Imfommal Lot euf ares  on He
Wnem cal  dnveshgalion Oﬁ e “toﬂ wmodel "
[ M. Birkelowd - J.Cv Orfa.y - Sept. 9]

Reeall Wl e "Dq Ao ded 45 qiven 5(3
A

(—*) N () - j4 S(ay N{(t-a) MAF(t—a)MW[t—o))olo_

o
whete  E 15 hwe aud
« N as Hhe ackive horulakion wilth age 3 A,
- Ay ds He aaximal age
~ A, ds He mahuokow age ;
- O 4s Me imosterdrat Aunsival hafe ; we take  S(a): A %4 .
- /WLP(H/CS He Aeasonsl haromeler : Hwe is counfed i years
with 0 ¢<pg A, onhas mfm:‘lo if osEsPS»md»I

1 it psEscl
[€ as He lugH, of e winfer |

“_r_ m (NY s Hae Lawuow-nj rafe ot wepachve) hopulabon N 3
1we A-ako. At Of |‘eu_ (:o'LM .
My N gA
m{N) =

AMON—“NJ 4_‘_[ NI

The model M depends on  five fanameters Ao, Ay, P, Mg, Y-

We toule olweys A,T_:Z and  most of the bHwe e

/

teo k m,= 50 . Oun F{wob.'m]s nuggat ((res Commwfarj
later)  Hat i+ Avvuld be s dner Figabing rhighty  lower

Valuesr of g, .



@ Unsearonal tucded @ p = 0.

@ We have Hew an  equilibtium (comtaunt Solubion) ak

- [me R gl
provided I—ﬁus Guoank hy is > 4 [ ik ois Sofor fuy reano wasle
Value of Hue jonoiueders J, De,F{wmg [ see text Ollober 199%]

il aA
AN = f Slay e " da
A
° — Aoh ~AN
=(d (4= 2)_ 2 e L1 e
A Ad AlA’l >\LA4

the elgumvalues ob He equitibrvium  are e Complex numbess

A Mok oua of-

LObserve Rat  provided Neg>4 , e naraweler 4, does ok
tnkr Ln He dibassion of Ku  egenvalues, Gud in horkeular
of Hu ohwsilihy of B oquilibtium J. One expeei that
(for wanonable values of ALY [sec Ock, 1993] ;
— e oqemes of He equakien
Tm F-iw) = © , M>o0
(whee Fl-iw) = W (A= Ao e Agu +u"1A,“(sm¢u_mA,u)>
J?or My & My < My Ko

Wik

Re F(-4iu,, ) < Re F(-iu ) <O

. i+
Re Fl-iuy,,, 1> Re Fl-ilky,,) >0
[ Huis is awn{’;j proved  for lage & for Hu first |
Voaluer of bk, one mieds a dirct lomputahon .
MVe checked, Bat Hais is Jhue for Several  siquificant

Voulu% D-f- Ao .



©

We  auso Comhuted Hie values Ay = U, (Ao) ; My = L(?_(Ao).._
Then  Ave p&wow Hrot
. A A 2 . -
- Y < A 4 = (/1-—.50) |F iud] = Y (AL)
4
the equilibuium s dable.
~1
—_ Avpa_ PAo\E - =
Her ore Exad»@:_j swe fwo  (cowplex Cowjuqale)
Umbable  egenvalues
. 3 — . d|
— 4 B (A <Y < A Aapal ‘;_c:) | Fl-iuy )] =, (A))

e ore exaely Rk umestable eigenvalues
(k poirs of wplex Conjuqales) .

Ac,mu% ; Vo, % do mob dypnd wmuch on A, a
l"érvlc:od volue ?or‘ Pb"o is ~ 6.0 , O Ltghl'cal velue for'

F’l A5 A 30,

As ¥ sncemse  Hiough ¥, Cfor Pxed A,
one  exjeels o M@i (ser Appeuclix 17 ;
o abhackng perodic  orbit ds  bor ak e
egad Bhaiwm  ( for ¥2Y,) aud alliady, all soluhons
neor e equilibrium  for ¥ > ¥, (close B ¥,)

Cexeepr Hu  equilibrium  Absedf J.

RMIL: Wilh some  eony worle @ucndHu'ug_ (n His  Sechon

Cowlad  be Juoved in a Cowplelely rgormus way .



@ for T > Yo (AS) (= 6.?.) He equilibrium is no
0w phable  and Mo altewbon

wnfches o HBu shable
Moow, st benia ‘Fuowm Ko

Quibvium ot Y=, .

We followed  Wais mumenieolly  Huis  juaiodic oilait

dor e omng  valwes of ¥ ( A laging fixed) .
) it neems Hatb K /faal{.ocuc
ount  foses tfs mrm-&;h}

e dance As Mok

Af'DuMOL ¥ A~ 9.2

Mo mumerical

we have for  Sowme wifical

vabue Yol ¥ o Hopf bifurcarion (for o benodkc
rit , nee Qppenchix ) giving  mse for Y5 ¥
o quaripmiodic mobion ; He duarbuicdi obiG
Ahoulol Bl o 2- dimewvional o

An 80 - dimemional
bhae aloac

W

omd  we bl oble to W\H'gu.ah"ge_

Ris Foun [ o£ Nepwsremtah on [N (E), N(t+n), N{t+2) ]
eplaived later WJ .
Rewark : The

malboumoatical  Heowy of He Hopf bifurabion

but to  dheck n'qol‘ounﬁ% ot
Con dikhens *Qor Lt

45 ey ) e wadhes

bo occur ot pohisfied
would  fucoobly reguire

in  eur (one

rome  hoin ﬁu,?. wonle .

@ For O KLYy <2 Ak

/

as ey B pove  Mab all
nobons are althaded [mJ e nhble equudibaium -

, Bis is nhll tfwe

mear e equdWbriwm .

——

For Y < ¥, (x6.2) 'ﬁor all soluhons

However |, e did Aid_obserse  Nowe olable perodic

nbite far__hom He equibbriwn for crkain



Volwe of ¥ (~ L) wik Y >¥ 2.
Following e shable |jmiodic abit  Jor {ncasommng
Males  of Y, Hey persist Kl Sowe ralfer large
valwue of Y oand Hun disapear.
Bok. Hu bicth and B death of His “large”

Jhunodke  mbnks ol be explained by  saddle-mocle bifuaalions
(See Appudix 37,

TL& daseononad  amodel 1 phaoke athacdors .

Witk 1?014/‘ Shoarameters o PPG% tari [/W‘o;Ao,(’, “{]/
& pystewmahe  explorakon  of horouekr Hpace  As

‘B\OPLQMS . Aghu powe  eélucaled quenes

, we

‘ﬁowud hwo  aeds of  haramekr values  wohich
ox b hik Mfuwe,ﬁa Alni’er\eo{—ima dymamies  on an
Ofem  Region of  phare Naw.
Tn both cmes , He Nrabouary regiwe

Aows B be o s disevional  nou ety
bipoe oo Do Agudic 4] bar W
Cjbomeha_ of He phae Apoee Anvelved  nesus
b he rolar  differnt i owt case and He ofar
The gt hoo el od ferametec values are :

STRANSE ATTRACTOR

A= 025 [ A =2] , M= 50, Y=%, p=0.34

Poz 018 [A=2] , m, =50, ¥=825 0= 00i

L we qer someHimg mwmilar with Ap=0.5]
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TAney.
First  dek e correct o slight (animportant) mistake in [ Ot %],
Ta e mmsearonal model | He phase 2pa@  is mot  He produck
Y x VR/Z as shated Hue @ indecd the condikon

Aq
@fo : N (o) = S S(a) N (-a) m [ﬁ(-a)) Mo (t,—a) da
AO

denemds on by (mod 1) and  defines on  Fwpecsurfac Yto
(ie codimemsion 1) of the tpae C of  conkinuous
funchons N ow [—A,,0] faling  fosikive values .

The phase sphace  ds

#* ~
Y = %Lth)!teR/ZJNem:}
(¢b is not  quite a hooket) . The Gynamics LTS)S,/O
e KU qiven by  Hhe Sewiguoup law TS T2 T+ aud

A ~ ~
T (t, N ) = (t‘-&—/,\ (mod 7, NS)

where , for 0 ¢4 ¢ A, we have

e

N (—-a) = N(s-a) if 0¢b ca & A,
N (-a) = | S(Io)N(s—-a b)AM(N(S—O. b)) w vfo) db
'AD

Aﬁ o.sa._é/b .

Awﬂwaﬂ , we  wawk o fook at He map
A
T . \(O B \(o
(,Uue— Could also cownider T3 : \(t‘o —> \{to wohich

i}

gives efanaLLg) e Aawme" Ghdhawuiob).
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As  explained 4w Oppuclix 5, Here ds o cowact subser
T, of Ny suche Hat
W TR e 'K,
(41 for oy N € Y, , wehave TRow e 'K,
for all large k.
We Heu define the atrador
No = Mgo*r‘“(%{o),
it Hae folouiug juoperhes
@ T A=A, 5 A, 4s compad
G4v) dor ahy Ne Y, Hw cistence of T&LN) o Ag
Goor B 2o a5 kR Qows B 0.

R H. /\D, )-J’(O e Compett oubsels of e wmehic space \{o,
Ko dislame hting He wnifeym  nown

IN — N i = Max | N{s) — N'(ay)
-A“gdgo
The good ."exi.ua wi . Compact ek s Hat lﬁ.o,g chn
ainy
be apuoximaled by fuwife et :Por\/a> o,

o fhere  exist  (imite e-dewme auabsels , R , weaning
Mt Gmy  poinf in e Compact nel 4s af
dishane <& fom 0 hoint in R.

Denote 5‘3 rle) the winimal corolinaliby of such

o subset R [_]?or a  Aswmoo Hu  Curve we hauve

o) ~ el o, for a Hwoolh purfae e NE'—.?TJ)
e 1[r*cw,h:d Ol wl2wm o n of e Cowpact get s
L “’eo_‘ﬁf_{f)
-ﬁoa[ e—!

4.e ey ~ " dim [ He bwwt deer not



Qways exist ; Hen owe lukes  Limsup.- ) ®
Now He cougad set I, s afinik  dinewional

but  on  qemral  Jrindples  [nob  explained herw) He

alhadtor N, ohould ke heve FL“L{}\,MW@DO/

Row  one Ohadld be oble 13 viqualiae 4t i
AT AN
Hf\ﬁ- ‘EOUDUNVL% way US{VLQ K ioilourivu}

We: ek £ ow [prkawp 00 - climennonal ) vector space.
and. N < £ o compat mbst of finite frackl dimenson D
lel- & be aw infeger > 2D, Then , [for
He "c[w@ral Y Linear PmJacHow f; : E —» R%
He map h i eme-Fo-one on A and is
Q ‘Bvome,omorl:%x‘sW\ owls i smage F(/\)C_ R

e

IV\ sut cane B 4w Al olf Conhinumous %mch‘ou/o
N on L—-A,, 0] He nimP«PM\L brojechions
Hat ene can Hink ofﬂ hoave o {—%M

3
N — (N a), Nia,), Nirg) N(sg)) e R

whee  — A, <4 <A, < <Ay €0 aw any
Q{xad values . o qu,l- A ,cmaqe. on Hwe »ereen

We /{'B‘O"& "ﬁ:g y A4=“A4—_;2/42=_4/ /13::0,

/

Let- N e \{o be an dnihal aowu(-;ow/- the

Aek b£ Aivit /twivd's of T&CN)} on ?Qz—-) +00,
45 calledl e w-linut et oﬁ N, dewofed bé

w (N) ; At 4s Compadt | dnvanan!t  under "T"/
and  Cowlained in /\o O.C&olol»{ug 1= (LU) Abeve .



&)
Reing opfci%&f&& ophimishe , pme Could hope [axpc,l-?)
that  the Jull ottiackor can ackually he wnitren
Oa 0. Oigpint Rl wion
ger pome  Gppwpmate inibal Condibons Ny ,..., Np.
AWLA way , At ds  importaur B oundestound o (N)
ond  Hhe danewwwa T, w(N) — IIN).

Reowork: For He quowv puaieolic wmobion tn e unseasonal ave

—————

A
we exject @ 2 - dmtumo nel {-o't,w.\ iw 00- dim o nal

phase Cane j lo Gef an dujechve |jojechion requd wo
& Miod kR=5 . Wik k=2 (o we did) , what
we hae neen  fooks inclad lke o loun

nelf infersechng along prowe Lnss .- [as ¢k shoulsl]

Tn fhe remonal tare, Jor Hue hoo nels of ferameler valuge
memhoned ebove ; me aee able o Hnd inikal
condibowr N auch Hat | a}*mwﬂiﬂ
4 < Dim (wiV) < 4,8

meoning  Hab k= 3 should qive an injective

Ao jechon  allowing o vigualine F(tu[l\l)) - Rg.

What we did  4n prachce. , atoaking  Awile

an  opmopniste  dnihal Coudition N ow [-A, 07 was

/‘3 ‘{"o &ow.pwl'e e C,O’Lwahomouug_ % Aoeu,h'om.
N({(t) , e<teT

way

(o Ha tﬁf s1oo0 ears,



2) o ,Veor ,ﬁar 50 ¢m < Aooo m dinteger , He hoink
X, = [N@s-21, Nla-n, N) € R?
(which are pmecisely , willh p(N)= (NE2), NE=D, N(o)),
the points  p (T (ND) )
QM/t; one hos to skt at wnz So to be rcasonablc{
Confident Hat T"(N) Is close b (o(N),
Remark 2 . in holh cares cowiclered , we discovered Hat
w (N) 45 amade of % W, (N}, oy (N) e,
2x chaungeo 5\3 T Auch  Hiaf
e TN (N} —> o (N)
T 2N —— w, (N)
[ w, Correnho nding bo low demibies and w, fo
high deumibies ] . To plot pLs (N)), it s

Mfficent to cowider X, 50 & 2n & Aooo,

3)  we chedied (ab feour 1 oue cane)  Hat  He
3 - dimewvional  profechon p 4s ok we book
a swmall Box un R> Confaining 30 hoiwl
XM{ (10 € 30) ;  Jor thue Hwme m, ,
e Rnow Mot Hie Nin) are close to each
W each olher 0& oame Hue Nln; 1) and Nln;-2) |
mnwe Checked  thet e funchows N ({m;—4s)

_A/1 < A& O, ore Ochuolly W(ﬁof
A

ol — A4

4

L) We checked (for Hese sowme Hwea #) o
Mol by B dnibal Cowdibon , and a Guor- ke
phnche in Bo pask  which e fypical of



@

Chaokic altaadors 2 Cowni clering e funchions N (n —4)

(4 €7 €30) , whith ore uniformby close {or - A ¢4 40,

e ohnevved  Rot I—Bw,% diverae tn a ralhar

Anini Lorm woy -:Por A> 0O ohile W\eg di verqe
B% ”hacke.l's Y der A< — A, ¢ ose He bichire 19%{
H. Aickelano om  He  Compuler.

5) TThe dynawics 4%

o‘oviow)ﬂd XM — XMH (ach:,o.u,g_
X?.V\ — X

onez e Ramark 200 we ove infertsted

A WlNY) by Aclembi Pying  on e Aereen
He sueeomive X, , one ds able 1 Qurent
what He amap TN wiN) — w(N)

(or T* . Wy (N} =i, (N)) dhould doole ke

| Se Ayeudix L]

—
/ ~ 7
WHAT & NEXT ,

Thee ar (aF Leark) 2 Wnesr of twveshoahon Hhat ome  ieewdd
Muogest  Haumsebireo

@ B etrer wo\ers\*aud/iug of e hoo chaohe ettrackors -
@ Purmiwj e inveshigahoun of borawmeler Sprée  tn
Ke  searonc toy model : Here is Cerj'a.il/\&j mutch wore

o e

@ Going T more Comphicaled wodels, l'mdud\‘uc?

amaleenal  effects ...



(42
My feebing 4 Hat ® oshoutd be hostponed Hll
e geb o befter @e:laundersi'omd/iuc] of e
oy amoclel , which  serves as a  reference .
L wil give  helow  nome inclicabions for D aud (D,
bub e o only  general Quidelines  which
dhoubd ke adapled B what Comer eul of fae

N Labiowo ,l

@_ We fix dee ove 8f Hu hwo ses off [erameler values
For‘ which o chaobkic alheclor way dedlected.

(). Wik a “ooo-yeor kme nents , mwe hawe only

$500 foml o duwaw pl, (M)in R Oue
meeds & mwuch Longer | 50,800 ko loo.boo Years )
e et Lond diseod Mo st e Sl

@ Wit nay a ~30,600 pte  finile  appoximabon fo

w. (N L ebraw it 1]
0 Ko = (N(Rn=2), N(2a=n , N(2u)

o “1 2.
= (xz,\, Xow + X200

focated sn a box B :
Mo € X% & XDk = X2 4 AX®

-1 1 1 A -
XMA;V\ é X g; X'L\Aﬂx = XINU‘M 4 AX

' 2 i 2 2.
XMEV\ ¢ X < X\M@m = xmfn + AX

©we can do Ha Ppl{pun'uq ot Cure

" = divide B° an % Laxes B: (4¢ie8)
i Sidea %AXO/ _‘.lAX4, i!"_ AXZ/-, discard
Rose boxes which do not contain Ay in



@2

- for gach box B: which 45 {?e(lf- ,  dade iF
Awnlp § boxes B, milh sides LAXO, L AK‘,
g L 4

_‘:_ AX* ; discardl Hose  which oo nol™ tontain Quy A,

— Jor each box BS . (wilh sides 27%AX?, 2k A
44"-4‘4 /

27EBXT) ohich ds &Pt , divice 4t ik 8 boxeo
Kt | . =kl py O pmkedp oA =kl L2
644___.@_” of mdes 27TAXC, 27TAxT 27 Ax

and  discard Hiok which do ot Coufain any X,
_ C\:){'o‘o this chw ot He firsf infeger 10&0
for‘ which He  muwm ber of boxes B (3hith Coutain

some X, As > 3.000,

© Fragal dimupion:
For o< k¢ ®,, dor Ty be He number of.
boxe BE---E,Q oF  Qeneralion & which (ouhain
Aome thl Compute , for %s kchke (say)

He Poiwt;

Tﬁwq should (1 21) be wmore or lom ou a tine
Hie oope of tohich  would be Hw fisch! ditatunion
lhe atviackor
A My 7~ 3000 one can hechaps (77)
ek kg & Gor o and Hus qeb A 5 hoinks
bo draw e fwe L7



" W @
@ hugpurey_enponeuts

\ ke AN
0 Covu).def ofw@«é Hoose boxres Biﬁ“'dko Bvﬁ the l
Gunadk on qohich coutain ok font Ao (say) hoiub ;

o Lor wew  Much box Lok X, Xom. Hor
Conerjoncling  hoint ( Huwe N 3 A0)

o ior %’1 SA:(_JS’L/COMPLLre

Dlij) = Max INC2m+t) = N (2w +t)]

—24<t¢0
D+ (zi,é') = H&x l N (2n; +£) — N (Q'Mé+t)‘
OD¢EL
D (¢j) = Max [N (20 +8) = N (20 +t)]
-k £E£¢—2

[ £ 4s hee a " conbimuows” voniable,  mieaning 240

"MEeps ' if eme ames A20 sleps [ apear ]
. e
o Compute  AT(i,5)= 2 (44)
DU, )
N (4,3) = P HY)
DU‘/C}')
ko
o for Hu box B = B{‘___ o whih ds Cowsidered ,
defing
Qﬁ‘ >\+CB) = HO\-X /\+(C/c}')
/Iéu.:d'_d,r

A (B) = Max >\—(1',3')

A& &) 4T
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° &P,or‘ e box B [in Mo 3P representabion)

Qc&nobtmg o e value of AT

® DO I"BLQ

name /DU't!'B\. /\—.66)
s Do

e Aame awith He produck AT(B) XT(B).
° I+' Md, be. QOod Lo do l’&i Aawl O 0L'90U‘6
wilh  He relabive disbonces

N\
P(‘L/cl. ) —_ HQK

ﬂ(QnL +E) ~ Nf2ﬁ+t )

T2¢tco N (2n; +t)
d&p&'M DL% 01'Wlarlné_ A
N\ \ +,. -
D), Dy, Nij)= Dld)
~ D7)

-\ A
Ao, AT(BY , AT(B)....
ond. bo compare M hichues.

@ C@\chduq Hra QMMM OK. Be altados .

A hoow ble  Qeo wh@ ds suqquled af We cud of.
prd:‘x L; T mewd ko Wink o on Hu ways  that
one cowld chelk lhat He quen s rght.

@ Ex ploring  [oromefer opawe .
Keeping A, =2, we hove NHHU 4o b |eramelers wmg, Y, P/Ab
M wo Myshwabt  xporabion 45 fosable.

Trawibon to chaes " (L we keep here i, = 50
Consider  He 4 hwo ik of horameler values
Pr = (Ag=0.23 p= 034  F=8 )
Fr =(PAs =048  p-oM1  Tz8.25)

{:or which s Chaohe allackor was observed |



a9

Choore. Hurd ek of horameler value | with p=0
(wms eanonal wodel)  for which

Por imkane

%:(AO=O.’|/ P.—:O/ X:é)

we have & Aable equilibyum,

Mhould  do (,I?woi‘ bake ¥ olightey pwaller),

One wanb  to &t e horameress  Vay S_ng_(&
along e 3lings  which join  MHese Huee poinG

An hanoumeber space. [ S0 pB per ling ohoufd be ok

Whar  we womt bo know , for each fer of forameler
Vales AS

— wheer He selulion is hedodic , awd ,if yeo,
which is He period !
— whew 4F A5 mot jewsdic , what He athador”
Cooles Likeo 7
One  could (!?) pwwed on follows ( Hare wmay be beffer ways)

% ‘Eor each new harameler |, choose g@’% e
Jmikal  data  (see bedow) |

« Aok A run Jor S0 Years (oa;ﬂ/- drow
P points Xﬂ&@(m?—z), N{u-1, N)) for
Ao &n £ 50
*  Af ab rems Wb we have onby a fwo hoiul ou
e mwen 2oy £ 8) , fhe solukon 4is  haiodic
aud e wuwher of polul is e pedod 5 olfeswise
* offwnrse | ene  shoudel compute the solubion for
500 years (say) , oumcl ook again ot Ko Q(M)

fte e d
50¢n< $o0



1::]'/\,5[,00.;1 . L [Lu‘p, Hoar # one Mowldlnt  hawe oo

Mugid  phalegy \f.\eﬁowhauc{ . One dhoudd Qdapi' ik

o He mhohows eunounkeed .

Remork on 4mibiol conohBows: For many el of Jorameler
R I i e N

Hat e hawe Aereral  Alable A
reqinsd , ach Awith s swn  barin of aliacdion ; Rerefore
e cheie of wikal condi Hous A5 Awportaut Jor ivshkane
\Qar the horameler  valueo

Js also @

valws , 4F apeers

qiving Chaohe aﬁ/Tadrpcs} Hure
steble fernchc bt ( f{ar $ow fho affrackes),

Whew ewe i a sk of Jarameker valuss dar ]Qmm
oidHing  leoted before , ut is cdificult & quen o
Goool Chole ©f wihal Conditows
Owiol
we olid

: ove  oheald ot
Q W in e soluon [ see W aodifickon

b\d ofiue.  Aulerpolabion o C-A—o,o]],

On Mo olbec houd, when wwe Comiclr o set o
' A
hacowmeter valer P dose o set F fohich hao
been tald B give rowelfing ihfer%[—img , one could de
e foLLow{ug

% Chogte %‘( Q &rsf oupproxiwa hiou (or kol Counditious

Jor i3 , & two- year  esod of the polubion 19"’ P

for dnshanee N2 N £)
r Andshanee > (t) = > (30 + %or'
""Q. -é‘t -.C..ov

* l‘ﬁis is 6 Feasonable cholw

Aa!—isﬁacbué be Coume e have
&Lwcomhwhg ot

L bub ot Comple,fef’g'
crealed a amall

bae F=0 ; sudad | we have



A D
Nf_, (20) = I S(a) m, Bo-a) »waN (30— a)) da

O

ow d  (herefore
A =2

o P Ao [#]
/fo?\' Co)-%’ S (o) /W\,iy (30-a) m (r\l_fev(@-a))da)

o

(wit @',ﬁ;/‘ﬁ,/&ﬁ; chose o p,A,, ¥, My ) ds
Amell  bub mour  zerm. What oune could do s
to amodify N?,, ko No  ow [-2,0] as follows :
Al:’l
. Compule f S@y m_ (30-a) W (N, (30-2))da
a’(o)::. Ao A
(toi bl He wus et P of porawelec valuss)
‘@& %
o Cdefine M huw seb Ny ) of inikal coudibions
(-2 ¢t <o) m

O
N (t) = Ngzi(t) = N, (30-0) N
vfe«r -2 & t £ — A,

o
on — A, &t & O , make He afine comedhion

Which Ama ke Ng Conhnuwows , fe

1 O _ () ¢ ;\_:
() = NJ® + [Ns o= N2 ]

o

@ ~
- — £+ Ag
NP (?)O ‘f‘k) -+ [_N,S. (_O) Nﬁ(so)] ___..} L]

[»]

This  shou & Qe & A&hsﬁad'o‘dg nel 019 tmhal  valwe
QUDunu% fo “?obl_ow alhechors  40hon haro.wder‘ va luso
Chage  abuwdly -



@

Rewrark: T He nome Apint when 6>¢pﬁo<u'u8_ He

Yineo PI P/I[ or P:!I PI!T. in forameter slace
# ds belter b akack bom B oor Bpo ot
45 mob exeluold of all (Hud pechaps it s worth
MoRug ik) Hab slarkng hom By (with shable
tquilibriun) , what owe gels at B oo B s ok
e chaoke othador buk  auolber ohable ohkonarra_ reg iual

that Coexists ’Plom the Aawe Jggwe,l?rs.

@ i P@amfg Ko Chackce alhadss Hat we saw
do wot  Comrespond  {ailbfully T whatis observed : Here
s 0 mweeorion  of high and lows on H o -2—1,&&('
bovis [ ) dewmposibion o (N) = w, (V) L o, (N) ]

Whith is  Aso oshort  companed o realily - Also
our foveweler violues e Aot qule jealishe,

The ko dhotk  ucenion of g aud lows ould be
wplamed by a2 o Lome valie of my, & inhuhuedy
afler o oo b , e poplabion will dncwane
.Q»(hOMUAHauj afaoi‘/ Al ik %[eﬁ will oot the “
Bremnbofd N =1 osud  crovhe again  wilh W,
foge , Re  wxpoweubal  incuoe s very fmf'/ aud
« hake  short  fme  Befor Mu  meet cradh.
TTheefore | iF pems Worlhuwllle 4o skt fow

e fovameter  values gving  prr chookic.  aliiachrs, aud

o Change Oeow%_ Mo value Ofﬁ M, 1o Bee bower
calws . ...



On HHe olfer hand, va\ mob oo amuch wottied

b have /&G&gh&fq uurcelishe  pomameter valws  for

p and Ay on owe dand | {zmno&lﬂd is  probabty
mot complobely © i e winber (awording |o what Nigel
Akd me) ;oo Mheokher Al ave Pind in e

doy ool Mo Aight vt kind  of chaoke dynamios ,
one Coulol tope ho "follow " 4 An More

Comp Ueolid amode s  ( malesnal effects .l) aohere. LF

Could exisl  lor amore ralishe Aasomneler values _. ..



Ao -4

Mpsecixo : Qealing the _pobwdation_in the toy_suodel.

We Have here
A4
(4 % N(E) = I S(a) N(t-a) m, (t3apm(N(t-a)) da

AO
wikh
My ]Eor N £ A
m(N) =
AMON_T :Fo(‘ N; A
A
@ lek &> 0 , ownd Lot N = 4N ; He equakon (1) giveo
Ay
A A
“e) N = S S@) N(t-a) w\,Lt-m m (N (k-0a) da
Ao
ool wu hng m (N) = ﬁ(ﬁ) , we have
A
kel Mo for N £
MA(N) =
AMOA”‘GN_K ‘for I\/J\;A

Tﬁem are two  reononoble c/b;@tiq,e_s ?or- » (ome of which (s

wmolkicoted  in He text.

@ we tak P T L i
Awe, e A= m, ,Whach gives M A = ; Demug
e o~
No =4  gives L1 NS ¥ for SPVA
A (N) = il o
N for N 3 N

Aq
@ Iﬁ My J Sl da > 1 (which usl always be sakhsfred
A

ﬂ?w mov?ala le choiws of wo), We Toke &  such Hhat

; A
[mg §"srdo ] A¥ = 4

(o]

We equilibniwnt in e

A
/1:.& N:i-
s ot

unseasovnal Coe, is ak N = A-l/



Ao-2
We | Rew have

AN =] T s
Ay — A L
(J dihdall N1 Jor Q5 N
{w)
where. A A || =
| Ny = (A = (WOL $(a) da. )

o
&

Goiwq 'Pxowx,_ He secale @ (var able N) o scalm@

oc involves O chauge of jeale which df:_[-e_mf_\_s on
Ha wl-oFF level  am ;.o e other _lnqnd/ ) ck.auqe

(o)

of nalee tom BN b (D depnds wok on  wg , but
OV\_‘_&1 on He funchon S (whith is fixed ).



(AP
A dax A l'—l'OIDL l'aa'iaurcah'ovx e egurhbaa, .

@ Medd_in_Hhe_plave.
Comrider Mg 4 - paromeder -ﬁam% of differeuhial
2guo liows An  {bw )p?aue

dﬁ = An +ey — ay (' y™)

W here }\}O. dme some fixed Comftouls > 0  amd we
ot Anferested  da %, 4y, & close o O,

For ol &  we hove on  eguilibaum ot (x=0,y=0)
aud He € gewvalues are T IA +£ ¢ Herefore

Hie equilibawwwm s orable for €<0, uunsfable %r‘ E>0 .

Geomg do  (wodifed) holor comdinates Q.—.i(%%—qﬂ/,
e = A'f‘cl—% 40 gives

AR _%svqi)= 2R (e~ 4R)

d0 _ xaf —vX N
olr K 4y B

which can he 2oloed wpicilly @ Hhe auguiar velodhy

45 Cows ramt ; »L'E £< 0O el Aolwbhouws Converge to

e equilibrium ; Af & >0 , all solukows buk
e equilibrium  Couverge 4o e fenioolic mbit

?Q:&
S = A



/ shable.

U |
FIO.U\L 1
N [ )1 wnshable >
shable.\7 Y E

Shable

@ The qemeral  phenontenon .

Ome comsidlers o A - porowmerer  fomidy of dilleenkal equakiowo

A lT')\N
(-)L-e) cg_ = Fi(x)

mr . e Pollowiug ovnmumiphions
(Ho) For €z0 , we have an eguilibiium af k=0 (eiR”);
moreover He wgewvalues  of D F, have negokve real
hact , except hoo  which are  purely imaqinery
cishuct fom 0 (aud Cownlex conjugat. o eath oler)

Pet P, = AN aud Py = —iXd be Hese genvaluer-

This -&,«jpolr&e,h's alows affer o Chauge of vanables
n Hhe miighbourhsod of the egui Lbruwn o rewute
(*.) as

dro = — Ax, — Qr,(nr+n") + hoot

e

Py 1

du' — AW+ ot
a.t

— ax, (dg+ %) + Dok

-2 .
Wwhere % = (x,,x,, x'), x'e RM auwd Hae egemvalue

/

&e e (N-2)x(N-2) mahix A have negakive real hant.



A1-3
We  mext omuwe Hak

(HO & a >0
The final  Omumphion  Auwvolves dejeudene ou Ha jonaweler €2
for & close o 0 , we tan follow Ha mou degenecale
guibibruwm  aud He eigemvolues % P, Pg

Close T the Amoginary axis. One amuno Hat

CHQ') ’%— Re Pg > O ot €=0.

£

Ldu der hﬂpo%w (Hoy ,(Hv) ,(H2) , He odyuamics
of the Cguabons (%) are as iu He plane wedel ¢
' Jjor £ <o , we have & shable eguilibrium ‘
cfor £ 20, it is aKU shable bub  weakty So;

. flor e >0 , He equilibuunn s wwmstable | but

7

e hose o Grewlor [‘\Mioo(ic bt which
Js btable ound  has diawmeler ~ V&



A_M‘-‘Wdﬂx 7 H_QPI; ‘ra'igu.r‘(,&HDm -Fo(‘

bedodic el or  diffeo morphisus -

@ Toineard ceturn_map .

Assume Hat o i (ferau b al eguhon

(%) %ﬁ» = F (=), xe RN

hos o herodic Aolubion x5 (6+T )= xg (). To shuy
e dywawics of (%) meae Hus ovluben , Toincar
Lowviders o Bawversal 22 b His  ebiF oud

Anbhoduws e st rehin wmap b 2 (s P chure)

whith leads o Hu sudy of a diffeoworphism £
neor o fixed homb x4 Cotjes poutting v K
horoolic ot
I one  cownders o skight deformalion (ko) of 64,)
ove wn ARl Aaliodue e st reluen wmap [
Lo Hus now eguahon ,  Qud «t 4s o sSUght deformakion
of Fo-
Than ,  He aludy of differaukal equanwouwo neor
0 Jarodic sl As  gquivalent o Hal ol
Aifeomorphisma (ie discer  Haw) neor fixed poiub.
We will oo o Hiis conbkxt n e '?oUplm‘ué-



AL-2
@ HMode tw KBe ploue.
Tdeuhfying R b C | e Courider

L (=) = Nd+a)z — azlzl”

where 1Al = A , Q>0 Gre ]Pﬂ'x.ed oud & close ko O

45 0 ol Jerowmeter 5 we Omume A+ 4. We have

/

{Hg(z)l = |zl ( 1+ e — al=l?)
Arg [((2) = Argz + Af‘g)\
hewee Hu PHxed poimt 2=0 is stble for e ¥o
weakly olable for €20, umbable for €50

Be olther haud , fthe circle

[zl = (E,)%L
o

, w

4  Anwvomaut  aud aftradts all akib close b o
tueept He eguilibuum  Atseff  johen €50 -
® He gueel phenomenon
One  Cownders g 4- fonometer fauwieq of  cliffeo worphwsian
> [¢ (%) x ¢ RN
One  omumes Haal '?o hes o bixed hoiut af o,
aued Mot  Hu tigewvalues of P A, have wmodubus <1

X

wxept two |, say }—JO,P; for which |p,l="1.
Mowover o _omuuen Bak by o 4 for kat2, 24,

Cie Pyt T4, £, 14) . Thew one formulate
(Hix) ; (H;_) i lowpletely MHu same way Hat

v Oendix A and  ger Hie sawme descriphon
of the oyuamin Hat dn A Jelane Auodel.

Tn @oerPor, q@or €E>0 , MWwe Get~



Al-3

"

1 . 3 4
Qa sketble  Lnvoniont Oal‘cu.lar" Cue. of_ radius ~ & {7'.

Ho wever Mo dgmo,m‘w W\uﬁ.\ are

y
Mmoot mecemorily as dDiwple as i He plane wode
(where iF 4 a 2igid 1olalkion by Arg N) i what
owe aeks  us o diMeomaphism of He ecurve
close be o Mgid aokahion . This 4n  Gew eral
deer wob imply  that iF behaves  Lke o wgid
\oleahow . However , for most  horamelers

(in He wemuwe - Heouhical neme) | it can be
PMoven  Hat  dhere  dynamios  arw Huoolt Ty

Cowjugated to a rigid (Lrakioual ) rolakion

@ This Lot ecowe  comes rwuds o  quamperioclic
mohon on o 2 - dimeumonal toun  when e

stade ol with o pheuodic mbik of a ddfferwhnl
eguah on

E>0

uns lable
N7 M-Yo V¥4
ot

Alable

2 -dim ewvioua! Fowuns
f-..‘tle_d 2 cuanijercods c
Aol R'eows eech one
deme 1u e tfoun) .



)
ﬂl pﬂud»ix 5. Saddle modes & rca.HoM-

This is  verq Siwdor  (bub siwmpler) Haw Hopf bifurcakions _
We anll  deal  mwith henodic ahit (ralRer fhan equakibaa)
Por  cliffewsukial equeliows , aud Hus awouuls , Vie
Be Toimar retumn map, o dead mith fixed pomts
of  iffeomorphiswms .

@ TR A-D_ odel
Cowrider Mo 4 -pr&MeLer family of local di(feowmorphisws
_L_(f)c)-_— K F A & welR cose bo O
E Hwmall-
IP eco , mwe hae f,(x=x=2A-e>0 , and Hus
mo  fixed points  near ©  (orbite  ciwoss  fowm  fePt G5
wa bt a meighbour hood of ©
10 e-o0
Wwhich 4s e -shable 2t altrach oha€f # neighbowr hood .

we have o fixed poink aF o Wil egemvalue 1

/

7

with  elgenvalues A +2e ™, Here Pore % £

A4S Amshble »wké_ 1=l L Nmble

unstabée
% T »

JLle> 0 we  have two fHxed heinls .:‘-_&4{1/

€l <o | Ez0

“~ unshoble .

\s}able..
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(D The geuera! phovo o -
We have o A-paromelers  fawmily of foal iffeo merp hiswo
X e e O x e RN cloge to 0
We omume  Hok
(Ho) © 45 a fixed hoiut for :ED ;all eigenvalues

of DL thave moduls <~ exeept ome  which

/

i 2guad o A (denote Huis elgenva lue L)g Ho )

Thew , afler o change of ediuates , we can wiife

X = (%, x), e RV aud
9
,ﬁo(xmx’) = (xo+ axo-i—-a.o.t) A%’+%.o.t)

(1ohee all egenvalues of A have wmodhlus <1). We ansuwme
HO o £ 0O  (and ewew day o> o)

~ for € <0 [ Remds mo  fixed poiwt 1 oihik (oss &
Aughhowmhsod of O with wmwarng %,
- Por £=0 Jhere As o somishmble fixeo point
altothng o hadf - neighbowhood
_ for €50 Here e hoo fxed hoint Lok diskana ~ £ ')
e ds akble  while Be olfer 45 wnskable

(Wit mack&t one. upshable eigewvalue)



(hs-0

A dix b SGowe chache attrachrs .
We slack with He niwplest  bnes %%M‘

-Ms . where we ducube He mwpleat txtuaple
Hu  nolendial.  Unfortunately , His clam requires o
Oromehy  Hhat dees mot  seam ho Qppeor n our
by amockl. We @ therefore qo b the forger
clom of - mon-wniforaly dyperboke olachrs  of
which  Ha polohype 45 the  Hewon afliachor ; achually
awhot e observe fot  He seond set  6f hommeler
valuyy  dook bery wmuch  ifke Mo Hemou ditacior.i !

O Unifguty_hastotic abrovers e _solensid

Cons{oler Hw Qwu torues \T:%@,QBB, Oe R/z,
re €, |3 <4 T oavd e map

40T

—s T »
s .
0,2) ———>(2é‘,/’—;; e MO 12 )

(,‘H?busm ma.p w}.o,uds He & (oordinale ond
Cowhraci  Ha z - toordinate (2-dinewsional) ) .

f (T)cT

A T



Tﬁ{’. alhackor A As
A= O L)
. yie
E we Cownder e dufersechon of N it Dwn,g_
olisk {6=6,1% we gek o Canfor set

donce N 4 Qomwj e pmoduct of & (aunbor Set and a line.
We mow st  tome frojperbn of A which ae  Chamcteus-
~he of  dytmbolic alliacku.
@ At ewewy point x = (6,2) 4w A Here s a lnear
decompombon R? Ef‘_ @ E‘:L
where ES>< is  2- dimewmional (in our Case , E;

4{s e plane z=c% ) and E;i 4 ’f—Olr'muv)iDnal}

'I‘awqwl' b A ruch Hat

. He bun Gent  wap T? leaes o Clecomposi hou

Anvoniant ¢ T_.'ﬁ (E:_) = E;(x) :T‘F (E?(): E;(x)

. The bewngent  Aunap 'T"ﬁ Coutrach LLM-FOFML\1
vechrs A Ei ,Ond  Oxpauds M%¢Mej vechor in E:

. E; ool Ei de,{,.au.d Comeuou.o*ej on x e\

[ we achally qust gave He olefinihow of a hyperbokc
Nek].



®  Senibily wat kol couckibows
ler x=(®,2) , ¥'=(0)2)  hoo ot in A which
Could be  omhihority dote ; unlem ©=z8', He distance
behvern ") and  £7°0¢) il grow [ the ciffertaa
of O ondinalie being wwlhiplied by 2] hll cf
han  Hge ~ 4.
&) Shodowing puojecky
Comcder an € peuwdo-ebil |, e a sequente
(XM)M 5o  Mear A it
A ( Xy , 20 < &
Then , Hee exist  a Awe  orbik (£
5.

nzo

d( x,, 7wa) < Cg |
Rk : This is fandamental t in deed , becawe of roundoff
errors , ony  Geumencal mwulaton eads
hseudooihits Hie Ohaobwiwa, projerly  Guaronfess
fhat  what we see g He svzen achally  hagpews
dn the almadkr  (hat  probably wot exadly for
He Qiven dnikal co ndition ).

(L Shachwal atobitihy
This 45 Closely relald to Hae d hadourug  |uojertss,
Assume fhat e potheb sur wap 1k
dowme  Aeorby wap g ; defing

/\ = ﬂ ghCT) .

3 Mz o



Tﬁw Hue 4s o fgwwle,omorpﬁfsm..'ﬁ\ ’(lwm. /\
oo /\g_ Aol ch Cowﬁ'uga\'w fou A and
% ow /\g..

’8\. o :g = g o ‘e\-— p

_T_VL olfr ILCPQM.S’) /u,ro to  a Conhnuows c((\auqe, D]C

Condnals , we e and'% He Dame pichure
and cywawior for { and g

@ Pl/w,S{Co.l [a—r Sinat — Rueue . Qow-emB Meanurte _

Tere 4s a M e QUL l_) = HC AN
e followiug okerky et P be a
Conkimuows  Punchon ou T . Fick & ot x
“of houwdom . T, Thew, Wit hobaki biky
Cin %) , te Hwe averagen

42 @ (8t

“n

Will  Cownverge o f’ﬁ,a. Iﬂlhah’al“ Qverage

)y
AN

[H%Es is mob Hae dovical BoPtz maun o Hox's ¢
= 3 s

Hw wmeorwe P is  Quike ntingular, Concntrated

on Hu alhador which has voluwe © ],

Wr ) Re weonure poods AJ-ochaoHcaMg_

Alable in Hae vpou,ow-iwa Aewme &

heap WL

Cowrder o pseu dosibik

(X”)Vn?,o L a’oove/



(Au-u)
but  amume Mow that He e - J'u,mps 'me
“f(xn) o X i ore  (nolependent  rouclom  uariables .

Then He hHme avemges

L2 o
will  comnvergqe , as n — +00 aud Hun € —»o,
to f P dpe .

N
Rik: Tf js not Quite Bue Hat He roundoft erors

v wuwmencal sdmuwdabon g inolejendiut Mawdom
varmiables | SHIE, due B e tewbmbily bo indhal
condy bows , e dis Some cogree  of indetencine
and &k 4s  reanonable o expct Hat  Hie

hoiwh  we Compute will “charge " A aceo reling
LI

@ Nen - W’f)-OPWL rholic affradors  : the Henou athackr

We Coumder WHe map H - Hb,c_ . R*— R®

(: —_ ( %’:—c.——lo%_

where © < b << A and ¢ ds  slighley lamer
Bonu —2 . There 4¢ a techangle R Lor wlhich
}“Bu; niclurt Looks L ke R

l [
/ ‘g{\—« H(R)

\\\:




[:‘I'Ra eetaugle 4s nhuckhed and %ed ; for H.e
Solenoid , Hwe 4s ou\&j a fielhing ; ol W
Complicak@w in  He muentern (ae Come from K fold ]

—% %T&L aloador A 4s wow

N = MNHYR)
M2 0
wcal  hoink 0{9 A , Q& zoowm will give

W@

|’.e o !me % Canlor shuchue , Qs wan o care '
at 9_@_ h,owvf?a An e /}o(ewowl) y bur there

o Nowe hosty hoiub W (Oleme in ) whee e
Zoom 45 redfer ke

ST
sllguibilss B}
M- /-




Moin,
tor mtﬁ_sj- (louf mot _&__H) values of  foraweter ¢, e

Fm]xuh'@a of N e Ha ‘£OU,OMM.3_ g

(D He decowposition
R*~ ES @ EY%
s ouly validd ot @wosk all poiuls  (w.r o He
Physical weonwme e (B helow ) , bub B, E%
how clo uok dejend  Coubnuwowsby oun x, aud fhe

Coulachon aud expawsion @ ok i form in x

) Sewnbibihy  w. to iwikal CowoiBou  SKU ho lde-

® The ohodowing pojerty  holds  for most  pseudooils
bulF  Hwre ot sone (very _ppecial) pseudoorbile  whidh
ore Mot apoxy malid by fue nbib.

(1  Shuchural olubilihy  dees not hold [ echually
wnth. erhiliociby  Awall fectuwnbahons of ¢, we can
Geb  completely diffeunt  dynamias J . Sk, for
Mok herturbabiows  of  H_ o, we et &£ au
athochor  of Hhe vame kind.

©) Pﬂ«jsﬂ'w_l M.Lorure _

This skl exish  aud har  Ku sawe  haolerhdo
(ahochaskic  nhabi biby ) fRaw for the Solemsid-

COMM'CM,"&H'. —Tﬁa /l—PxLQ*u,‘ aﬁ (nﬁl_erloot{c_ Ohactors  1loas
Cowmpleted ‘95 ~ 19%0 . For mn-amﬁomea Lwﬁrerlooh‘c

ones,  He Auwow s &M , and

ibods a het " aubject ab Mo awoniowk



(>

fossiaLe GEOMETRIES oF THE CHaomc ATTRacmRs (D (D)

@ Looks vory muth hike a Hewon olhallor

—TF
\

)

A hibe s sterded and folded insicle itseff.

The Towsverse contrachon ( 00~ climemioncl 1) should be

Mhonger  Hhaw Hu  atreckching .

]w@ e qeomehy cowld (1717) he ao Pollows
with  wore Counls caled
AU\,QJ,RMM.‘ and Bolohug L




A5 4
Aproucix €. A paon  whwals w He toy wedel

Lor ko€ Rig omd N on clemenr of Y, e

?

O tomhmwuwows fumchon on [-A,,0] awhich salispee
A _
N(oY = [ sS(ay N(-a) m (N(-a) M (E—0) da,
AO

ound ey onby posibve valwes-. Fer 0g¢ A ¢ Ay, we
Aeline A,

N (A = I Sle) N {(A-a) m (Nis=-a)) Mo (t,+4—a) da
Ao

(we have N (o) = N{o} , hene N extewds N aud gives o

Molukion of He toy wmodel). We omume always ¥ 3 4.
MNAANAANANANANANNANANNNNANAN

Lewawn 4+ For Quiy Ne\(bo A»e.haue.,&)r o< & Ay

Aar — A

KJ_.(A\ < N ~ ’\Moé:-‘(/‘— ,io)'z'
~ !

Pmﬂo_f.: We have
N m(N) = {MOM if N &

Wy, NA_T 1'§ Ny A4

hewnte Nam(N) € mg in all Cases. ‘Ttxereﬁore./a/_; MAP_§.4
N () gmo}f\ Slayda = N, .. . 7
We iuboduce He quranti by
Ayt
A
(_‘,o = J Sldee = (4—()) (4... A°+ %P)
Ay +p A 4

We awill alwaye omume G, > A
M AANANANAANAANAAANANNANANA AN ANAAANANAANAS



levma 2 let N e Yf y Wm/salﬁs&‘fug N & Npay 5 defiue

A W W [»]
A(N) = Min (N(-a), 0¢achA;) >o0.

—_ . A—
TP A0 & Noo®  we have

N {2) 3 comy 4(N)

TP AN) 2 NM:LIO:J e have
—_ 11—
N {4a) 2 ome N { for all 0 <r ¢ ALl

(> 4m0)  Jor all ocag A,

Cor‘ou.an.‘ S YU P oM, > Ouy solubon

Mredestiea of e oy amodel
A~
Co WA, NAM&K & NIEY & Nuax

nohs fies

dor £ forge enough .
A(N) & N & Nuax

[’Loo o LQU\M.U.QQ, U\Ja have Arouw) y ‘for
A — -
s "i‘? i (M) Z va\io.z s

N (N] 2 moNpay
> g LN AR AN € N < 1

o Hherebore

Al
RID 3 my Teb (), Nt ) l (01 g (bt 421 cla

o

T+ de mow oty B chek Haab , an S s deveaning , we
have ROr Qmé me R
A4 Ao+4
g Sla) M (u-oYdo 3 S SlaYda = & .
Ao Ao+{D

74

This qives Louwuma 2.
& Nyax 5 debine
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