w(()l) w(fl) -2 wéz) -1 w(fl) '

There is a deep cycle of top type through the first vertex but all the vertices in
this cycle are linked to some standard vertex.
Similarly, there is a deep cycle of bottom type through the second vertex but all
the vertices in this cycle are linked to some standard vertex.
(2) a€ {1} Uwy, B € {0} Uwg: this case is similar to the first one.
B ae{-1}Uw_q,8 € {1} Uw: Write w_; = w(_ll)w(_21) wy = wg)wf). The
two vertices obtained from («, /3) are

A ._<2 w_ —1 w(_ll) w?) 2 w(21) 0 wo 1 w§1)>
t -— B}

2 w(_zl) -2 w_ 1 w§1) w?) 0 wy -1 w(_ll)
-2 w?) 2w -1 w(ll) w(21) 0 wp 1 wil)
Ay = N - P .
b 2 w_ 1 wgl) w(_21) —2 wf) 0 wy -1 w(_ll)
Consider the deep cycle C; of top type through A;. The losers of the arrows in
this cycle are the letters in w?) 0wy —1 w(fl) The vertices corresponding to

or —1 w(jl) are linked to some standard vertex. on the other hand,

letters in {0} Uwy give rise to free vertices. Writing wy = w(()l)w((f), these vertices

are

letters in wgz)

Jol (—2 w_ —1 w(fl) w§2) 2 w(fl) 0 w(()l) w(()Q) 1 w%”)
t = .

@ 9 1) (2) 1) (2) (1)
-1 1 -1 0

2w w_ 1 w wy —1 w w0 w

Similarly, the deep cycle C; of bottom type through A, contains free vertices
of the form

-2 wf) 2 w_- -1 w(_ll) w(()2) 1 wgl) w(_gl) 0 w(()l)
2 w_ 1 wgl) w(_21) -2 w§2) 0 wél) w((f) -1 w(_ll)
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14.6. Free vertices. I claim that there are no other free vertices than those obtained in
the last subsection. Consider the deep bottom cycle = through F;. This cycle is actually
ultradeep in the sense that none of its vertices is linked to a standard vertex. On the other
hand, given any vertex in =, the top cycle through it contains vertices which are linked to
some standard vertex (it is sufficient to have a;, = —1). This proves the claim.

What we have just proved is that there are two types of deep cycles: cycles of depth 1
which contain at least one vertex linked to a standard vertex and cycles of depth 2 which do
not contain such a vertex. All free vertices belong to two deep cycles, one of depth 1 and
one of depth 2. This allow to separate the free vertices into top and bottom type, according
to the type of the deep cycle of depth 1 through them. The two types are exchanged by the
involution.

To count the free vertices of top type, observe that F} is uniquely determined by the 6
words w_, w(()l)7 w(()2), wgl), w(fl), w(jl)wf). The fact that this does not allow to determine
wy,w—1 reflects the fact that the deep cycle C; through F; contains vertices linked to
standard vertices # S(w). As the sum of the lengths of these six words is equal to N, the
number of free vertices of top type is

1
N! =— .
oo 120(N+5)
ni+..ng=N

14.7. Number of vertices. From the previous computations, one gets

N(D) = (N? + 7N + 13) Nyt (D) — 26(D) + %(N +5) = é(]\f +5).

15. THE DIAGRAMS [5 + N, 2](0)(1%2,0V 1)
15.1. Alphabet, Automorphisms, Involution. The alphabet is

A:={-1,1} U{a,b,c,d} LU A",

where A* has (N — 1) letters.

The automorphism group is the product of the cyclic group of order 4, permuting cycli-
cally a, b, ¢, d, and the permutation group of A*.

There are two involutions. The involution Iy exchanges —1 and 1, a and c and fixes b,d.
The involution I; exchanges —1 and 1, b and d and fixes a,c.

15.2. Standard vertices. They are parametrized by a letter x € {a, b, ¢, d} and a symbol
w = (W_, Wq, W, We, Wq).

(w) = -1 w_ b wp, ¢ w., d wg a wg 1
T 1 wo d wg ¢ we b wy a w, -1 )°

The number of standard vertices is

Nt (D) = %(N +3)
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15.3. Edges of I'(D). The edges from a standard vertex (here, S, (w)) are associated to
pair («, 8) of letters ordered in the same way by m; and .

1) «a,B € w_: Writew_ = w( )w( )w(3) We have

z=a, w_ =w2wMw®, Wy =Wy, WL = We, W= wWg, W, = W,
(2) «a, B € {b} Uwy,: Write wy, = wél) (2) ( ) We have

r=a, w = wl(, Jw_, wy, = w(l)wgg), wh=we, W =wg, W, =w,.
3) a, B € {c} Uw,.: Write w, = wg) (2) £3). We have

r=a, w_ =wPw_, wy=wy, w.=wPw®, w,=ws w =uw,.
4) «, 8 € {d} Uwg: Write wg = wg )w( )w(g). We have

r=a, w_ = wg)w,, wy = wp, W =wWwe, W= w((i )w((i3), Wl = w,.
(5) a, B € {a} Uw,: Write w, = = wwPw®. We have

r=a, w =wPw_, w,=wy, w5 =w. w)=wy w,=wPw?®.
6) a € w_,p € {b} Uwy:Write w_ = w(_l)w(_z), wp = wl()l)wIEQ). We have
r=a, w =uw?, wy, = wl()l)w( )wl(f), W =W, W =wg, W, = W,.
(7 acw_,B € {c} Uw.: Writew_ = w(f)w(f), We = wgl) 2 We have
z=a, w_ =uv?, w=w, w =wPwPw® w,=ws w,=1w,.

B) acw_,f € {d} Uwy: Writew_ = w(_l)w(2) Wy = wfi )wfl ) We have

2 1 2
c=a, v =vw? wy=w, w=w, w;=wPwYw? W =w,

9 acw_,p € {a} Uw,: Write w_ = w(_l)w(_2), Wy = wél) (2) . We have

1
z=a, v =w?, w=w, w =w., wj=uws w,=wPewPw?®.

(10) a € {b} Uwy, B € {a} Uw,: Write w, = wgl)wl(, ) we = wPw? . We have

r=0b w_ —wé2), wb—wl()l) @),

W =we, wh=wq, w,=wMw_.
(11) 046{c}Uwc,ﬁG{a}Uwa:WritewC*wﬁ Jwi  w, = wiPws?. We have
r=c, w_ =w?, w,=wy, w,=wPw?®, w,=ws w,=wPw_.
(12) a € {d} Uwg, B € {a} Uw,: Write wg = wy)w?), wa = wiPw? . We have

_ /_(2) ’_ r_ 1o (D) (2 r 1
r=d, w_ =wy, wp=wy, w =w, w)=w"w®, w,=wPw_.
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15.4. Default of a vertex. We have §(S,(w)) = 1 + I + I3, with

o |(w-|-1) |z |(Jws| +1)
01 = f+ Z - 5
r=a,b,c,d
Gy = Ju | (44 Y |wal),
r=a,b,c,d
5 = (+|wd) B+ > |wal).
r=b,c,d
One obtains
N(N +1)

6(Sa(w)) = + 2+ 2(Jw-| + [wal) = (lws|[we| + [wellwal + |wal[ws])-

2

The default is maximal when wy, w., wq are empty. It is then equal to NU\;“’). The

default is minimal when w_, w, are empty and

[fwp| = Jwell <1, JJwe| = Jwall <1, [Jwa| = [ws|| < 1.

It is then equal to | (YHENTL) |

The proof that I'(D) is connected is as in the previous sections. This implies that the
list of standard vertices is as stated.

15.5. Default of the diagram. One gets

5(0) = 5 > a(Su(w))
= 226(5a<w))
= (N’+N+49)> 148> Jw_|—6>_ |wwe|.

Here on has
1 = (N + 3)!
2L =
N !
S| = (N—1)ﬂ,
5!
N +3)!
St = (v -y -2
One thus obtains
(N + 3)!

§(D) = (4N? + 16N + 10) g
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15.6. Open linked vertices. Unconstrained linked vertices to S, (w) are obtained from
three types of pairs (¢, 3) of letters of A.

(1) a € {b} Uwy, B € {c} Uw,.: Write w, = wl()l)wl(f), We = wgl)wgz). The two
vertices obtained from («, 3) are

@ M @ O

a wg -1 w_ d wgq c wWe

-1 w_ b wl()l) w&z) d Wy @ we 1 wéz) c wg)
1 w ’

1) (2) (2) z(>1)

-1 wg2) d wg a wg 1 w_ b w,(]l) wéz) c wgl)
1 w_ d wgq ¢ w£ wy, a w, —1  we b w .

There is a deep cycle of top type through the first vertex but all the vertices in
this cycle are linked to some standard vertex.
Similarly, there is a deep cycle of bottom type through the second vertex but all
the vertices in this cycle are linked to some standard vertex.
(2) a € {d} Uwg, B € {c} Uw,: This case is similar, applying the involution I;.
3) a € {d} Uwg, B € {b} U wy,: Write wy, = wlgl)wl(f), Wy = w((il)wc(f). The two
vertices obtained from (c, 3) are

Wq, -1 w_ d wy w((f) c w, b w

A, ( -1 w_ b wgl) wgz) a wg 1 wl()Q) c w, d wg) )
t-— )
1 w

(2) 1)
b b

A -1 wc(f) a wg 1 w_ b wél) wéz) c w, d w((il)
b= 1) (2) _ (2) 1 |-
1w d wy’ wy a Wq 1wy’ ¢ we b wy

Consider the deep cycle C; of top type through A;. The losers of the arrows in

this cycle are the letters in wc(f) cweb wl(,l). The vertices corresponding to letters

in wff) orb w,(]l) are linked to some standard vertex. on the other hand, letters in

{c} Uw, give rise to free vertices. Writing w,. = wél)w,(;z), these vertices F} are

1 w b w

(—1 w_ b wl()l) w((iz) a we 1 w}gz) c wgl) wg) d w(1)>

d
1(72) a  wg -1 w_ d wc(il) wgg) él) wl(f) c wgl)

Applying I, we get also vertices Fj,.

15.7. Free vertices. The discussion is similar to the last section.

We prove that there are no other free vertices than those obtained in the last subsection.
Consider the deep bottom cycle = through F;. This cycle has depth 2. On the other hand,
given any vertex in =y, the top cycle through it contains vertices which are linked to some
standard vertex (it is sufficient to have a;, = b). This proves the assertion.

All free vertices belong to two deep cycles, one of depth 1 and one of depth 2. This
allow to separate the free vertices into top and bottom type, according to the type of the
deep cycle of depth 1 through them. The two types are exchanged by the involution.

To count the free vertices of top type, observe that F; is uniquely determined by the 7
words w_, wg, wél), w§2), w((il), wéQ), wgl)w((f). The fact that this does not allow to deter-
mine wy, wq reflects the fact that the deep cycle C; through F; contains vertices linked to
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standard vertices # S, (w). As the sum of the lengths of these 7 words is equal to N — 1,
the number of free vertices of top type is

1
4(N —1)! 1=—(N+5)!.
N3 (N +5)
ni+..n7=N-1

15.8. Number of vertices. From the previous computations, one gets

1

N(D) = (N? + 7N +13) Ny (D) — 25(D) + 50

(N +5) = %(N+5)!.

16. THE DIAGRAMS [6 + N, 3](4)(0™)hyp

16.1. Alphabet, automorphisms and involution. The alphabet is A = {£5,£3, £1} U
A*, where A* has IV letters. The involution fixes each letter in A*, and exchanges +1, +3, £5.
The automorphism group is the permutation group of A*.

16.2. Standard vertices. They are parametrized by a symbol w = (w_, w_3, w_1, w1y, ws3).
We will write W; for ? w;, ¢ = —3, —1, 1, 3. This is necessary as the diagrams are getting
more complicated. The standard vertex S(w) is

S(w) ::<5 w_ -3 w_z —1 w_; 1 w1 3 w3 5 )7

5 w_ 3 w3 1 w1 -1 w_y -3 w_3 -5

that we rewrite as

S(w) _ ( -5 w_ W_g W_1 W1 W3 5 )

5 w_ W3 W1 W_1 W_3 -5
The number of standard vertices is given by

1
Na(D)=N! Y 1= 5N+
no+..ng=N

16.3. Edges of I'(D). The edges from a standard vertex (here, S, (w)) are associated to
pair («, 8) of letters ordered in the same way by 7; and .

(1) o, € w_: We write w_ = wMww® and have

w. = wPwW® W =W, W =W, W =W, W]=W;.
(2) a, B € W_3: We write W_3 = Wﬁlg) W£23) WE‘? and have

wo=WSwo, W =wOWE W =wo, W =wi, Wi=ws

(3) a,B8 € W_1: We write W_; = Wﬁll) W£21) Wg) and have

w o =WBw_, Wa=W_, W,=wHWE wl=w, W,=w;.
4) o, B € Wy: We write W; = Wl(l)Wl(g)Wl(?’) and have

w o =WPw_, Wo=W_, W.,=W_, W =wPw® wi=w;.
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5) a,p € W3: We write W3 = Wél)Wg(Q)Wé?’) and have

w o =WPw_, W,=W_ W, =W_, W =W, W;=wPwwd.
6) a € w_,0 € W_3: We write w_ = w(f)w(f), W_3= WSI?,)W%) and have

’LU/, = w(f)7 W/,g = Wilzg)w(,l)WE%), Wil =W_q, Wll = W, W?/) = Wis.
7 a€w_,0 € W_1: We write w_ = w(_l)w(_z), W_i= Wﬁll)Wg) and have

w =w?

Wi,=Wy, W,= WEll)w(,l)Wg), W) =Wy, Wj=Ws.
@) acw_,B € W;: We write w_ = w(_l)w(_2), W, = Wl(l)W1(2) and have

wo=w®, W,=W., W, =W, W=wPePWw® wj=ws.
9) a€w_,B € Ws: We write w_ = wg)wg), W3 = Wél)W?EQ) and have

wo=w?, Wo=W_s, W.,=W_, W =W, Wi=wPuwDw,

16.4. Default of a vertex. We have §(S(w)) = 61 + d2 with

_ e |(w-| = 1) |wa|(Jwa] + 1)
o = felledo oy et )
r=-3,-1,1,3
b = Jw| (44 D w)
r=—-3,-1,1,3
One obtains
N(N +1)
§(Sa(w) = =g 43w =Y fwilwyl,
i,j€{-3,-1,1,3},i<j

The default is maximal when w; is empty for ¢ = —3,—1,1,3. It is then equal to

w. The default is minimal when w_ is empty and

[lwi] = w;|l <1, Vi,j € {=3,-1,1,3}.

It is then equal to L%j

The proof that T'(D) is connected is as in the previous sections. This implies that the

list of standard vertices is as stated.

16.5. Formulas frequently used.

|- IV +E)
2 T RIN!
no+...+npg=N
Z — (N +Kk)!
O L DN -1
no+...4ng=N (k+ 1)(N 1)
(N +k)!

2. MM = Gy )
no+...+ng=N (k + 2)(N 2)
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16.6. Default of the diagram.
1
(D) = 5 8(Sa(w))

N(N +1 3
_ (4+)pr+22w:|w_ _3zwj|w1||w_1\.

From the formulas in the last subsection, one has

1 = (N +4)!
Z N T
(N +4)!
Dolwo| = N
|
Shwnlhen] = ~v -
One thus obtains
(N +4)!
6(D)=N (3N + 13)——~.
(D) = N (3N +13)*=

16.7. Open linked vertices. Unconstrained linked vertices to S, (w) are obtained from
six types of pairs («, 8) of letters of A.
() o€ W_g, B € Wey: Write Wy = WEOWE, w_, = wHWE . The two
vertices obtained from (a, 3) are

5w WY w® w, wy s w® w)
5 w8 o5 wo owy owy wt) w® owl) )

5w Wy wy w o ow® 5 w® wd)

The deep cycles through these vertices contain only linked vertices.

@ o€ W_y,8 € Wy Wiite W_y = WEHOWE, w, = wWP . The two

vertices obtained from (c, 3) are

(5 w® wy owy 5w W w® W“f)

-5 w_ Wy W% w® wy s w®
5 w® wy -5 ow. owy W ow® wd) )’
-5 w® wy 5 wo  W_y w® w® wl
5w ows w ow® wy -5 w® wt
The deep cycles through these vertices contain only linked vertices.
(3) a € Wi, € Ws: Write W, = Wl(l)Wl(z), W3 = Wél)Wéz). The two vertices
obtained from (a, ) are

-5 w_  W_y W, WY w5 w® il
5 w® wo, Wy 5w WY w® w® )’
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-5 wi? 5 wo  Wog wo, wi w® w
5w W) w® o w., w.y 5 wi? w

The deep cycles through these vertices contain only linked vertices.
@) o€ W B e W Wite Weg = WEHWE, wy = wW® . The two
vertices obtained from (c, 3) are

5w WY w® w5 w? ow, wl
5 w@ o5 owo o owy wow® o owo, wt) )’

-5 w® ws 5 wo Wl w? ow., wl
5w wy W ow® 5 ow® ow., wt
This gives rise to free vertices through the splitting of W_;. See next subsec-
tion.
G)a € W_yi,8 € Wy: Write W_y = WEHOWE, wy = wW?. The two
vertices obtained from («, 3) are

-5 w. Wy W& w® s w® w, wil
5 w® woy -5 owo WY w® ow, wt) )

( 5 w® 5w owo, w9 w® ow ow® )
5w WY w® w5 w® ow, wt
This gives rise to free vertices through the splitting of 1W;. See next subsection.
6) o € W_g, 8 € Wy: Write W_g = WEWE, wy = wW. The two
vertices obtained from («, 3) are

5w WY w® 5 w® wo, owy, Wi
5 w8 o5 wo o owiV owi? o ow owo, wl) )
-5 w? 5w WY w® w, ow, ow
5w WY w® s w® wy owo, wl)
This gives rise to free vertices through the splitting of W or W_;. See next
subsection.

16.8. Free vertices. In the case (4) of last subsection, the splitting W_; = Will) Wg)
gives rise to the vertices

po 5w W W w5 w® w w® w®
e 5 w@ o5 ow. o owy W ow® w® w® w P

no (5w o s e Wl Wl wl wl)
sl w e e T e e e
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The free vertex F} belongs to a deep cycle C; of top type, depth 1 and to a deep cycle =
of bottom type depth 2. But all cycles of top type through a vertex of = have depth 1.

The same holds for Fj, exchanging top and bottom.

The free vertices arising from case (5) of last subsection are dealt with symmetrically.

In case (6), the splitting W_; = _11) W£21) gives rise to the vertices

a5 w- wh w5 w® w® w® ow, owi
t' 5 w@ 5w ow” w® wh ow® w, owh )

P w5 we o Wl w® ow owY o w® wl)
5w Wi w® 5w owy o wd w® w

The splitting W, = 1(1)W1(2) is symmetric w.r.t. the involution.

From now on, we use the depth as defined in the first section®.

The free vertices G¢, G have depth 6. Consider a vertex H;, of the bottom cycle =
through G. If the last top letter of H} belongs to W£21) or Wél), the depth of H, is equal

to 6. If on the other hand the last top letter belongs to W7, we split W; = Wl(l)Wl(Q) and
have

g 5w w w5 w® w® w® w® w® w
b 5 w® 5w owi o w® owd o w® wh ow®» wd

Now that all W; have split, I claim that the depth of Hj is 8. One uses the method of the
first section. One obtains actually®’ D;(Hj) = 9 and ®;,(H,) = 7. This indicates that the
top cycle ©; through H}, has depth 9, while the bottom cycle =; has depth 7. It remains to
see that all vertices of ©, have depth 8, actually ©; = 7°%. This is clear. With respect to

Hy, the other vertices of O, differ only by a circular permutation of the letters in the final

words Wl(Q)Wfll) of the bottom line of Hj, and this does not alter the computation of D

and ©yp.

The same does not happen for Gj: all vertices of the top cycle =; through G} have
length 6, because it is not possible to split W;.

On the other hand, we could have decided to first split W;; we would have obtained G|
(similar to G) and G, (similar to G;) giving rise to H; of depth 8.

Therefore, up to the involution, every free vertex has been obtained in the discussion
above. We recapitulate (with a slightly different, obvious, notation which allows to relate
easily to the hyperelliptic case N = 0)

ey

W(-5 W(-3) w@) we) wh o w® o w®
we) w5 weE) wh o w® w3 w®h )’

26Depth corresponds to height in the first section.

27 This notation doesn’t appear anywhere else. Clearly, ©:(Hp) is the depth/height of the top cycle
through Hy,.

28The meaning of ©; is unclear.

) |
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©)
(W(5) wE) we) wh w® wa) W“f)
W)y wE) wa) w-s wd ow?® o wd )
3)
W(=5) W(=3) w(-1) we) w w® o ow
W) w(-3) w5 Wi’ w® w1 wh )’
4
(W(—E) wE) wi-3) wh o w® we) Wf”)
W) wE) w=3) w=s) w w® w®d |’
)
w(-5) W(=3) we) wh o w®  wa) wi
we) w5 wi w® w3 wa) wd )’
6)
(W(—5 we) wh o we o wa) ws) W“f)
W) wE) w=s wa) wh o ow® ) )
)

W(=5) W(=3) wE) w1 wdh o ow®  ow®
W) W( ’

®)
w5 wE) wh o w® we) w1 wl
ws) wE) w5 w w® w1 wl )’
)
w5 w(=3) wE) wd o w® owe) wl
W) W(-5) wE) wi-3) wd o w® w® ]
(10)

The first eight categories of free vertices have depth 6 and the last two have depth 8.

In each category, the number of free vertices is

N! > 1:L+6)!.

6!
no+ni+...4+ng=N
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16.9. The total number of vertices. From the previous computations, one gets

1
N
Vo=

The counting can be separated according to the depth.

N(D) = (N? + 9N + 21)Ny (D) — 26(D) + (N +6)!.

720

No(D) = NMD):W’

Ny(D) = (2N+10)Nst(D):W’
Ny(p) = (45N 4+ 120)(NV + 4)!
T 240 )
N¢(D) = 910(N+6)

N(D) = (N +6)

17. THE DIAGRAMS [6 + N, 3](4)(0V) odd

17.1. Alphabet, automorphisms, involution. The alphabet is A = Ag L A*, where A*
has N letters. The involution fixes each letter in A* and is the usual involution on Ag. The
automorphism group is the permutation group of A*.

17.2. Standard vertices. Recall from a previous section the 7 standard vertices in the

case N = 0:
g .- -5 -3 3 -1 1 5
o 5 3 -3 1 -1 -5 )’

which is fixed by the involution.
The others 6 come into 3 pairs of symmetric vertices

-5 3 -1 1 -3 5 -5 -1 -3 3 1
+ . - .
A'(5 3—3—1—5>’A'<5—3 1 -1 3

3 5

1 -5

-5 3 -1 -3 1 5 -5 -1 1 -3 3 5

+ . i

B'_(51—1 3 -3 —5>’B'_< 5 -3 1 3 -1 5>

3 5

1 -5
y a

-5 1 -1 -3 5 -5 -1 3 1 -3
+ . -
C'_( 5 )’C'_< 5 -3 -1 1 3

-3 -1 3 =5
It is thus reasonable to expect 7 families of standard vertices, each parametrized b
symbol w = (w_,w_3,w_1,w;,ws). For instance
A+ (’U}) — -5 w_ W3 W_1 W1 W_3 5
5 w_ W1 W3 W_3 W—l -5
where W; = ¢ w; for: = +1, £3.
The number of standard vertices is
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17.3. Edges of I'(D). The edges from a standard vertex are associated to pair (o, 3) of
letters ordered in the same way by 7; and 7.

The first type of edges correspond to «, 5 belonging to the same subset (w_ or W;).
The vertices linked by such an edge belong to the same family. The case where «, 5 € w_
gives edges allowing to rearrange w_ while the other four cases allow to transfer the end
of W; to the beginning of w_. Viewed from the other endpoint, this corresponds to the
casesa € w_, 3 € Wj.

The cases where oo € W;, 8 € W; with 4 # j correspond to edges whose endpoints lie
in distinct families. There are 9 such possibilities:

S and AT are related through (W_3, Wy);
S and B are related through (W_3, W_1);
AT and B~ are related through (W_3, W3);
AT and C~ are related through (W3, W_1);
C and C~ are related through (W1, W_1);
the other cases are obtained from the involution.

The proof that the list of standard vertices is correct is as usual.

17.4. Default of a standard vertex. We have to treat each family separately. Because of
the involution there are really 4 cases. However the dependence on the family affects only
the last term in the sum d; + d2 + 3.

We have

5, jw_|(Jw_| = 1) 3 |wa| (Jwe| + 1)

I R 2
x=-3,—1,1,3
G = o4+ D fwgl).
r=—3,—1,1,3
We have seen in the hyperelliptic case that
N(N +1
b4e =D g S iyl

i,j€{—=3,—-1,1,3},i<j
Regarding 03, we have

e For a standard vertex in the S family,

b= > (L4 wil)(1+ fwy]).

i=£3 j==1
This gives

5(S(w) = (N+2)2(N+3)

e For a standard vertex in the AT family,

+ 14 Jw-| = (Jws]fw-s| + [wi[[w-]).

03 = (1+ ws) (1 + [ws]) + (1 + Jws) (1 + Jw-1]) + (T + Jwr (1 + w-s]).
This gives
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§(AT(w)) = w + 24 2lw_| + |ws| + |w_3|

— (lwr||w-1] + |w1 |[ws] + |w_3|[w_1]).

e For a standard vertex in the B* family,

03 = (1+ Jws[)(1 + Jw-s]) + (1 + [w_s[)(1 + [w_1]).
This gives

N(N +1
s @) = T o a4 ] 4+ 2ol + s

= (lwlfw-1] + |wi[ws] + [w—s|lwi] + [w—1|Jws]).

e For a standard vertex in the C'F family,

63 = (1 + w1 ) (L + |w—1]) + (1 + w1 [)(1 + [w_3]).
This gives

N(N +1
S(CH(w)) = %+2+3\w_|+|w_3|+2|w1|+|w_1|
— (Jwsl|w—z| + w1 |[ws] + [w_z|[w_1] + [w_1||ws]).

N(N+7)
2

We do not discuss the mimimal values of the default. The maximal values are +

4 for the S family, W + 3 for the A families, w + 2 for the B or C families.

17.5. Default of the diagram. We first sum the defaults over each family:

2
S asw) = IR S = Y o

13N2 + 83N + 120 (N + 4)!

2 6!
N2 4+3N +6
DA W) = T Y4 4Y w3 unlwo]
(N +4)!

= (2N? + 12N + 15) |

Y 3(BY(w) = Y §(CH(w))

w w
2
_ WZ1+7Z|w_|74Z|w1|\w_l|

(N +4)!

= (11N?+ 61N +60) i

The final result is

_ 27TN? + 157N + 180 (N +4)!
N 4 50

5(D)
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17.6. Open linked vertices. By definition, the two pure cycles through an open linked
vertex have depth 3 and 5. The vertices on the deep cycle of depth 5 have either depth 4
(and are open linked) or depth 6 (and are free).

The vertices which are open linked to a standard vertex 7 correspond to pairs (v, 3) of
letters (distinct from 4-5) which are not ordered in the same way by 7, 7, (i.e those not
associated to edges of I'(D).

For S, the two possibilities (&« € W1, 8 € W_1 and « € W3, 5 € W_3) produce linked
open vertices such that the cycles of depth 5 through them contain only vertices of depth
4.

For A*, there are three possibilities but none of them give rise to free vertices.

For BE, C'*, there are four possibilities each, but three of them are sterile.

The fertile possibilities are o« € W3, 3 € W_3 for CT and C~, o € W3, 8 € W for
BT and o € W_1,3 € W_3 for B~. Each allows to split W_; (for B* and C*) or W
(for B~ and C'™) to produce free vertices.

17.7. Free vertices. It is sufficient to look at the free vertices arising from CT,a €
Ws,B8 € W_3 and BT, € W3,3 € W because the others are symmetric w.r.t. the
involution.

These free vertices are

e FromCT,a€ W3, € W_3

5w W w® 5w w, owd w® wd
5 w5 ow. owy, wd o w® wi w® w® )’

. (5 w? 5w W w® wl) o w® ow W(11)>
-

e From BT, o€ W3,8 € W,

G o [ 75w w w® s w® o wh o w® wo, o wl
5 Wy Wy 5w wP w® owi ow® owl) )
R w? 5 wo W w® wy w o w® wl) .
5w whowi? w5 ow® wdh o w® w

Observe that F} and G}, are of the same type. Observe also that the symmetric of G
w.r.t. the involution belong to the same type than GG;. So we have at this stage five types of
free vertices: one containing F}, one containing the symmetric of F} w.r.t. the involution,
one containing F} and Gy, the symmetric family, and a last one containing GG; which is
autosymmetric. We represent these families by their only element when N = 0.

We now check that there are no other free vertices by computing the depth of the pure
cycles through F, Fy,, G, Gy. For each of these vertices, one of the cycles has depth 5 and
is the one that we have used to access these vertices.

All vertices of the bottom cycle through F; are free vertices of the same family. This
cycle has depth 7.

Similarly, all vertices of the top cycle through Fj, (or G}) are free vertices of the same
family. This cycle has depth 7.
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The same holds for the symmetric families.

Finally, the bottom cycle through G contains vertices of depth 4 (put —3 in last position
on the top line). Hence this cycle has depth 5.

The proof that there are no other free vertices is complete.

Each of the five families of free vertices is parametrized by a decomposition of A* into
seven ordered subsets. Therefore, the total number of free vertices is

(N +6)!

Nfree =5 6!

17.8. Number of vertices. The previous computations give

N(D) = (N?+9N +21)Ny(D) = 26(D) + Nree(D)
N +4)!  27N? + 157N + 180 (N + 4)! N +6)!
_ 7(N2+9N+21)( +4)!  27TN* + 157N 4 180 ( +)+5( +6)
4! 2 5! 6!
— 134M_

6!

18. THE QUASIHYPERELLIPTIC DIAGRAMS [2g + 1, g](0)(2g — 2) AND
29 +2,9](0)(g — 1,9 —1)

18.1. Alphabet, automorphisms, involutions. Let d be the number of letters and D :=
d — 2. The alphabet is the union of the cyclic group Zp and two special letters oo which
are the first letters in the top and bottom lines. The automorphism group is Zp. For each
m € Zp there is an involution I,,, which exchanges £00, fixes m and exchanges m =+ k.
When D is even, it also fixes m + D /2 and the involutions I,,, and I,, ; p /2 coincide.

18.2. Standard vertices. There are D standard vertices, indexed by Zp. The vertex S,
is

-0 m+1 m+2 ... m +o©o
+o0 m—1 m—-2 ... m —-oo J°

18.3. Edges of I',. The pairs of letters («, 8) which are ordered in the same way (in Sp)
by 7, and 7, are the pairs with o € Zp \ {0}, 8 = 0.

Such a pair provides an edge in I'(D) between Sy and S,,.
Therefore I'(D) is the full graph on D vertices.

18.4. Defaults. The default of each vertex is equal to (D — 1). The default of the diagram
is equal to
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18.5. Open linked vertices. Let o < 3 be a pair of letters in (Zp)*

vertices obtained from this pair are

. The two open linked

—o00 1 a [+1 0 400 a+1 I}
+o00 a—1 a—2 ... 1 0 -0 -1 a+l o )’
—o0 fB4+1 B+2 | 0 +4oo 1 . B—-1 8
+oo -1 8 a-—1 0 -0 pf-1 a )’
The two vertices above will be abbreviated as

(—oo 0. a] (8,0 4oo (a/ ])

oo (a N\ 0] -0 (0N q

(m (B 0] +oo (0 ])

+oo (0N B] (a0 —oco (BN\ia] J°

18.6. Free vertices. For «, (3 as above, let us choose v with o < v < 8 (when 8 —a > 1;
when 8 — a = 1, we will not have associated free vertices).

We get a pair of free vertices of depth 6:

_( —c0 (00 (B0
Ft'_<+oo (a (0] —o0

(=00 (B0 +oo
Fb'—(+oo 08 (a0

Consider the bottom cycle = through F;.

+00 (o /7] Wﬂﬂ)
ONBl (v (BN )
0ol (v /8 @/ﬂ)
—00 BN (v \a] J°

If 5 = ~ + 1, the only vertex of = is F} ,

which is inessential. Otherwise, the other vertices of =; are parametrized by an element 6

such thaty < 6 < 3:

o

—00
+00

(0]
(@™ 0]

(8.0l

—00

400
(0™ f]

(a /9]
(v N\ ]

0, p]

(B 0]

W/ﬂ)
O] )

These vertices have now depth 8 while =; has depth 7 (in all cases).
To understand the formation of theses vertices, it is better to change notations, using

Qo = «, a1 = ﬁ )
for vertices starting from F} and

Qp = 6 )
or vertices starting from Fj,.
The o; should satisfy

Qo =7,

0[3:9,...

] = Q, Ay = 7,...

ap <oy <...<oagp <...<0gpp1 <...<az<ap
in the first case and
Qg > Qo> ...>09, > ...>0m 1 > ... > 03 > Q1
in the second case.
With this new notation, we have
—F(Oé,ﬂ,"y), Gb:F(a,B,’Y,H), Fb:(ﬂaaa’}/)'
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The depth of a vertex F(«p,...,a,—1) is equal to 2n. The two cycles through this
vertex have depths equal to 2n — 1 and 2n + 1.

It is fundamental to observe that free vertices are accessible from a well-defined
standard vertex! Only constrained linked vertices provide bridges between standard ver-
tices.

By comparing with the pure hyperelliptic case, we see that the number of free vertices
is

Niree(D) = D(2P — D(D — 1) — 2).

18.7. Number of vertices. We have

N(D) = [D(D+1)+ 1Ny (D) —26(D) 4+ Npree(D)
= D2 + D).

19. THE DIAGRAM (7, 3](0)(4)odd

19.1. Alphabet, Automorphisms and Involutions. The alphabet is A = {fo00} Ll Zs.
The automorphism group is Zs. There are five involutions, indexed by Zs. The involution
I,,, exchanges +00, fixes m and exchanges m + k.

19.2. Standard vertices. The standard vertices are indexed by an element of Z5 and a
standard vertex of the diagram [6, 2](4)odd (recall that there are seven of them, S,A*, B CT).
For instance

40 1 2 -2 -1 0 —
With respect to section 6, we have changed £5 into o0, +3 into 2. The automor-
phism group acts by adding m € Zs everywhere.

A+(0):<oo 21 -1 -2 0 +oo).

The number of standard vertices is thus

Nst(D) = 35

19.3. Edges of I'(D). Consider the edges joining a vertex X (0) (X = S, A", ...) to other
standard vertices in I'(D). This is determined by a pair of letters («, 3) ordered in the same
way by 7; and 7, in X (0).

If «, 3 are different from 0, the corresponding edge will join X (0) to Y (0) according
to section 6.

The "new" edges correspond to = 0, a = £1, 2. One obtains for the other endpoint
Y (o) of the corresponding edge:

al—-2 -1 1 2
X
S B~ Cct C- Bt
At AT AT AT AT
Bt S C- B CT
ct Bt B~ S C-

The other vertices are obtained from the involution.
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19.4. Default of vertices. One has

3(S(m)) =8, 8(AF(m)) =7, 8(B*(m))=4(C*(m)) = 6.
19.5. Default of the diagram. The default of the diagram is

§(D) = 115.

19.6. Open linked vertices. The open linked (to a standard vertex X (0)) vertices cor-
respond to pairs of letters («, 3) which are not ordered in the same way by 7; and 7.
Therefore both «v and 3 are different from 0, and the list is the same than in section 6.

20. THE DIAGRAM [9, 3](1)(13)

20.1. Alphabet, automorphism group, involutions. We will use as alphabet

A= {:f:OO7 O7 ai, as, b17 bQ, Ccy, CQ}.

The automorphism group G has order 24. Every element of § fixes 0, —oo, +00 and pre-
serves the partition of the remaining 6 letters into the three pairs {a, as}, {b1, b2}, {c1, c2}.
This property defines a subgroup G’ of order 48 in the permutation group of these 6 letters.
The group G’ has a natural split homomorphism onto the permutation group of {a, b, c},
with section . The kernel of this homomorphism is isomorphic to {£1}2. Then G is the
subgroup of index 2 of §’ which is the kernel of the homomorphism §’ — Z5 which sends
o(7) to the signature of 7 and a triple (g4, €p,€.) € {£1}3 to eaepe.>.

There are three natural top/bottom exchanging involutions, denoted by I,, Iy, I.. The
involution I, fixes 0, a1, as and exchanges +o0o0, —00, b1, by and ¢y, cs.

20.2. Superstandard vertices. The superstandard vertices are the standard vertices which
belong to the orbit under G of the vertex

=00 b2 az b1 a1 ¢ 0 ¢ o0
S(by,a,cy) ~—< o© by ay by a1 co 0 —OO>'

This vertex is fixed by I,. In the graph I'(D), this vertex has valence 15. Standard

vertices which are not superstandard have valence 11,9,8,7 or 6. In I'(D), the vertex
S(by, a1, c1) is connected to three other superstandard vertices

Slhasan,er) = (T2 @ e e
2,02,C1) = o0 by a; by ay ca 0 ¢ —o0 ’
L —00 az by ar by ¢ 0 ¢ o0
S(a17b27cl) T < o a; by as by ¢ 0 ¢ —o0 )7
0

S(a b C)': -0  ap b2 a9 b1 C1 Coy OO
oL o0 ay by a; by ¢ 0 ¢ —o0 /)

These four vertices form a complete subgraph of I'(D) and is called a cluster of su-
perstandard vertices. There are six such clusters. The cluster above is the c; cluster. The
stabilizer in G of this cluster is the stabilizer of ¢; (or c2), a cyclic subgroup of order 4.

29From the paper of C. Boissy (see footnote 7), the group § has order 24, and (—1,1,1), (1,—1,1) and
(1,1, —1) (seen as elements of G’) are not in G. Hence the homomorphism ¢ from G’ to Zy whose kernel is G
sends a triple (£q, £p, £c) t0 £q€pec. To see that the composition ¢ o o is not trivial (hence is the signature), we
can consider the monotonous chain of length 4 starting from S(b1, a1, ¢1) given by the parameters (a1, b2).
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The involution I, fixes the ¢y, ¢, b1, b clusters. It exchanges the a; and as clusters. In
the ¢; cluster, it fixes the vertices S(b1, a1, ¢1), S(ba, az, ¢1) and exchanges the other two
vertices. On the other hand, the involution I, exchanges S(b1, a1, ¢1),S(bae, as,c1) and
fixes the other two vertices.

20.3. Immediate neighborhood of a cluster. The standard vertices which are connected
(in T'(D)) to a superstandard vertex in a cluster form the immediate neighborhood of this
cluster. Besides the four vertices of the cluster, there are 48 such vertices (for each cluster),
grouped into 4 groups of 12 because no vertex (except for the vertices of the cluster) is
connected to two distinct superstandard vertices.

Consider the standard vertices connected to S(by, a1, ¢1) which are not superstandard.
There are 12 such vertices. Two of them have valence 11 and are exchanged by the involu-
tion [,

Aban,eym (X @ boa e 0 a b oo
t(01,01,C1) = +00 a3 ¢ by as by O €1 —0o0 7

A(b a C)'_ -0 ay C1 b2 a9 b1 0 Cco  +00
b7 B, B = +00  asg b2 a; Co 0 C1 b1 —00 ’

They correspond to the pairs (b, ¢1), (b, c2) of letters for S(b1,a1,c1). The connex-
ions of S(b1, a1, ¢1) to the other vertices of the cluster correspond to the pairs (a2, a), (b1, a1),
(bg , a1 ) .

Among the other vertices connected in I'(D) to S(b1,a1,¢1), there are 5 of valence
9 and 5 of valence 7. Among each group of 5, there are two pairs whose elements are
exchanged by the involution I, and one element which is fixed by this involution.

The best way to organize the 12 non superstandard vertices connected to I'(D) is to
observe that they may be grouped into three groups V;, Vj, V;, with four elements each and
the following properties:

Two elements of the same group are connected by an edge in I'(D).

Two element in distinct groups are not connected by an edge in I'(D).

The involution I, exchanges V; and V3, and fixes Vj.

The vertex A;(by, a1, c1) belongs to V;.

The group V; has, besides A;(b1,a1,c1), two vertices of valence 7 and one of
valence 9. Similarly for V;,.

e The group Vj has three elements of valence 9 and one of valence 7.

20.4. Notations for vertices in the immediate neighborhood. The vertex of valence 9
in V; is By := By(b1, a1, ¢1). One has

B = [ —® by a; ¢ 0 ca by az +00
te +00 by a1 ¢ by azx O cp —00 ’

B o—( —%° bi a1 ¢ by az 0 c¢ca oo
b “+00 b2 ay Co 0 C1 b1 ag —0o0 ’
They correspond to the pairs (as, ¢1) and (ag, ¢2) of S.
The three vertices of valence 9 in V;y are Cy, Cp, P (with P fixed by the involution [,).
They correspond to the pairs (b1, 0), (b2,0), (az, 0) of S. One has

C, = —o0 a; ¢ O by as by cg +oo
Lt 400 as by ay cg O by ¢ —o0 ’
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= —00 az by a1 ¢4 0 by ¢ +o0
b= 400 a3 co O by ay by ¢ —o0 ’

p_( "% b a a 0 b a ¢ +o0
T +oo by ar c2 0 by az ¢ —oo )7

The vertex in V} of valence 7, associated to the pair (a1, 0) of S, is

-0 (1 0 b2 a9 b1 ay C2 +00
T:= .
+00 C2 0 bl as b2 a; € —&

Finally, the two vertices of valence 7 in V; are

g~ a e 0 c b oa b 400
T 400 ag by ag 3 b 0 ¢ —o0 )

po_( " a0 e b a b a +
t 400 ¢ by ay by a1 0 ¢ — ’

They are associated to the pairs (b1, c2), (a1, c2) of S. The corresponding vertices in
Vb, associated to the pairs (bs, ¢1), (a1,c1) of S, are

B, — —00 a2 bl ay Ci bz 0 cy 400
b= +00 a1 co 0 C1 bl as bQ —0Q ’

o[ "~ a b az b1 a1 0 ¢ +o0
b= +00 o 0 C1 b1 as bg a; —0oQ ’

20.5. Other edges in the immediate neighborhood of the cluster. By "other edges" we
mean edges whose endpoints belong to the immediate neighborhood of the cluster, are not
superstandard, nor in the same group (V;, Vi, Vj).

All three free edges from T'(b1,a1,c1) are of this type, connecting this vertex with
Ct(al, bg, 01), Cb(ag, bl, Cl) and P(bg7 as, Cl).

All three free edges from Fy (b1, a1, ¢1) are also of this type, connecting this vertex with
Et(al, bg, Cl), At(ag, b1, Cl) and Bt(bg, as, Cl).

The other edges of this form are obtained by the automorphisms and involutions of the
diagram.

This leaves the T" and F' vertices with no free edges, the E vertices with 2 free edges,
the B, C, P vertices with 4 free edges and the A vertices with 6 free edges.

20.6. Edges with endpoints in immediate neighborhood of distinct clusters. There is
an edge between A;(b1,a1,c1) and the vertex Cy(c1,ag,b1) in the immediate neighbor-
hood of the b; cluster.

The involution I,, takes this edge to an edge between A (b1, a1, c1) and Cy(cy, as, by).
Notice that S(cy, ag, by) is fixed by I,.

There is an edge between By (b1, a1, ¢1) and the vertex P(cy, by, aq) in the immediate
neighborhood of the a; cluster.

The involution I, takes this edge to an edge between By (b1, a1,c¢1) and P(cq, be, as),
in the immediate neighborhood of the as cluster. Recall that the involution [, exchanges
the a; and the as clusters.

All edges of this type are deduced from theses four edges by the automorphism group
G.
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After taking these edges into account, the P and E vertices are left with 2 free edges,
the C, Cy and B vertices with 3 free edges and the A vertices with 5 free edges. The free
endpoints of these free edges do not belong to the immediate neighborhood of any cluster.

We observe that the different type of standard vertices encountered so far can be recog-
nized by the position of 0 in the top and bottom line:

Ay — (6,7) Ay — (7,6) By — (5,7) B, —(7,5)
Cy— (4,6) C,—(6,4) E, —(4,7) E,— (7,4)
F,— 3,7 F,—(7,3) G¢—(3,5) Gy,— (5,3)
H, — (3,4) Hy,— (4,3) I, —(3,6) I, — (6,3)

20.7. Vertices connected to the immediate neighborhood of clusters. We start with the
two free edges from P(by1, a1, c1), which are symmetric w.r.t. the involution I,. Denote
their free endpoints by

G, — -0 1 0 b2 as Co b1 a; +0oo
£ 400 ¢ by a; O by as ¢4 —© ’

G = "X a by a1 0 b2 ay c2 +o0
b= +00 C2 0 bl as C1 bQ a; —o&0 ’

Notice that we have Gy — (3,5) and G, — (5, 3). Both vertices have valence 7. The
vertex G¢(b1, a1, c1) is also connected to Ay(cy, ba, as), Bi(be, as, c1) and By(ag, c2,b1).
The vertex Gy (b1, a1, ¢1) is also connected to A¢(cq, by, a1), By(ba, ag, ¢1) and By(aq, c1, by).

Now the B vertices have one free edge, the F vertices have 2, the C and G have 3 and
the A have 4.

We look at the free endpoints of the remaining free edges from the B vertices, which
are denoted by H}, for B, and H, for B,

g % a 0 b oar e by e 400
t 400 a1 ¢ 0 by ¢ by ay —o )’

H = < -0 a; €1 0 b1 Co bQ az +00 )
b= +00  as 0 bg a; Co b1 C1 —0o0 ’

Notice that we have H; — (3,4) and H, — (4,3). Both vertices have valence 6.
Besides By, the vertex H;(b1,a1,c¢1) is also connected to E}(co, by, as), Cp(ba, ca,as),
Gp(ba,as, 1), Hy(b1, c1,a2). Besides Bt (b1, a1, ¢1), the vertex Hy(b1, a1, 1) is also con-
nected to Eb(CQ, bs, (11), Ct(bg, c1, al), Gt(bg, a2, Cl), Ht(bl, C2, al).

Now the E vertices have only 1 free edge (of valence 8), the C' and G vertices have
2 free edges (one of valence 6, one of valence 8), the H vertices have only 1 free edge
(of valence 8) and the A vertices have 4 free edges (2 of valence 6, 2 of valence 8). We
have make an "abus de langage" by writing the valence of a free edge instead of its free
endpoint.

We look at the free endpoints of the remaining free edges of valence 6 from the C; and
(), vertices, which are denoted by I; and I, respectively

o ca 0 b a b e a +oo
£ +00 ¢ az by a; 0 by ¢4 —© ’
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I'—(_OO C1 Q3 b1 Cl10 bg C2 +OO>
b= 400 C2 0 b1 ag b2 C1 al —00 ’

Notice that we have I; — (3,6) and I, — (6, 3). Both vertices have valence 6. Be-
sides C4, the vertex I;(b1, a1, c1) is also connected to A;(asg,b1,c1), Ap(c1,az,b1) and
Gp(b1,c1,a2). Besides Cy, the vertex Ip(b1, a1, c1) is also connected to Ap(aq,be,cy),
At(cl, as, bl) and Gt(bl, Co, al).

Now the FE, C, G, H vertices have only one free edge (of valence 8) while the A and
vertices have 2 free edges (both of valence 8).

The two vertices of valence 8 connected to A; correspond to positions (4, 4) and (6, 6)
for the O letter. We denote them by () and R respectively.

Q L -0 a1 C1 0 a2 b1 Co bQ “+00
T 400 as bs 0 a3 ¢ by ¢ —x ’

R .= -0 €1 ag b1 ai 0 Co b2 +00
T\ 400 e b1 ay by 0 ¢ a; —oo0 )

Besides At(bl, ay, Cl), Q(bh ai, Cl) is connected to Ab(C1, ag, bl), Et(bg, c1, al), Eb(CQ, ba, al),
Ii(a1,b2,c1), Ip(a1, c1,b1), Gi(ai, be, 1), Go(ar, c1,b1).

Besides A;(b1, a1, ¢1), the vertex R(by, a1, ¢1) is connected to Ay(aq, be, ¢1), Ci(cr,by,a1),
Co(c1,az,b1), It(c1,b1,a1), Iy(c1, az,b1), He(cr, az,b1), Hy(ei,b1,a1).

There are no more free edges so that one can hope that we have now all the standard
vertices.

20.8. Number of standard vertices. There are 21 orbits of standard vertices for the action
of G: Q7 Ra Sa Ta Pa At7 Ab7 Bt7 Bba Ct7 be Eta Eba Ft7 Fb7 Gta Gba Ht7 Hba It7 Iy. There-
fore the total number of standard vertices is

Ngt =24 x 21 = 504.
The default of I'(D) is equal to 2052 = 12 x 171.

20.9. Up to height 4. There are 3528 = 7 x 21 x 24 vertices with H; = 2, H, = 4 and
3528 vertices with H, = 2, H; = 4.

Therefore there are 504 cycles of height 3, each type and each length ¢ € {1,2,3,4,5,6,7}.

Therefore there are 10584 = 21 x 21 x 24 vertices with H; = H = 4, and 10584 with
Hy,=H = 4.

The number of vertices with H, = H; = 4 is 4104 = 24 x 171. Therefore there are
6480 = 24 x 270 vertices with H; = 4, H, = 6 and 6480 with H, = 4, H; = 6.

20.10. Cycles of height 5. There are 2016 = 24 x 84 cycles of top type,height 5 and
length 1.

There are 1176 = 24 x 49 cycles of top type,height 5 and length 2. Among these,
336 = 14 x 24 have two vertices of height 4, and 840 = 24 x 35 have one vertex of height
4, one vertex of height 6.

There are 576 = 24 x 24 cycles of top type,height 5 and length 3. Among these,
96 = 4 x 24 have three vertices of height 4, 240 = 24 x 10 have two vertices of height
4, one vertex of height 6, and 240 = 24 x 10 have one vertex of height 4, two vertices of
height 6.
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There are 360 = 24 x 15 cycles of top type,height 5 and length 4. Among these,
72 = 3 x 24 have four vertices of height 4, 72 = 24 x 3 have three vertices of height 4,
one vertex of height 6, 144 = 24 x 6 have two vertices of height 4, two vertices of height
6, and 72 = 24 x 3 have three vertices of height 6, one vertex of height 4.

There are 240 = 24 x 10 cycles of top type,height 5 and length 5. Among these, 48
have five vertices of height 4, 48 have four vertices of height 4, one vertex of height 6, 48
have three vertices of height 4, two vertices of height 6, 48 have two vertices of height 4,
three vertices of height 6, and 48 have one vertex of height 4, four vertices of height 6.

There are 120 = 24 x 5 cycles of top type,height 5 and length 6. For each j &
{1,2,3,4,5}, there are 24 such cycles which contain j vertices of height 4 and 6 — j
vertices of height 6.

Summing up, there are 2976 = 124 x 24 vertices with H; = H = 6, and 2976 with
H,=H =6.

20.11. Vertices of height 6. We consider the vertices V' with H; = H = 6. We call C; the
pure cycle of top type , height 5 through V', and €, the pure cycle of bottom type through
V. The height of C; is equal to 5 or 7, corresponding for V' to Hy, = 6 or 8. We call ¢4, ¢
the lengths of C;, C;, respectively.

Among the 840 = 24 x 35 vertices V with {; = 2, 288 = 24 x 12 have H; = 6 (they
are then the middle vertices of monotonous chains of length 6) and 552 = 24 x 23 have
Hp = 8: 360 = 24 x 15 with ¢, = 1, 120 = 24 x 5 with ¢, = 2, 24 with £, = 3, 24 with
ly, =4, 24 with £, = 5.

Among the 720 = 24 x 30 vertices V with ¢; = 3,

e 240 = 24 x 10 are linked through C; to two vertices of height 4 (A;/E}, Ay/Ey,
Q/Flh R/Ft’ T/Gt’ T/Glh Ft/Gt7 Fb7 Glh Ht/It’ Hb/Ib)

e 480 = 24 x 20 come in pairs linked through C; to a single vertex of height 4 (B,
Bb, Cta Cb9 Eb9 Eb? Ht9 Hb’ It’ Ib)

Among these 720 vertices,

288 = 24 x 12 have Hy, = 6,

312 =24 x 13 have H, =8, ¢, =1,
48 have Hy, = 8, 0}, = 2,

24 have Hb = 8, fb = 3,

24 have Hy, = 8, 0, = 4,

24 have Hb = 8, Eb = 9.

Among the 576 = 24 x 24 vertices V with ¢; = 4,

e 72 = 24 x 3 are linked through C; to three vertices of height 4 (B;/By/I+,
C:/Cy/Hy, Q/R/E}). They all have Hy, = 8, ¢, = 1.

e 288 = 24 x 12 vertices come in pairs linked through C; to two vertices of height
4 (P/Fy, P/F,, T/1;, T/Hy, F;/Hy, Fy/1p); 120 = 24 x 5 have H, = 6, 96 =
24 x 4 have H, = 8,¢, = 1, 48 = 24 x 2 have H, = 8,{, = 2, 24 have
H,=8,0,=3

e 216 = 24 x 9 vertices come in triples joined through C; to a single vertex of height
4 (Ey, G, Gp); 96 = 24 x 4 have H, = 6,72 =24 x 3have H, = 8,0, = 1,24
have Hy, = 8,0, = 3, 24 have H, = 8,0, = 5.

Among the 480 = 24 x 20 vertices V with ¢; = 5,
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e 48 are linked through €, to four vertices of height 4 (A;/C}/Ey, /Gy, Ay/ B/ Ey | Gy);
these vertices have H, = 8,0, = 1.

e 96 = 24x4 come in pairs linked through C; to three vertices of height 4 (B}, / E;/ Hy,
Cb/Et/It); 48 have Hb = 8,€b = 1, 48 have Hb = 87&, = 2.

e 144 = 24 x 6 come in triples linked through C; to two vertices of height 4 (Q/ F,
R/Fy); 48 have H), = 6, 48 have H, = 8,(, = 1, 24 have H, = 8,4, = 2, 24
have H, = 8,0, = 4.

e 192 = 24 x 8 come in quadruples linked through C; to a single vertex of height 4
(Ht, Ib); 48 have Hb = 6, 48 have Hb = 8,&, = 1, 48 have Hb = 8,[1, = 2, 24
have Hb = 8,&, = 4, 24 have Hb = S,Eb = 5.

Among the 360 = 24 x 15 vertices V with ¢; = 6,

e 24 are linked through €, to five vertices of height 4 (P/Q/R/F;/F}); they have
Hy,=8,0,=1.

e 48 come in pairs linked through C; to four vertices of height 4 (B;/C;/H;/I},); 24
have H, = 8,0, = 1, 24 have H, = 8,0, = 2.

e 72 = 24 x 3 come in triples linked through C; to three vertices of height 4
(E:/G/Gy); 24 have Hy, = 8,0, = 1, 24 have H, = 8,{, = 2, 24 have
H,=28,0, =3.

e 96 = 24 x 4 come in quadruples linked through C; to two vertices of height 4
(Hy/1;); 24 have Hy, = 8,4, = 1, 24 have H, = 8,4, = 2, 24 have H, = 8, {}, =
3,24 have Hy, = 8,4, = 4.

e 120 = 24 x 5 come in quintuples linked through C; to a single vertex of height 4
(T); 24 have H, = 8,0, = 1, 24 have H;, = 8,¢, = 2, 24 have H, = 8,(, = 3,
24 have Hy, = 8,4, = 4, 24 have H, = 8,(;, = 5.

Summing up, there are 888 = 24 x 37 vertices with H; = H;, = 6, 2088 = 24 x 87
vertices with H; = 6, H, = 8, and 2088 vertices with H; = 8, H, = 6. Of the 2088
vertices with H, = 6, H, = 8, 1224 = 24 x 51 have ¢, = 1 and 864 = 24 x 36 have
ly > 1: 432 = 24 x 18, with £, = 2, 168 = 24 x 7 with £, = 3, 144 = 24 x 6 with {, = 4
and 120 = 24 x 5 with £, = 5.

20.12. Cycles of height 7. We have seen that there are 1224 = 24 x 51 cycles of each
type, height 7, length 1.

There are 264 = 24 x 11 pure cycles of bottom type, height 7, length 2. 168 = 24 x 7
are the middle cycles of a monotonous chain of length 7. The other 96 = 24 x 4 have one
vertex of height 6 and one vertex with H, = 8, H; = 10. The top cycles through these
vertices have length 1.

There are 72 = 24 x 3 pure cycles of bottom type, height 7, length 3. 24 of these cycles
contain only vertices of height 6. The other 48 contain 2 vertices of height 6 and one vertex
with H, = 8, H; = 10. The top cycles through these vertices have length 1.

There are 48 = 24 x 3 pure cycles of bottom type, height 7, length 4. 24 of these
cycles contain only vertices of height 6. The other 24 contain 2 vertices of height 6 and
two vertices with i, = 8, H; = 10, giving 48 such vertices. The top cycle through these
vertices has length 1 for 24 of them, length 2 for the other 24. The other vertex of these
pure cycles of top type, height 9, length 2 has H; = 10, H, = 12; the bottom cycle through
it (of height 11) has length 1.

There are 24 pure cycles of bottom type, height 7, length 5. Their vertices have all
height 6.
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21. THE DIAGRAM [7,3](2,2)Odd

21.1. Alphabet, Automorphisms, Involutions. We choose as alphabet A = {+00,a™,a™ }U
Zs. The automorphism group is isomorphic to Zs, acting by addition on Z3 and fixing the
other elements of A. There are three time-reversing involutions, indexed by Zg. The invo-
lution I fixes 0 and exchanges £o0, +1, a*.

21.2. Standard vertices. There are 33 standard vertices. They are indexed by a letter and
an element of Zs. The automorphism group acts by j.X (i) = X (¢ + j). When ¢ = 0, the
11 vertices are

—00 1 =1 0 a at 40

1 0 at a= —o0 )’
—00 a~ -1 at 0 1 +o00
+o00 at 1 a0 0 -1 —

~
i

QO
i

400 at 0 -1 a~ 1 —

o
+
I

a
Il

)
—00 a~ 0 1 at -1 +oo)
)
)

CT =

C™ =

+
8
—_
o
S

+
|
Q

|
g

pr.—( —© 0 a -1 at 1 +oo)
= 1 ,

Do={ i 0 at 1 a -1 -

The involution Iy fixes P, ), S and exchanges A*, B+, C*, D*.

21.3. The graph I'(D).

S has valence 8 and is connected to S(+1), A*, B, C*;

P has valence 4 and is connected to D*, C*(1),C~(—1);

Q has valence 4 and is connected to BT (1), B~ (—1), D" (1), D~ (-1);
AT has valence 5 and is connected to S, Bt, BT (—1),C~,C~ (1);

B has valence 6 and is connected to S, Q(—1), A*, AT(1),C~,Dt;

)

C™ has valence 5 and is connected to S, P(—1), A=, A~ (1), B™;

)

D has valence 4 and is connected to P, Q(—1), BY, D™,
The default of the diagram is 3 x 28 = 84.

(
(
(
(
(
B+::(—oo 10 e at 1 4w
(
(
(
(
(

—00 —1 at 0 a” 1+oo>
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21.4. Up to height 4. There are 33 = 3 x 11 cycles of height 1 of top type (resp. bottom
type). There are 165 vertices with H; = 2, H, = 4 and 165 with H, = 2, H, = 4.
Therefore there are 165 cycles of top type (resp. bottom type) and height 3, 33 for each
length 1,2, 3,4, 5. Therefore there are 330 vertices with Hy(7) = H(7) = 4, and 330 with
Hy(m) = H(w) = 4. To each edge in I'(D) are associated two vertices with H; = H}, = 4.
Therefore there are 168 such vertices, leaving 162 vertices with H; = 4, H, = 6 and 162
with H, = 4, H; = 6.

21.5. Cycles of height 5 and vertices of height 6. There are 72 = 3 x 24 pure cycles of
top type, height 5, length 1.

There are 24 = 3 x 8 pure cycles of top type, height 5, length 2. 15 of these have two
vertices of height 4, joining P (i) to A~ (i—1), P(i) to Q(i+1), Q(i) to AT (i+1), B*(4)
to C~(i — 1), B~ (i) to C~ (7). 9 of these have one vertex of height 4 and one vertex of
height 6.

There are 12 = 3 X 4 pure cycles of top type, height 5, length 3. Six of these have
two vertices of height 4 (linked to P (i), A% (i — 1), resp. to Q(i), A~ (i + 1)) and one of
height 6. The other six have three vertices of height 4 (joining B™(3), C* (i), D~ (i), resp.
C*t(i),D*(i—1),B~ (i — 1)).

There are 6 = 3 x 2 pure cycles of top type, height 5, length 4. Three of these have
three vertices of height 4 (linked to C~ (i), D7 (i), D~ (i + 1)) and one of height 6. The
other three have four vertices of height 4, linked to P (i), Q(i — 1), AT (i + 1), A= (i + 1).

Altogether, there are 18 = 3 x 6 vertices with H;, = H = 6.

There are 27 vertices of height 6: 9 with H; = H, = 6,9 with H; = 8, H, = 6, 9 with
H; = 6, H, = 8. The pure cycles of top type through the vertices with H; = 8 have length
1. Similarly for the vertices with H;, = 8. Finally, the vertices with H, = H;, = 6 are the
middle vertices of monotonous chains of length 6: Three joining C*(3) to C~(I), which
are preserved by the involution; three joining D (i) to A™(7)/Q(i + 1), and three joining

D=(i) to A~ (i)/Q(i — 1).

21.6. Summary. There are

33 vertices of height 0;
330 vertices of height 2;
492 vertices of height 4;
27 vertices of height 6;

There are apparently 882 vertices in the diagram.

22. THE DIAGRAM [7,3](1)(3)
22.1. Alphabet, Automorphisms, Involutions. We choose as alphabet

A= {ﬂ:oo,O,ao,al, bo, bl}

The automorphism group has order 2, the non trivial element exchanges ag /a1, by/b1and
fixes the other letters.

There are two involutions Iy and I;. The involution I exchanges +00/ — 00, ag/bo,
a1/b1. The involution I exchanges +00/ — 00, ag/b1, bo/a1-
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22.2. Standard vertices. There are 16 standard vertices which are denoted by S(i), T'(4),

A*%(i), B*(i),C*(i), i € Zs.

The nontrivial automorphism acts by X (i) — X (i 4+ 1). The involution Ij fixes S(0)
and S(1), exchanges T'(0)/T'(1) and also exhanges X *(i)/X ~ (i), for X = A, B,C, D

and i € Zs.
One has

n
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22.3. The graph I'(D).
The vertex S(

The vertex A™(0
The vertex A~ (0
The vertex BT (0
The vertex B~ (0
The vertex C (0

The default of the diagram is equal to 26.

bo
bo

ao

ai

ao
ao

bo
agp

by
agp

b1
ag

ai
Qo

by
a

bo
a1

by
aj

0) has valence 6; it is connected to A*

The vertex 7'(0) has valence 2; it is connected to AT
) has valence 4; it is connected to S
) has valence 4; it is connected to S
) has valence 2; it is connected to .S
) has valence 2; it is connected to S,
) has valence 3; it is connected to S(1),

The vertex C~(0) has valence 3; it is connected to S(1)

= —

22.4. Up to height 4. There are 16 cycles of height 1 and top (resp. bottom type). There
are 80 vertices with H; = 2, H, = 4 and 80 with H, = 2, H; = 4. Therefore there
are 80 cycles of top type (resp. bottom type) and height 3, 16 for each length 1, 2, 3,4, 5.
Therefore there are 160 vertices with Hy(7) = H(w) = 4, and 160 with Hy(7) = H(w) =
4. To each edge in I'(D) are associated two vertices with H; = Hj, = 4. Therefore there
are 52 such vertices, leaving 108 vertices with H; = 4, H, = 6 and 108 with H, =

4,Ht = 6
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22.5. Cycles of height 5 and vertices of height 6. There are 44 = 2 x 22 pure cycles of
top type, height 5, length 1.

There are 22 = 2 x 11 pure cycles of top type, height 5, length 2. 6 of these have
two vertices of height 4, joining 7'(i) to C~ (i — 1), BT (i) to C~ (i — 1), A (i) to
C~(i + 1). 16 of these have one vertex of height 4 and one vertex of height 6 (from
S(i), T (i), A= (i), B~ ()C* (i), B~ (i), A™ (i), B*(i)).

There are 12 = 2 x 6 pure cycles of top type, height 5, length 3. Four of these have three
vertices of height 4, joining T'(¢)/B~ (i — 1)/C* (i) and A*(i)/A~ (i — 1)/CT (i — 1).
Four of them have two vertices of height 4 (T'(i)/B™ (i) and B*(i)/A™(4)) and a vertex
of height 6. Four of them have one vertex of height 4 (C~ (i) and B~ (4)) and two vertices
of height 6.

There are 6 = 2 x 3 pure cycles of top type, height 5, length 4. Two of these have
one vertex of height 6 and three of height 4 (A*(:)/B~(i)/C~ (%)), another two have two
vertices of height 6 and two of height 4 (B (i) /C*(4)), and the last two have three vertices
of height 6 and one of height 4 (7'(7)).

Altogether, there are 42 = 2 x 21 vertices with H; = H = 6.

There are 80 vertices of height 6: 6 with H, = H;, = 6,36 with H, = 8, H, = 6, 36
with H; = 6, H, = 8. The vertices with H; = Hj, = 6 are middle vertices of monotonous
chains joining C*(:)/B* (i — 1), B~ (i)/C~ (i — 1), B~ (i)/B™" (i). Of the 36 vertices
with H; = 6, H, = 8, 24 have a bottom cycle of height 7, length 1 through them. There are
4 cycles of height 7, bottom type, length 2. Two are the middle elements of monotonous
chains of length 7 joining A* (i — 1) to BT (i) /C™ (7). The other two, linked to 7'(i), have
an element of height 6 and an element with Hy, = 8, H; = 10. There are also two cycles of
height 7, bottom type, length 3. They join T'(¢), B* (i), C~ (i — 1). There are 4 vertices of
height 8, 2 with H, = 8, H; = 10 and two with H; = 8, H, = 10. The top cycles through
the vertices with H, = 8, H; = 10 have length 1.

22.6. Summary. There are

16 vertices of height 0;
160 vertices of height 2;
268 vertices of height 4;
80 vertices of height 6;
4 vertices of height 8.

There are apparently 528 vertices in the diagram.

23. THE DIAGRAM [8,4](6)E

23.1. Alphabet, Automorphisms, Involutions. We use the alphabet A = {400, +1, +2, +3}.
There is no non trivial automorphism. The involution exchanges d+-co, £1, £2, £3.

23.2. Standard vertices. There are 44 standard vertices. Two of them are fixed by the
involution

x> 2 -2 1 3 -3 -1 +o0
T\ 4o -2 2 -1 -3 3 1 -o0 )’

Vo —00 2 -1 1 -2 -3 3 4o
T\ 400 =2 1 -1 2 3 -3 —x )’

The other 42 come in pairs of vertices exchanged by the involution.
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P 1 3 -3 -2 -1 2
T\ 40 2 -3 -1 =2 3 1
P -2 31 2 -3 -1
"\ 40 -1 -3 3 2 1 =2
U+ - —©o 1 -1 3 -2 -3 2
"\ 40 2 -3 -2 1 3 -1

U=~ -2 3 2 -1 =3 1
"\ 4o -1 1 -3 2 3 -2

+00

+00
—00

23.3. The diagram I'(D). Four vertices (X, Y, A*) have valence 8

e X is connected to F*, G+, H* I+;
e Y is connected to BT, C+, D+, E+:
o AT isconnectedto A—, Bt L* Jt Kt M+ Nt;
Four vertices (B¥, O*) have valence 7
e BT isconnectedto Y, AT, C*t DT ET K+ MT;
e OTisconnectedto CT,JT,QT, RT, ST UT, K.
Six vertices (C*, J*, K*) have valence 6
e Ctisconnectedto Y, B, DT E+ OT,QT;
e JTisconnectedto AT, HT, Nt Ot S+, TT;
e K™ isconnected to AT, BT, G, M+t , O~ ,R™.
Four vertices (D*, F*) have valence 5
e DT isconnectedto Y, BT,C*+, Et, PT;
e Ftisconnectedto X, It Lt Rt T+,
Twelve vertices (B, G*, L*, M*, P¥, Q%) have valence 4
E™ is connected to Y, BT, CT, D*;
G™ is connected to X, HT, KT, Q™;
Lt is connected to AT, F+ L~
M is connected to A*, BY, KT, P~;
PT is connected to DT, NT, U, M~;
QT is connected to CT,GT,07, Q.
Six vertices (H*, N+, R*) have valence 3

e HTisconnectedto X,GT,JT;
e Ntisconnectedto AT, J*, PT;
e RTisconnectedto F™,07, K~.

Eight vertices (I, S*, T+, U*) have valence 2

It is connected to X, F't;

S¥ is connected to J*, OF;
T+ is connected to F'+, JT;
U™ is connected to OT, PT.

The default of the diagram is 99.
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23.4. Up to height 4. There are 44 pure cycles of each type and height 1. Each has
length 7. Therefore there are 264 vertices with H; = 2, H, = 4 and 264 vertices with
H, =4,H, =2. Foreach ¢ = 1,2,3,4,5, 6, there are 44 pure cycles of each type, height
3, length ¢. Therefore there are 660 vertices with H; = H = 4, and 660 vertices with
Hy,=H = 4.

In view of the default of I'(D), there are 198 vertices with H, = H; = 4, 462 with
Hy, =4, H;, = 6 and 462 with H; = 4, H, = 6.

23.5. Cycles of height 5. Among the 462 vertices V with H, = 4, H; = 6,

the length of the top cycle (of height 5) through V' is equal to 1 in 160 cases;
the length of the top cycle (of height 5) through V' is equal to 2 in 116 cases;
the length of the top cycle (of height 5) through V' is equal to 3 in 92 cases;
the length of the top cycle (of height 5) through V' is equal to 4 in 60 cases;
the length of the top cycle (of height 5) through V' is equal to 5 in 34 cases.

There are 96 pure cycles of top type, height 5, length 2. 20 have two vertices of height
4. The other 76 have a vertex of height 4 and a vertex of height 6. Denoting by C' the cycle
of bottom type through this vertex

the length of C' is equal to 1 in 46 cases;
the length of C' is equal to 2 in 22 cases;
the length of C' is equal to 3 in 7 cases;
the length of C is equal to 4 in 1 case.

There are 59 pure cycles of top type, height 5, length 3.

e 9 have three vertices of height 4;
e 15 have two vertices of height 4 and one vertex of height 6;
e 35 have one vertex of height 4 and two vertices of height 6.

There are 32 pure cycles of top type, height 5, length 4.

2 have four vertices of height 4;

6 have three vertices of height 4 and one vertex of height 6;
10 have two vertices of height 4 and two vertices of height 6;
14 have one vertex of height 4 and three vertices of height 6.

There are 16 pure cycles of top type, height 5, length 5.

1 have five vertices of height 4;

1 have four vertices of height 4 and one vertex of height 6;

3 have three vertices of height 4 and two vertices of height 6;
5 have two vertex of height 4 and three vertices of height 6:
6 have one vertex of height 4 and four vertices of height 6.

Summing up, there are 275 vertices with H; = H = 6. Denoting by ¢ the length of the
bottom cycle through these vertices

¢ =11in 131 cases;
¢ = 21in 75 cases;
¢ = 3 1in 49 cases;
¢ = 4 in 20 cases;

23.6. Cycles of height 7. When ¢ = 1, the bottom cycle has height 7. When ¢ > 1, the
height may be equal to 7 or 5.



EXAMPLES OF RAUZY CLASSES 65

There are 40 vertices with H;, = H, = 6, 235 with H; = 6, H, = 8, and 235 with
H, = 6, H; = 8. Among the vertices V with H; = 6, H, = 8, the length of the bottom
cycle of height 7 through V' is equal to

11in 131 cases;
2 in 59 cases;
3 in 33 cases;
4 1in 12 cases;

There are 45 cycles of bottom type, height 7, length 2. Among these cycles

e 14 have two vertices of height 6;

e 26 have one vertex of height 6 and one vertex of height 8, with the top cycle
through this last vertex of length 1 (hence height 9);

e 4 have one vertex of height 6 and one vertex of height 8, with the top cycle through
this last vertex of length > 1, height 9;

o 1 have one vertex of height 6 and one vertex of height 8, with the top cycle through
this last vertex of height 7; this vertex has thus H;, = Hp = 8.

There are 16 cycles of bottom type, height 7, length 3. Among these cycles

e 5 have three vertices of height 6;

e 7 have two vertices of height 6 and one vertex of height 8 with the top cycle
through this last vertex of length 1 (hence height 9);

e 4 have one vertex of height 6 and two vertices of height 8. In all cases, the top
cycle through one of the two vertices of height 8 has length 1. In two cases, the
top cycle through the other vertex of height 8 has length 2, with the new vertex of
height 10 but inessential. In the other two cases, the top cycle through the other
vertex of height 8 has length 3, height 9.

There are 6 cycles of bottom type, height 7, length 4. Among these cycles

e 2 have three vertices of height 6 and one vertex of height 8;
e 2 have two vertices of height 6 and two vertices of height §;
e 2 have one vertex of height 6 and three vertices of height 8.

There appears to be 8 cycles of height 9, top type and length > 1

e Three of them have length 2 and contain one vertex of height 8 and one inessential
vertex of height 10. The vertex of height 8 is linked to P in one case, to £~ /P~
in the second case, to 7" in the third case. The corresponding inessential vertices
are

- -1 400 3 1 2 -2 -3
400 —00 3 2 -1 -3 1 -2 )’

(—oo 1 400 3 2 -3 =2 —1)

—00 -3 -2 4 3 1 2
400 —00 1 -2 -3 -1 3

N =

+00 —00 2 1 -3 -1 3 -2
e Three other cycles have length 2 and contain two vertices of height 8. These
cycles are the middle cycles of monotonous chains linking G~ to H+/S* (for
one cycle), T~ to R~ /U~ (for the second cycle) and R~ to S~. The vertices of
height 8 on the G~ (resp. T, resp. R™) side are
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—00 1 +o0 3 2 -2 -1 -3
400 —00 2 -1 1 -3 3 =2
-3
2

(oo -2 400 3 1 2 -1

—o00 =2 +oo 3 -3 1 -1 2
400 —o00 -1 -2 -3 2 3 1 )°

e One cycle has length 3 and contains two vertices of height 8 (linked to S—,77)
and one inessential vertex of height 10 equal to

400 —00 -1 1 -2 -3 3

—00 -2 40 3 1 -1 2 =3
(+oo —-oc0o -1 -2 =3 1 3 2)
o The last cycle has length 3 and contains three vertices of height 8 linked respec-
tively to R, ST, T, The vertex linked to R is

—00 1 400 3 -2 -1 2 -3
+oco  —00 2 1 =3 3 -1 -2 )



