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1 Diophantine approximations

The seminal works of Diophantus of Alexandria (circa
AD 250) on rational approximations to the solutions
of certain algebraic equations began the important
subfield of Number Theory called Diophantine ap-
proximations. Among the basic problems in this
topic, one has the question of finding rational num-
bers p/q ∈ Q approximating a given real number
α ∈ R in such a way that the denominator q is not
“big” and the error is |α− p/q| is “small”.

1.1 Rational approximations of π

The first few decimal digits of the number π are well-
known: π = 3.1415926 . . .. By definition, this pro-
vides some rational approximations of π like 314/100
and 3141592/106. Nonetheless, these fractions are
certainly not answers to the Diophantine problem
posed above because we can get better approxi-
mations with smaller denominators: for instance,
Archimedes (circa 250 BC) knew that∣∣∣∣π − 22

7

∣∣∣∣ < 1

700
<

∣∣∣∣π − 314

100

∣∣∣∣
and it is possible to check that∣∣∣∣π − 355

113

∣∣∣∣ < 1

3 · 106
<

∣∣∣∣π − 3141592

106

∣∣∣∣ .
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1.2 Dirichlet’s pigeonhole principle

The example of the number π makes us wonder how
small |α−p/q| can be when the denominator q varies
in a fixed range 1 ≤ q ≤ Q. A preliminary answer
comes from the following elementary remark. Recall
that any real number α lies between two consecutive
integers, namely bαc ≤ α < bαc + 1 where bαc ∈ Z
is the integer part of α. Therefore, given α ∈ R and
q ∈ N , we can find p ∈ Z such that |qα − p| ≤ 1/2,
i.e., ∣∣∣∣α− p

q

∣∣∣∣ < 1

2q
.

In 1841, Dirichlet used his famous pigeonhole prin-
ciple to significantly improve upon the elementary
statement in the previous paragraph: more con-
cretely, for any irrational number α, one has that

#

{
p

q
∈ Q :

∣∣∣∣α− p

q

∣∣∣∣ < 1

q2

}
=∞.

Indeed, given Q ∈ N , Dirichlet considered how the
Q+1 numbers {iα} := iα−biαc ∈ [0, 1), i = 0, . . . , Q,
are distributed across the elements of the partition

[0, 1) =
Q⋃
n=1

[(n − 1)/Q, n/Q) into Q intervals. By

the pigeonhole principle, two fractional parts, say
{iα}, {jα}, 0 ≤ i < j ≤ Q, must lie in the same inter-
val, say [(n−1)/Q, n/Q), so that |{jα}−{iα}| < 1/Q
and, a fortiori, there exists p ∈ Z such that∣∣∣∣α− p

j − i

∣∣∣∣ < 1

(j − i)Q
≤ 1

(j − i)2
.
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1.3 Hurwitz theorem

In 1891, Hurwitz proved1 that Dirichlet’s theorem is
essentially optimal as far as all irrational numbers
are concerned: one has

#

{
p

q
∈ Q :

∣∣∣∣α− p

q

∣∣∣∣ < 1√
5 · q2

}
=∞

for all irrational number α, and2

#

{
p

q
∈ Q :

∣∣∣∣∣1 +
√

5

2
− p

q

∣∣∣∣∣ < 1

(
√

5 + ε) · q2

}
<∞

for all ε > 0.

2 Classical spectra

Despite the almost optimality of Dirichlet theorem,
we can ask whether it can be improved for individual
irrational numbers α by inquiring about the nature
of the best constant `(α) among the quantities c such
that

#

{
p

q
∈ Q :

∣∣∣∣α− p

q

∣∣∣∣ < 1

c · q2

}
=∞,

i.e., `(α) := lim sup
p,q→∞

1
q2|α−p/q| = lim sup

p,q→∞
1

|q(qα−p)| .

The Lagrange spectrum L is the collection of finite3

best constants of Diophatine approximation, i.e.,

L := {`(α) <∞ : α ∈ R \Q}.

In this setting, Hurwitz theorem says that the mini-
mum of L is minL =

√
5.

1Actually, this result was first established by Korkine and
Zolotarev in 1873.

2Let φ := (1 +
√

5)/2. If p/q ∈ Q and |qφ − p| ≤ 1, then
1 ≤ |q2 + pq − p2| = |qφ − p| · |qφ−1 + p| and |qφ−1 + p| =
|q(φ−1 + φ)− qφ+ p| ≤ q

√
5 + 1. Thus, 1

|q(qφ−p)| ≤
√

5 + 1
q

.
3It is possible to show that `(α) = ∞ for Lebesgue almost

every α. Hence, the Lagrange spectrum tries to encode Dio-
phantine properties of irrational numbers beyond the proba-
bilistic dominant regime.

2.1 Beginning of the classical spectra

The Lagrange spectrum was systematically studied4

in connection with the theory of binary quadratic
forms by Markov in 1879. In fact, the quantity
q(qα − p) is the value of the binary quadratic form
hα(x, y) = αy2−xy at the integral point (p, q) ∈ Z2,
so that the Lagrange spectrum is somewhat related
to the Markov spectrum M of finite best constants

m(h) := sup
(p,q)∈Z2\{(0,0)}

√
∆(h)

|h(p, q)|

of Diophantine approximations of real, indefinite, bi-
nary5 quadratic forms h(x, y) = ax2 + bxy+ cy2 with
positive discriminant ∆(h) = b2 − 4ac > 0. In this
context, Markov proved that

L ∩ [
√

5, 3) = M ∩ [
√

5, 3) =

{√
9− 4

z2
n

: n ∈ N

}
,

where zn is a Markov number, i.e., the largest coor-
dinate of a solution (xn, yn, zn) ∈ N3 of the Markov–
Hurwitz equation

x2
n + y2

n + z2
n = 3xnynzn.

2.1.1 Fermat’s descent on Markov’s cubic

The Markov–Hurwitz equation determines a cubic
surface S whose integral points are called Markov
triples. Since the Markov–Hurwitz equation is
quadratic on a given variable (when we freeze the
other two variables), the cubic surface S has a rich
group of automorphisms: besides permuting the co-
ordinates, we can replace (x, y, z) by (3yz − x, y, z),
(x, 3xz − y, z) or (x, y, 3xy − z) without leaving S.
The last three automorphisms are called Vieta invo-
lutions and they were used by Markov to produce
a descent argument showing that any Markov triple

4This work was part of Markov’s M.Sc. dissertation (di-
rectly motivated by the results of Korkine and Zolotarev),
while Markov’s PhD thesis focused on the theory of Markov
chains in Probability Theory.

5The theory of n-ary quadratic forms is also very interest-
ing, but we will skip it here because the dynamical techniques
involved in Margulis’ solution of Oppenheim conjecture are
dramatically different from the methods appearing in this text.
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(x, y, z) ∈ N3 can be obtained from the fundamental
solution (1, 1, 1) after applying a sequence of permu-
tations of coordinates and Vieta involutions.

In fact, it is not hard to see that a Markov triple
(x, y, z) ∈ N3 with x ≤ y ≤ z falls into two cate-
gories: either x = y or x < y < z. In the first case,
z2 = (3z − 2)x2, so that x = y divides z, say z = nx
with n2 = 3nx− 2; this means that n divides 2, and,
thus, n = 1 and (x, y, z) = (1, 1, 1) or n = 2 and
(x, y, z) = (1, 1, 2). In the second case, we apply Vi-
eta involution (x, y, z) 7→ (x, y, z′) with z′ = 3xy − z
and we study the quantity a := (y − z)(y − z′); since
z + z′ = 3xy and zz′ = x2 + y2, we have

a = 2y2 + x2 − 3xy2 = (2y2 − 2xy2) + (x2 − xy2) < 0

as 2y2 ≤ 2xy2 and x2 < xy2 thanks to our assump-
tion 1 ≤ x < y; because y − z < 0 (by hypothesis),
a < 0 means that z′ < y < z.

In summary, given a Markov triple (x, y, z) ∈ N3

with x ≤ y ≤ z, we saw that either x = y and
(x, y, z) ∈ {(1, 1, 1), (1, 1, 2)}, or x < y < z and we
can apply a Vieta involution to convert (x, y, z) into a
Markov triple (x, y, z′) with x, z′ < y < z. By repeat-
ing this argument finitely many times, we see that a
sequence of Vieta involutions and permutations of co-
ordinates allows to convert the Markov triple (x, y, z)
into (1, 1, 1), as desired.

2.1.2 Markov tree

The descent argument above permits to organize all
ordered Markov triples (x, y, z) ∈ N3, x ≤ y ≤ z, into
the so-called Markov tree whose branches connect or-
dered Markov triples deduced from each other by a
Vieta involution (up to permutation of coordinates).

markoffCIRM.pdf

The knowledge of Markov’s tree permits to write
down the first few elements of M ∩ [

√
5, 3): since the

first few Markov triples are (1, 1, 1), (1, 1, 2), (1, 2, 5),
(1, 5, 13) and (2, 5, 29), we have that the first few

Markov numbers6 are 1, 2, 5, 13 and 29, so that

M ∩ [
√

5, 3) =

{
√

5,
√

8,

√
221

5
,

√
1517

13
,

√
7565

29
, . . .

}

2.1.3 Beyond Markov tree ...

The Markov tree and numbers are fascinating ob-
jects. For instance, it was conjectured by Frobenius
in 1913 that Markov triples (x, y, z) ∈ N3, x ≤ y ≤ z
are actually determined by the Markov number z (cf.
Bombieri’s survey article [?MR2345177]).

Also, Zagier [?MR669663] showed that the number
M(x) of Markov number below x is

M(x) = c(log x)2 +O(log x(log log x)2)

where c = 0.18071704711507 . . . is an explicit con-
stant7, and, more recently, Baragar [?MR1295950]
and Gamburd–Magee–Ronan [?MR4024562] studied
the general problem of counting integral points on
the Markov–Hurwitz varieties of the form

x2
1 + . . .+ x2

n = ax1 . . . xn + k

where n ≥ 3, a ≥ 1 and k are integers.
Moreover, the Markov triples are related to lengths

of simple closed geodesics on a certain hyperbolic
once-punctured torus: in fact, the commutator sub-
group Γ of SL(2, Z) is an index 12 subgroup gener-

ated byA0 =

(
1 −1
−1 2

)
andB0 =

(
1 1
1 2

)
; the

quotient SL(2, R)/Γ is the unit cotangent bundle of a
hyperbolic once-punctured torus whose simple closed
geodesics correspond to the elements A ∈ Γ in a pair
(A,B) of generators of Γ; the hyperbolic lengths of
these geodesics have the form 2 cosh−1(tr(A)/2), so
that they are related to Markov triples because Fricke
proved that any generating pair (A,B) of Γ satisfies

tr(A)2 + tr(B)2 + tr(AB)2 = tr(A)tr(B)tr(AB),

6The attentive reader certainly noticed that some of
these numbers are part of Fibonacci’s sequence (Fn)n∈N
and this is not a coincidence: it is possible to check that
(1, F2m−1, F2m+1) is a Markov triple for all m ∈ N .

7Furthermore, Zagier conjectured that M(x) =
c(log(3x))2 + o(log x), so that n-th Markov number zn
is zn ∼ 1

3
A
√
n where A = e1/

√
c = 10.5101504 . . ..
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i.e., (tr(A)/3, tr(B)/3, tr(AB)/3) is a Markov triple.

Furthermore, it is known (cf. [?MR2026539]) that
the level sets of the function κ(x, y, z) = x2 + y2 +
z2−xyz−2 parametrize the elements of the SL(2, R)-
character variety8 of once-punctured torii and each
Markov triple (x, y, z) produces an integral point
(3x, 3y, 3z) of κ−1(−2).

Finally, Bourgain–Gamburd–Sarnak [?MR3456887]
investigated the family of graphs (Gp) (indexed by
the set of prime numbers p) obtained by applying
Vieta involutions and permutation of coordinates to
the solutions in F 3

p \ {(0, 0, 0)} to Markov–Hurwitz
equation x2 + y2 + z2 = 3xyz. In this setting, they
showed Gp has a giant component Cp in the sense that
#(Gp \ Cp) = Oε(p

ε) for all ε > 0, and they used the
technology involved in the proof of this statement to
establish that almost all Markov numbers are com-
posite, i.e.,

#{p prime Markov number ≤ T}
#{z Markov number ≤ T}

→ 0

as T →∞. Also, they conjectured that the graphs Gp
are connected9 and they form an expander family10.

2.2 Continued fractions

The definition of the Lagrange spectrum suggests
that we can study L provided there is a method to
find the best rational approximations of a given irra-
tional number α (such as 22/7 and 355/113 for π).

As it turns out, one can guess the best rational
approximations for α out of its continued fraction ex-
pansion. More precisely, given an irrational number
α0 = α, let a0 = bαc, so that α0 − a0 ∈ (0, 1). We
define recursively α1 = 1

α0−a0 and an = bαnc ∈ N∗,
αn+1 = 1

αn−an for all n ∈ N∗. In this context, we

8Naively speaking, the G-character variety of a topological
surface Sg,n of genus g with n punctures is the set of equiva-
lence classes of representations ρ : π1(Sg,n) → G modulo the
natural action of G by conjugation.

9The connectedness of Gp for all large p was very recently
established by Chen: cf. the arxiv preprint arXiv:2011.12940.

10That is, there is an uniform spectral gap for the adjacency
matrices of these graphs.

say that α has continued fraction expansion

α = a0 +
1

a1 + 1
a2+ 1

...

= [a0; a1, a2, . . .]

and we denote by

pn
qn

= a0 +
1

a1 + 1

. . .+ 1
an

= [a0; a1, . . . , an]

the convergents of α. For example, π =
[3; 7, 15, 1, 292, 1, 1, 1, 2, 1, 3, 1, 14, 2, 1, . . .], so that
p1
q1

= 22/7 and p3/q3 = 355/113.

It is possible to prove that (pn/qn) provides the
best rational approximations for α because

• if p
q ∈ Q and |α − p

q | <
1

2q2 , then p
q = pn

qn
for

some n ∈ N ;

• for each m ∈ N , |α − pm
qm
| < 1/q2

m and

min{qm|qmα−pm|, qm+1|qm+1α−pm+1|} < 1/2;

• for each m ∈ N , |α− p/q| > |α− pm/qm| for all
p/q 6= pm/qm with q < qm+1.

In particular, the best constant `(α) =
lim sup
p,q→∞

1
|q(qα−p)| of Diophantine approximation

for α depends only on its convergents, i.e.,

`(α) = lim sup
n→∞

1

|qn(qnα− pn)|
.

2.3 Perron’s definition of the spectra

The basic formula

1

qn(qnα− pn)
= (−1)n(αn+1 + βn+1)

where βn+1 := qn−1/qn = [0; an, . . . , a1] led Perron
to propose in 1921 the following dynamical interpre-
tation of L. Let Σ = (N∗)Z be the (non-compact)
symbolic space of bi-infinite sequences of non-zero
natural numbers. The shift map σ : Σ → Σ is the
dynamical system given by

σ((an)n∈Z) = (an+1)n∈Z .
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In this language, the Lagrange spectrum is the set of
finite asymptotic records of heights of the orbits of σ
with respect to the (proper) height function f : Σ→
R, f((an)n∈Z) := [a0; a1, a2, . . .] + [0; a−1, a−2, . . .],
i.e.,

L =

{
lim sup
n→∞

f(σn(x)) <∞ : x ∈ Σ

}
.

Interestingly enough, one can use the classical re-
duction theory of binary quadratic forms (due to La-
grange and Gauss) to prove that the Markov spec-
trum is the set of finite absolute records of heights of
the orbits of σ with respect to f , i.e.,

M =

{
sup
n∈Z

f(σn(x)) <∞ : x ∈ Σ

}
.

From these dynamical characterizations of L and
M , Perron deduced that

• sup
n∈Z

f(σn(x)) ≤
√

12 if and only if x ∈ {1, 2}Z ;

•
√

12,
√

13, 9
√

3+65
22 ∈ L;

• M ∩ (
√

12,
√

13) = M ∩ (
√

13, 9
√

3+65
22 ) = ∅.

Moreover, one can use11 this dynamical point of
view to prove that

L = { sup
n→∞

f(σn(y)) : y ∈ Σ is periodic}

and

M = {sup
n∈Z

f(σn(z)) : z ∈ Σ is eventually periodic}.

Thus, L ⊂M are closed subsets of the real line.

2.4 Dynamics on the modular surface

The shift map σ : Σ→ Σ can be thought as an invert-
ible map extending the Gauss map G : (0, 1]→ [0, 1),
G(x) = {1/x}. Indeed, the definitions imply that the
Gauss map acts on continued fraction expansions by

11In the sequel, eventually periodic means eventually peri-
odic on both sides (perhaps with different periods).

left-shift on half-infinite sequences of natural num-
bers:

G([0; a1, a2, . . .]) = [0; a2, . . .]. (1)

Using the well-known link (due to Artin, Cohn,
Series, Arnoux, ...) between the Gauss map and
the geodesic flow gt on the unit cotangent bun-
dle SL(2, R)/SL(2, Z) to the modular surface (cf.
[?MR1279059]), one can also describe the Lagrange
spectrum as the set of finite asymptotic records of
the heights of the orbits of a continuous-time, smooth
dynamical system, namely,

L = {lim sup
t→∞

H(gt(x)) <∞ : x ∈ SL(2, R)/SL(2, Z)}

where H : SL(2, R)/SL(2, Z) → R is a certain
(proper) function12.

2.5 Ending of the classical spectra

The expression of the height function f : Σ → R
in Perron’s definition of the spectra suggests that L
and M are related to arithmetic sums of Cantor sets
of real numbers whose continued fraction expansions
have restricted digits.

In other terms, the study of projections of products
of certain Cantor sets under the function π : R2 → R,
π(x, y) := x+y, should provide some insights into the
fine structures of L and M .

This idea was explored by Hall in 1947 to show that
L contains the half-line [6,∞). For this sake, Hall
considered the Cantor set C(4) = {[0; a1, a2, . . .] :
1 ≤ ai ≤ 4 ∀i ∈ N} and he established that

C(4) + C(4) := {x+ y : (x, y) ∈ C(4)× C(4)}
= [

√
2− 1, 4(

√
2− 1)]

is an interval of length > 1. This fact implies that
given ` ∈ [6,∞), one can find c0 ∈ N such that 5 ≤
c0 ≤ ` and `− c0 ∈ C(4) + C(4), say

` = c0 + [0; a1, a2, . . .] + [0; b1, b2, . . .]

12By thinking of SL(2, R)/SL(2, Z) as the space of unimod-
ular lattices in R2, one has H(x) = 2/sys(x)2, where sys(x) is
the systole of x ' g(Z2), g ∈ SL(2, R).
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with 1 ≤ ai, bi ≤ 4 for all i ∈ N . Thus, the irrational
number α with continued fraction expansion

α = [0; b1, c0, a1︸ ︷︷ ︸
1stblock

, . . . , bn, . . . , b1, c0, a1, . . . , an︸ ︷︷ ︸
nthblock

, . . .]

satisfies ` = `(α) ∈ L. Since ` ≥ 6 was arbitrary, we
conclude that L ⊃ [6,∞).

The largest half-line of the form [cF ,∞) included
in L is called Hall ray. In 1975, Freiman famously
claimed that

cF = 4+
253589820 + 283798

√
462

491993569
= 4.527829566 . . .

2.6 Intermediate portions of L and M

We saw above that L ⊂ M are closed subsets of the
real line such that L ∩ (−∞, 3) = M ∩ (−∞, 3) =
{
√

5,
√

8, . . .}, L ∩ [cF ,∞) = M ∩ [cF ,∞) =
[cF ,∞), and

√
12,
√

13 ∈ L, but (
√

12,
√

13) ∩ L =
(
√

12,
√

13) ∩M = ∅.
In particular, L and M coincide in the portions

(−∞, 3), [
√

12,
√

13], and [cF ,∞). Nonetheless, it
was discovered by Freiman in 1968 that M \ L 6= ∅:
more concretely, Freiman found a countable subset of
M \ L located near 3.11.

Subsequently, Freiman discovered (in 1973) a new
element of M \ L near 3.29, and Flahive showed13

in 1977 that this element is the limit of an explicit
sequence of elements of M \ L near 3.29.

This “concentration” of examples of elements of
M \ L between 3 and 3.3 led Cusick to conjecture in
1975 that L and M should coincide above

√
12.

In any case, the previous paragraphs hint that the
intermediate portions of the spectra (between 3 and
cF ) might have a complicated structure in comparison
to their beginning and ending.

In 1971, Hall gave an upper bound on the fractal
complexity of M ∩ [

√
5,
√

10]. More precisely, he used
Perron’s definition of the spectra to establish that
M ∩ [3,

√
10] ⊂ 2 + U + U where

U = {[0; a1, a2, . . .] : (aiai+1ai+2) 6= (121) ∀ i ∈ N∗}.
13Actually, in his unpublished PhD thesis from 1976, Y.-C.

You found an uncountable subset of M \ L near 3.29 which is
bi-Lipschitz homeomorphic to Cantor set of continued fraction
expansions obtained by concatenations of the words 11 and 22.

After that, he analysed the sizes of all intervals cover-
ing U with extremities of the form [0; a1, . . . , an, 2122]
and [0; a1, . . . , an, 1222] (where w stands for the pe-
riodic sequence obtained by infinite concatenation of
a string w) in order to show that the Hausdorff di-
mension14 of U is at most 0.465. From this esti-
mate, it is possible to infer that the Hausdorff di-
mension of U + U = π(U × U) has Hausdorff di-
mension at most 2 · dim(U) < 0.93 and, a fortiori,
M ∩ [

√
5,
√

10] ⊂ 2 + U + U has zero Lebesgue mea-
sure.

On the other hand, it is believed that L and M
should contain non-trivial intervals between t1 and
cF : for instance, a folklore question (appearing in
page 71 of Cusick–Flahive book [?MR1010419]) asks
whether L ∩ [

√
5,
√

12] has non-empty interior, and
Berstein conjectured in 1973 that [4.1, 4.52] ⊂ L.
Here, it is worth to point out that the inspiration
for the first (folklore) question comes from:

• Perron’s result that M ∩ [
√

5,
√

12] is closely re-
lated to the arithmetic sum C(2) + C(2) where
C(2) := {[0; a1, a2, . . .] : 1 ≤ ai ≤ 2 ∀ i};

• the expectation15 that C(2) + C(2) contains in-
tervals because C(2) + C(2) is the projection
π(C(2)× C(2)) of a planar “non-linear” Cantor
set C(2)×C(2) ⊂ R2 with Hausdorff dimension
2 · dim(C(2)) > 1.

Also, Berstein thinks that [4.1, 4.52] ⊂ L because of
Freiman’s work on the computation of the beginning
cF of Hall’s ray.

14Recall that the Hausdorff dimension 0 ≤ dim(X) ≤ m
of X ⊂ Rm measures how hard it is to efficiently cover X:

in fact, dim(X) = inf

s > 0 : inf
X⊂
⋃

n∈N

B(xn,rn)

∑
n∈N

rsn = 0

.

Thus, a countable set has zero Hausdorff dimension and any set
X ⊂ Rm with dim(X) < m has zero m-dimensional Lebesgue
measure.

15The typical projections of generic planar Cantor sets with
Hausdorff dimension > 1 are expected to contain intervals
thanks to the combination of Marstrand’s theorem asserting
that the projections in almost all directions of a subset of R2

with Hausdorff dimension> 1 have positive Lebesgue measures
and the work of Yoccoz and the second author on the stable
intersections of Cantor sets via renormalization techniques.
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2.7 Recent results about M ∩ (3, cF )

Despite the strong belief (expressed by the conjec-
tures and questions in the previous subsection) that
M ∩ (3, cF ) must have an intricate structure, the first
rigorous result in this direction was obtained only in
2018 by the second author [?MR3815461]. In fact, he
showed that:

• for each t ∈ R, the Hausdorff dimension d(t) of
L∩ (−∞, t) coincides with the Hausdorff dimen-
sion of M ∩(−∞, t), i.e., M \L is not big enough
to create jumps in dimension between L and M ;

• d(t) is a continuous, non-Hölder function of t
such that d(3 + ε) > 0 for all ε > 0 and
d(
√

12) = 1.

The second item above implies that L and M neces-
sarily contain complicated fractal sets. For instance,
it is not difficult to check that if K ⊂ R is a Cantor
set defined by simple interactive (dynamical) rules
like Cantor’s middle-third set16, then the function
t 7→ dim(K ∩ (−∞, t)) is always a piecewise constant
and discontinuous:

dim(K ∩ (−∞, t)) =

{
0 if t ≤ minK

dim(K) if t > minK

More recently, we investigated in [?MR3860483],
[?MR3925086] and [?MR4152626] the fine structure of
M \ L and we proved that it is richer than conjec-
tured by Cusick. More precisely, there are three open
intervals I1, I2 and I3 near 3.11, 3.29 and 3.7 such
that:

• the sizes of I1, I2, I3 are∼ 2·10−10, 2·10−7, 10−10;

• the extremities of Ij belong to L, but L∩ Ij = ∅
for each 1 ≤ j ≤ 3;

• (M \ L) ∩ Ij , 1 ≤ j ≤ 3, are closed subsets with
Hausdorff dimensions > 0.26, 0.353, 0.531 resp.;

16Recall that Cantor’s middle-third set is given by break-
ing [0, 1] into three intervals of equal lengths, removing the
subinterval in the middle, and then successively repeating this
operation to each of the remaining subintervals.

• I1 and I2 contain the examples of elements of
M \L previously found by Freiman and Flahive,
and the elements of (M \ L) ∩ I3 provide a neg-
ative answer to Cusick’s conjecture that L and
M should coincide above

√
12.

On the other hand, we proved that M \L is not very
rich17 because dim(M \ L) < 0.987.

Lagrange2.pdf

Besides the metric results discussed above, our
techniques also give topological consequences for L
and M : for example, the subset L′ of non-isolated
points of L is perfect, i.e., L′ = L′′, and the in-
teriors of L and M coincide. However, we ignore
whether M ′ is a perfect set, and, contrary to the ini-
tial impression given by the fact that (M \ L) ∩ Ij ,
1 ≤ j ≤ 3, are closed subsets, Lima, Vieira and the
authors proved that M \ L is not closed18 by estab-
lishing that 1 + 3/

√
2 ∈ L ∩ (M \ L).

In an attempt to further investigate interesting
questions about the structure of M ∩ (3, cF ), Dele-
croix and the authors [?MR4109576] developed an al-
gorithm providing 1/Q-approximations19 to L and
M after a running time O(Q2.367). This algorithm
was implemented (on Sage) by Delecroix to produce
the figure below of L2 := L ∩ [

√
5,
√

12], but un-
fortunately, we could not use this algorithm yet to
get definite ideas about Berstein’s conjecture that
[4.1, 4.52] ⊂ L. Nevertheless, we hope that some
variant of this algorithm will be helpful in the future
because its running time is not very big in compari-
son20 with the “naive” algorithm steaming from the
characterisations of L and M via the closures of the

17We also offered some heuristic evidence towards an upper
bound of the form dim(M \ L) < 0.888 and, as it turns out,
Pollicott–Vytona proved that dim(M \ L) < 0.8822195 in a
preprint available at arXiv:2012.07083.

18We also gave some evidence towards the possibility that

3 ∈ L ∩ (M \ L).
19Here, we mean close in Hausdorff topology, i.e., A,B ⊂ R

are δ-close if and only if for each a ∈ A and b ∈ B there are
c ∈ B and d ∈ A such that |a− c|, |b− d| ≤ δ.

20In fact, a back-of-the-envelope calculation reveals that the
naive algorithm requires computations with continued frac-

tions associated to ∼ 4Q
4

strings of lengths ≤ Q4 to rigorously
produce a 1/Q-approximation to L and M .
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values of height records of periodic and eventually
periodic elements of Σ = (N∗)Z .

L2.pdf

The common theme behind all results described
in this subsection is the study of portions of L and
M via the fractal geometry of certain types of dy-
namically defined Cantor sets. In the next section,
we will briefly discuss these objects and we will
make some comments about their applications to the
proofs of our results on the Hausdorff dimensions of
L ∩ (−∞, t), M ∩ (−∞, t) and M \ L.

3 Dynamical Cantor sets

A dynamically defined Cantor set K ⊂ R is

K =
⋂
n∈N

ψ−n(I1 ∪ . . . ∪ Ik),

where ψ : I1 ∪ . . . ∪ Ik → I is a smooth map from a
collection of disjoint compact intervals I1, . . . , Ik onto
the convex hull I of their union such that

• ψ is expanding : |ψ′(x)| > 1 ∀ x ∈ I1 ∪ . . . ∪ Ik;

• {I1, . . . , Ik} is a Markov partition: each ψ(Ii)
is the convex hull of the union of some of the
intervals Ij ;

• ψ is topologically mixing : there exists n0 ∈ N
with ψn0(K ∩ Ii) = K for all 1 ≤ i ≤ k.

The most famous example of dynamically defined
Cantor set is arguably Cantor’s middle-third set

K1/3 =

{ ∞∑
n=1

an
3n

: (an)n∈N ∈ {0, 2}N
}

obtained by dividing [0, 1] into three intervals with
equal lengths, removing the middle one (1/3, 2/3), di-
viding the remaining intervals into three equal subin-
tervals, removing the middle ones, repeating this pro-
cedure ad infinitum, and keeping only the points of
[0, 1] never falling into an excluded subinterval.

In fact, K1/3 =
⋂
n∈N

φ−n(I1 ∪ I2) where I1 =

[0, 1/3], I2 = [2/3, 1], and

φ(x) =

{
3x if x ∈ I1,

3x− 2 if x ∈ I2.

The geometry of dynamical Cantor sets was stud-
ied in depth by several authors over the last 100 years.
In particular, we dispose nowadays of several meth-
ods to compute the Hausdorff dimension of dynam-
ical Cantor sets. For instance, given a dynamical
Cantor set K generated by ψ : I1 ∪ . . . ∪ Ik → I, for
each m ∈ N , we can consider the collection Rm of
intervals consisting of the connected components of
m⋂
n=1

ψ−n(I1 ∪ . . . ∪ Ik). By definition, Rm is a cover

of K and it can be used to compute dim(K): if we
denote by λ(J) = min |ψ′|J |, Λ(J) = max |ψ′|J | and
we fix a mixing time n0 for ψ (i.e., ψn0(Ij ∩K) = K
for each 1 ≤ j ≤ k), then it is possible to prove that
αm ≤ dim(K) ≤ βm, where∑
J∈Rm

1

λ(J)βm
= 1 and

∑
J∈Rm

1

Λ(J)αm
= max |(ψn0−1)′|

(cf. pages 68 to 70 of Palis–Takens book
[?MR1237641]). These bounds allow an exact calcula-
tion of the Hausdorff dimension of dynamical Cantor
sets associated to piecewise affine maps ψ with full
branches (i.e., mixing time n0 = 1) such as Cantor’s
middle-third set K1/3: indeed, K1/3 is defined by a
map φ : I1 ∪ I2 → I such that φ′ ≡ 3 (and n0 = 1),
so that α1 ≤ dim(K1/3) ≤ β1, where

2(1/3)α1 = 1 = 2(1/3)β1 ,

i.e., dim(K1/3) = log 2/ log 3.

Unfortunately, the elementary technique described
in the previous paragraph doesn’t permit to compute
the dimension of dynamical Cantor sets K associated
to non-essentially affine21 maps ψ : I1∪ . . .∪ Ik → I.
In fact, one can check that βm − αm = O(1/m) in
general, so that the convergence of αm and βm to

21In the sense that there is no smooth change of coordinates
h : I → J making h ◦ ψ ◦ h−1 into a piecewise affine map.
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dim(K) might be quite slow22 in the non-essentially
affine situations related to the classical spectra L and
M .

Nevertheless, Bowen [?MR556580] discovered in
1979 a famous formula for the Hausdorff dimension
of dynamical Cantor sets K which was subsequently
explored by several authors (including Falk, Hens-
ley, Jenkinson, McMullen, Nussbaum, Pollicott, Vyt-
nova) for a fast computation of several digits of
dim(K). Roughly speaking, Bowen’s formula for a
dynamical Cantor set K associated to an expand-
ing map ψ : I1 ∪ . . . ∪ Ik → I starts with a family
(Lt)t∈(0,1) of Ruelle–Perron–Frobenius transfer oper-
ators

Ltf(x) =
∑

y∈ψ−1(x)

f(y)|ψ′(y)|−t

acting on adequate spaces of smooth functions f :
I → R. This kind of operator was originally intro-
duced by Ruelle in his study of ergodic theoretical
properties of dynamical systems via an analogy with
the so-called thermodynamical formalism in statisti-
cal mechanics.23 The operators Lt are quasi-compact
(i.e., their spectral theories share many parallels with
matrices in finite-dimensional vector spaces) and they
possess a leading eigenvalue λt with multiplicity one.
In this setting, Bowen showed that the Hausdorff
dimension of K is the unique parameter dim(K) ∈
(0, 1) such that

λdim(K)
= 1.

In particular, Cantor’s middle-third set K1/3

has a Hausdorff dimension log 2/ log 3 such that
Llog 2/ log 3(1) = 1.

The spectral characterisation of dim(K) provided
by Bowen can be reformulated by saying that s =

22Note that the calculations of αm and βm require to
manipulate the intervals in Rm and, hence, our O(1/m)-
approximation to dim(K) comes from the computations with
a quantity #Rm of intervals growing exponentially with m.

23Transfer operators describe the action of ψ on the den-
sities (Radon–Nykodym derivatives) of probability measures:
by fixing a probability measure λ which is non-singular for ψ
(in the sense that ψ∗(λ) = λ ◦ ψ−1 is absolutely continuous
with respect to λ), we get a transfer operator L(λ) by looking

at the Radon–Nykodym derivative L(λ)(f) =
dψ∗(fλ)
dλ

of the
push-forward ψ∗(fλ) under ψ of a probability ν = fλ which
is absolutely continuous with respect to λ.

dim(K) is the unique parameter such that

det(Id− Ls) = 0.

In other words, we are interested in the value of s
such that z = 1 is a zero of det(Id−zLs). As it turns
out, we can efficiently compute this value thanks to
the Fredholm determinant expansion24

det(Id− zLs) = exp

(
−
∞∑
n=1

tr(Lns )
zn

n

)
.

Indeed, it is possible to check that the traces tr(Lns )
have nice expressions in terms of the periodic points
of ψ:

tr(Lns ) =
∑

ψn(p)=p

|(ψn)′(p)|−s

1− (ψn)′(p)−1
.

Thus, we can write det(Id− zLs) = 1 +
∞∑
n=1

dn(s)zn,

where dn(s) are explicit functions of s and the pe-
riodic points of ψ. This provides a practical scheme
to compute dim(K) when ψ is piecewise real-analytic
because it is possible to prove that in this situation

the solutions sM of the truncations 1 +
M∑
n=1

dn(s) = 0

of Bowen’s formula

det(Id− Ldim(K)
) = 1 +

∞∑
n=1

dn(dim(K)) = 0

converge quickly to dim(K), namely,

|sM − dim(K)| = O(θM
2

)

for some θ < 1.
In particular, the method in the previous para-

graph was successfully explored by Jenkinson and

24This expansion generalizes the case of finite-dimensional
vector space: if K is a n × n matrix with eigenval-

ues λ1, . . . , λn, then det(Id + K) =
n∏
j=1

(1 + λi), so that

log det(Id+K) =
n∑
j=1

log(1+λi) =
∞∑
m=1

(−1)m+1

m

(
n∑
j=1

λmj

)
=

∞∑
m=1

(−1)m+1

m
tr(Km).
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Pollicott in 2018 to compute the first 100 decimal dig-
its of the Hausdorff dimension dim(C(2)) of the Can-
tor set C(2) = {[0; a1, a2, . . .] : 1 ≤ ai ≤ 2 ∀ i} which
is dynamically defined by the piecewise real-analytic
map given by the restriction of the Gauss map to the
intervals [[0; 212], [0; 2, 21] and [[0; 112], [0; 121]. The
outcome of their calculations is that

dim(C(2)) = 0.531280506277205141624468647368 . . .

3.1 Dimension of Gauss–Cantor sets

For our purpose of studying the classical spectra, the
relevant class of dynamical Cantor sets are the so-
called Gauss–Cantor sets defined as follows.

Let B ⊂
⋃
n≥1

(N∗)n be a finite set of finite words

which is primitive in the sense that none of its ele-
ments is a prefix of another one. The corresponding
complete Gauss–Cantor set is

K(B) = {[0;β1, β2, . . .] : βi ∈ B ∀i ≥ 1}.

The simplest examples25 of complete Gauss-Cantor
sets are the sets

C(k) := {[0; a1, a2, . . .] : 1 ≤ ai ≤ k ∀ i}

for k ≥ 2.
In general, a Gauss-Cantor set is a set of the type

K(γ,B) = {[0; γ, β1, β2, . . .] : βi ∈ B ∀i ≥ 1},

where γ ∈
⋃
n≥1

(N∗)n is a finite word.

Notice that K(γ,B) is the image of K(B) under
the bi-Lipschitz homeomorphism

[0; γ, x] 7→ [0;x] = G|γ|([0; γ, x]),

where G is the Gauss map and |γ| is the size of γ. In
particular, K(B) and K(γ,B) have the same Haus-
dorff dimension.

Complete Gauss-Cantor sets are dynamical Cantor
sets defined by iterates of the Gauss map G. Indeed,

25Note that C(4) and C(2) already appeared in our discus-
sions of the ending and the intermediate portions of the clas-
sical spectra L and M .

K(B) is a dynamical Cantor set ψ :
⋃
β∈B

I(β) → I

where ψ|I(β) = G|β| and I(β) are intervals with ex-
tremities of the form [0;β, xβ ] and [0;β, yβ ] for ade-
quate choices of xβ , yβ ∈ BN .

Similarly, one can verify that, in general, Gauss-
Cantor sets are also dynamical Cantor sets.

It is not difficult to show that any Gauss–Cantor
set is non-essentially affine, i.e., it is dynamically de-
fined by a map ψ : I1∪ . . .∪Ik → I such that there is
no smooth change of coordinates h making the second
derivative of h◦ψ◦h−1 to vanish identically on h(K).
Thus, a Gauss–Cantor set is geometrically more intri-
cate than dynamical Cantor sets given by piecewise
affine maps (such as Cantor’s middle-third set) and,
hence, we do not expect to get an exact formula for
its Hausdorff dimension (but only some high preci-
sion approximation coming from variants of Bowen’s
formula, for example).

Nonetheless, the second author discovered26 that
the renormalization techniques (including the so-
called scale recurrence lemma) introduced by Yoc-
coz and him [?MR1865980] in their study of stable
intersections of dynamical Cantor sets can be used to
prove that if K is a non-essentially affine dynamical
Cantor set and K ′ is an arbitrary dynamical Can-
tor set, then the projection f(K ×K ′) = K + K ′ of
K×K ′ under f(x, y) = x+ y has expected Hausdorff
dimension

dim(K +K ′) = min{1,dim(K) + dim(K ′)}.

In particular, Gauss–Cantor sets satisfy the follow-
ing dimension formula: for any finite words γ, γ′ and
finite sets of finite words B,B′, one has

dim(K(γ,B)+K(γ′, B′)) = min{1,dim(K(B))+dim(K(B′))}.

Also, it is worth to point out the following27 useful
“symmetry” on the Hausdorff dimension of Gauss–
Cantor sets. Given a finite set of finite words B,
denote by BT = {βT : β ∈ B} the transpose of

26A version of this formula was obtained by Hochman and
Shmerkin.

27The dynamical explanation for this symmetry is the fact
that the Gauss map has a smooth, area-preserving, natural
extension.
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B, where βT := (an, . . . , a1) stands as usual for the
transpose of β = (a1, . . . , an). Then, the Hausdorff
dimension of the Gauss–Cantor sets associated to B
and BT are equal:

dim(K(B)) = dim(K(BT )).

In a certain sense, the proof of this fact goes back
to Euler: indeed, he proved that for any finite word
β, if [0;β] = pn/qn, then [0;βT ] = rn/qn. Since the
lengths of the intervals I(β1β2 . . . βk) in the k-th step
of the construction of K(B) depend only on the de-
nominators of the convergents of [0;β1β2 . . . βk], Eu-
ler’s result says that K(B) and K(BT ) are Cantor
sets constructed from small intervals with compara-
ble lengths, and, a fortiori, they have the same Haus-
dorff dimension.

3.2 Dimension across the spectra

As we told in the end of §2.7, we want to study por-
tions of L and M via dynamical Cantor sets. In par-
ticular, a central idea towards the main theorem of
[?MR3815461] about the continuity of the Hausdorff
dimension across the classical spectra is to approxi-
mate L ∩ (−∞, t) and M ∩ (−∞, t) from inside and
outside by arithmetic sums of Gauss–Cantor sets.

More precisely, let D(t) = dim(`−1(−∞, t)) (where
`(α) is the best constant28 of Diophantine approxima-
tion of α). Given t such that D(t) > 0 and ε > 0, the
second author proved the existence of

• a parameter δ > 0,

• a finite set of positive integers (aj)1≤j≤m+1,

• a finite set of finite prefixes {γj}2m+2
j=1 ⊂⋃

n≥1

(N∗)n, and

• two finite sets B,B′ of finite words

such that the translated arithmetic sum of Gauss–
Cantor sets

am+1 +K(γ2m+1, B
′) +K(γ2m+2, (B

′)T )

28Cf. the beginning of §2.

is contained in L∩(−∞, t−δ), the union of translated
arithmetic sums of Gauss–Cantor sets⋃

j≤m

(aj +K(γ2j−1, B) +K(γ2j , B
T ))

contains M ∩ (−∞, t+ δ), and

D(t)−ε < dim(K(B′)) ≤ D(t) ≤ dim(K(B)) < D(t)+ε.

In particular, these facts together with the dimension
formula and Euler’s symmetry imply that

min{1, 2D(t)− 2ε} ≤ min{1, 2 dim(K(B′))}
= min{1,dim(K(B′)) + dim(K((B′)T )}
≤ dim(L ∩ (−∞, t− δ))
≤ dim(L ∩ (−∞, t))

and

dim(M ∩ (−∞, t)) ≤ dim(M ∩ (−∞, t+ δ))

≤ min{1,dim(K(B)) + dim(K(BT )}
= min{1, 2 dim(K(B))}
≤ min{1, 2D(t) + 2ε)}.

Since ε > 0 was arbitrary, we conclude that

dim(L∩(−∞, t)) = dim(M∩(−∞, t)) = min{1, 2D(t))}

is a continuous function of t.
In 1982, Bumby extended Hall’s ideas in §2.6 to

give a computer-assisted argument indicating that
D(3.33437) < 1/2 and D(3.3344) > 1/2, so that

3.33437 < inf{t : dim(M ∩ [
√

5, t]) = 1} < 3.3344

in view of our current discussion.

3.3 Bounds on dim(M \ L)
In [?MR4152626], we explored the geometry of the
intersections of the so-called local stable and un-
stable sets29 of the shift dynamics σ to prove that

29The local stable set of the left-shift map σ : (N∗)Z →
(N∗)Z at x = (xn)n∈Z is the subset of y = (yn)n∈Z such
that ym = xm for all m ≥ 0. This nomenclature is justified
by the fact that the distance between σk(y) and σk(x) goes
exponentially fast to zero as k → +∞ when y belongs to the
local stable set of x. Anagously, we get local unstable sets after
replacing σ by σ−1 in the previous definition.
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M \L ⊃ a+K(γ,B), where a = [3; 3, 2, 1, 2, 2, 2, 3, 3],
γ = (2, 2, 2, 1, 2, 3, 3, 2, 2, 2, 1, 2, 2, 1, 2, 1, 2, 1, 2) and
B = {1, 2}. Thus, dim(M \ L) ≥ dim(K(γ,B)) =
dim(K(B)) = dim(C(2)) > 0.531.

After this brief discussion of lower bounds on
dim((M \L), let us now sketch30 a proof of the upper
bound dim((M \ L) ∩ [

√
5,
√

12]) < 0.93.
We saw in §2.3 that if θ ∈ (N∗)Z , then

m(θ) := sup
n∈Z

f(σn(θ)) ≤
√

12 ⇐⇒ θ ∈ {1, 2}Z .

Moreover, we saw in §2.6 that m(x) ≤
√

10 implies
that x ∈ {1, 2}Z doesn’t contain 121 and, a fortiori,

dim(M ∩ [3,
√

10]) < 0.93.

Since (M \ L) ∩ [3,
√

12] ⊂
(
M ∩ [3,

√
10]
)
∪(

(M \ L) ∩ [
√

10,
√

12]
)
, our claim about the dimen-

sion of (M \ L) ∩ [
√

5,
√

12]) is reduced to prove31

that

dim((M \ L) ∩ [
√

10,
√

12]) < 0.93 (2)

The crucial idea at this point is to put restric-
tions on the past or future shift dynamics of se-
quences θ ∈ {1, 2}Z leading to Markov values in
(M \ L) ∩ [

√
10,
√

12]. For this sake, we take in-
spiration from the so-called the shadowing lemma,
a classical result from the theory of uniformly hyper-
bolic dynamical systems asserting that pseudo-orbits
are tracked by genuine orbits (cf. Hasselblatt–Katok
book [?MR1326374]). In our setting, this lemma es-
sentially says that if m(θ) ∈ (M \ L) ∩ [

√
10,
√

12],
then, up to transposition, the future dynamics of
θ lives in the gaps of the symmetric block B =
{11, 22}Z ⊂ {x ∈ {1, 2}Z : x not containing 121}.
Let us now try to make this statement more precise.

We have a setting which can also be used in the
analysis of other portions of M \L: more concretely,
we dispose of a symmetric block C, which here

30These ideas can be adapted to give nontrivial upper esti-
mates for dim(M \L) by analyzing other regions of the spectra.

31Contrary to the crude bound on the dimension of (M \
L) ∩ [3,

√
10] via the dimension of M ∩ [3,

√
10], the estimate

dim((M \L)∩ [
√

10,
√

12]) < 0.93 is non-trivial because, as we
already mentioned, dim(M ∩ [

√
10,
√

12]) = 1 thanks to the
fact that dim(C(2)) > 1/2.

is {1, 2}Z , together with its corresponding Gauss–
Cantor set K(C) = C(2), and a smaller symmetric
block B giving rise to the Gauss–Cantor set K(B) =
K({11, 22}). The elements of (M \ L) ∩ [

√
10,
√

12]
will be of the form f(θ) for some θ ∈ C such that
m(θ) = f(θ), i.e., let us consider

Y = {θ ∈ C : m(θ) = f(θ) ∈ (M \ L) ∩ [
√

10,
√

12]}.

In order to prove that dim((M \L)∩ [
√

10,
√

12]) ≤ d,
it is enough (by taking countable subcoverings) to
prove that, for every θ = (θj)j∈Z ∈ Y , there is N ∈ N
such that

dim(f(VN (θ) ∩ Y )) ≤ d,
where VN (θ) = {θ̃ = (θ̃j)j∈Z ; θ̃j = θj ,−N ≤ j ≤ N}.

We say that a finite sequence ω = (θj)−N≤j≤n has
an allowed continuation τ , where τ is a finite string
of 1 and 2, if there are sequences α, β ∈ {1, 2}N such
that βTωτα ∈ Y .

We claim that a shadowing lemma type argument
implies that, if θ ∈ Y , then (perhaps replacing θ by
its transpose θT ) there is N ∈ N such that, for every
n ≥ N , the bifurcation tree (of allowed continuations)
of such a θ is severely constrained:

• either θ−N . . . θn has an unique 1-element con-
tinuation θn+1,

• or its (3-elements) allowed continuations are 112
and 221.

In order to show this, observe that if θ ∈ Y , then,
since L is closed, there is N ∈ N such that the dis-
tance of m(θ) to L is larger than 1

2N−3 . Also, if θ̃ ∈
VN (θ)∩Y , then |m(θ̃)−m(θ)| = |f(θ̃)−f(θ)| < 1

2N−2

and λj(θ̃) := f(σj(θ̃)) ≤ f(θ̃),∀j ∈ Z.
If the claimed statement above is not true for

this N , there are n ≥ N , τ = (1, a, b) 6= (1, 1, 2),
τ ′ = (2, c, d) 6= (2, 2, 1), α, α′, β, β′ ∈ {1, 2}N such
that βTωτα, β′Tωτ ′α′ ∈ Y , where ω = (θj)−N≤j≤n.
Since the smallest continued fractions in C(2) begin-
ning by [0; 1] begin indeed by [0; 1, 1, 2], the largest
continued fractions in C(2) beginning by [0; 2] begin
by [0; 2, 2, 1], and there are elements of K(B) begin-
ning by [0; 1, 1, 2] and by [0; 2, 2, 1], it follows that
there is α̃ ∈ {11, 22}N such that

[0; α̃] ∈ K(B) ∩ ([0; τα], [0; τ ′α′]).
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By monotonicity of maps of the type h(y) =
[c0, c1, . . . , ck+y], it follows that, for −N ≤ j ≤ n+1,

λj(β
Tωα̃) < m(θ) +

1

2N−2
+

1

2N−1
< m(θ) +

1

2N−3
.

On the other hand, since α̃ ∈ {11, 22}N , we have,
for j > n + 1, λj(β

Tωτα̃) ≤ [2; 1, 1] + [0; 2, 2, 1] <
3.0407 <

√
10 ≤ m(θ).

Hence, if the claimed statement above on al-
lowed continuations fails both for θ and θT , we may
find n, n′ ≥ N and α̃, α̂ ∈ {11, 22}N such that
λj(α̂

T ω̂α̃) < m(θ) + 1
2N−3 for all j ∈ Z, where

ω̂ = (θj)−n′≤j≤n.

This leads to a contradiction: if α̃ = (ã1, ã2, . . .)
and α̃ = (ã1, ã2, . . .) and α̂ = (â1, â2, . . .), and α̌ =
(ã1, ã2, . . . , ã2N , â2N , . . . , â2, â1) ∈ {1, 2}4N , then, if
γ = ω̂α̌ is the periodic sequence with period ω̂α̌, then
|m(γ)−m(θ)| < 1

2N−3 and m(γ) ∈ L, an absurd.

The result above on allowed continuations can be
used to get that the set {[θ0; θ1, θ2, . . .]} related to
those allowed continuations of θ−N . . . θN is contained
in a small “Cantor set of gaps” KG and, a fortiori,
we have (M \ L) ∩ [

√
10,
√

12] ⊂ C(2) +KG.

The non-trivial control of the bifurcation tree al-
lows to infer that

dim(KG) ≤ s0

where s0 ∈ (0, 1) is any number such that

|I(θ1, . . . , θn, 1, 1, 2)|s0 + |I(θ1, . . . , θn, 2, 2, 1)|s0

≤ |I(θ1, . . . , θn)|s0

for all (θ0, . . . , θn) ∈ {1, 2}n. On the other hand, it
is possible to derive32 from the inclusion (M \ L) ∩
[
√

10,
√

12] ⊂ C(2) +KG that

dim((M \ L) ∩ [
√

10,
√

12]) ≤ dim(C(2)) + dim(KG).

These facts permit to give a good upper bound
on dim((M \ L) ∩ [

√
10,
√

12]) because dim(C(2)) <

32Here, we are using two useful facts: the box dimension
of a Gauss–Cantor set (such as C(2)) coincides with its Haus-
dorff dimension and dim(X×Y ) ≤ dimbox(X)+dim(Y ) where
dimbox(X) is the box dimension of X.

0.531281 and some elementary estimates on contin-
ued fractions yield that s0 = 0.174813 satisfies the
above requirement, so that

dim((M \ L) ∩ [
√

10,
√

12]) < 0.531281 + 0.174813

= 0.706094.

This completes the proof of e.MM-upper-bound.

4 Beyond the classical spectra

Partly inspired by Perron’s characterization of the
classical spectra, several authors (including Mau-
courant, Paulin, Parkkonen and the second author)
proposed dynamical generalizations of the Markov
and Lagrange spectra. In a nutshell, dynamical La-
grange and Markov spectra are obtained after replac-
ing σ by a general dynamical system and f by a
general height function: for instance, given a home-
omorphism ϕ : M → M of a topological space M ,
a compact ϕ-invariant subset Λ of M , and a contin-
uous function f : M → R, the dynamical Lagrange
and Markov spectra33 associated to (f,Λ) are

L(f,Λ) :=

{
lim sup
n→∞

f(ϕn(x)) : x ∈ Λ

}
and

M(f,Λ) =

{
sup
n∈Z

f(ϕn(x)) : x ∈ Λ

}
.

A direct generalization of the classical spectra is
provided by the dynamical spectra associated to a
diffeomorphism ϕ : M → M of a surface M act-
ing on a horseshoe34 and a typical differentiable real
function f . In fact, arbitrarily large compact parts
of the classical Markov and Lagrange spectra can be
viewed as dynamical Markov and Lagrange spectra
associated to horseshoes of conservative (i.e., area-
preserving) diffeomorphisms. More precisely, as it is

33An analogous definition can be made when the discrete
time dynamical system ϕ : M →M is replaced by a continuous
time dynamical system (ϕt)t∈R.

34This is a compact, ϕ-invariant, uniformly hyperbolic set
of saddle type: cf. Hasselblatt–Katok book [?MR1326374].
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explained in [?MR1279059], for each m ≥ 2, the map
T1 : (0, 1)× (0, 1)→ [0, 1)× (0, 1) given by

T1(x, y) =

({
1

x

}
,

1

y + b1/xc

)
preserves a smooth area-form near the horseshoe
Λ(m) = C(m) × C(m) corresponding to the maxi-
mal invariant set of ( 1

m+1 , 1) × (0, 1). In particular,
since

T1([0; a0, a1, a2, . . .], [0; b1, b2, b3, . . .]) =

= ([0; a1, a2, a3, . . .], [0; a0, b1, b2, . . .]),

we see that T1 is a (piecewise) smooth, conserva-
tive realization of the natural extension of the Gauss
map (compare with e.Gauss-shift). The dynamical
Markov and Lagrange spectra of (T1,Λ(m)) with re-
spect to the function f(x, y) = y + 1

x have the same
intersections with (−∞,m+1] as the classical Markov
and Lagrange spectra.

In 2018, Cerqueira and the authors established the
continuity of the Hausdorff dimension across the dy-
namical Lagrange and Markov spectra of typical thin
horseshoes of conservative surface diffeomorphisms
with respect to typical smooth functions (in analogy
with the main continuity result in §2.7 for L and M).
More precisely, let ϕ0 be a smooth diffeomorphism
of a surface M2 preserving an area-form ω. Sup-
pose that ϕ0 possesses a thin horseshoe Λ0 in the
sense that its Hausdorff dimension is dim(Λ0) < 1.
Denote by U a small C∞ neighborhood of ϕ0 in
the space Diff∞ω (M) of smooth area-preserving dif-
feomorphisms of M such that Λ0 admits a contin-
uation35 Λ for every ϕ ∈ U . If U ⊂ Diff∞ω (M) is
sufficiently small, then there exists a Baire residual
subset U∗∗ ⊂ U with the following property. For ev-
ery ϕ ∈ U∗∗ and r ≥ 2, there exists a Cr-open and
dense subset Rϕ,Λ ⊂ Cr(M,R) such that

dim(L(Λ, f) ∩ (−∞, t)) = dim(M(Λ, f) ∩ (−∞, t))

is a continuous function of t whenever f ∈ Rϕ,Λ.

35I.e., if U0 is a neighborhood of Λ0 such that Λ0 =⋂
n∈Z

ϕn0 (U0), then U is taken small enough so that Λ =⋂
n∈Z

ϕn(U0) still is a horseshoe for any ϕ ∈ U .

Still concerning the beginning of the dynamical
spectra, the second author [?MR4142446] proved that,
for typical pairs (f,Λ) as above, the minima of the
corresponding Lagrange and Markov dynamical spec-
tra coincide and are given by the image of a periodic
point of the dynamics by the real function, solving a
question by Yoccoz.

Recently, Lima and the second author36 proved
that, for typical pairs (f,Λ) as in the previous para-
graphs,

sup{t ∈ R : dim(M(f,Λ) ∩ (−∞, t)) < 1} =

= inf{t ∈ R : int(L(f,Λ)) ∩ (−∞, t) 6= ∅},

and, inspired by this result, they conjectured that the
classical Lagrange spectrum must have non-empty in-
terior right after the transition point where the clas-
sical Markov spectrum acquires Hausdorff dimension
one, i.e.,

int(L) ∩ (t1, t1 + ε) 6= ∅

for all ε > 0, where t1 = inf{t : dim(M∩[
√

5, t]) = 1}.
Concerning the ending of dynamical spectra asso-

ciated to horseshoes, Romaña and the second author
proved that if Λ is a (not necessarily conservative)
horseshoe associated to a C2-diffeomorphism ϕ such
that dim(Λ) > 1, then there is, arbitrarily close to
ϕ a diffeomorphism ϕ0 and a C2-neighborhood W of
ϕ0 such that, if Λψ denotes the continuation of Λ as-
sociated to ψ ∈ W , there is an open and dense set
Hψ ⊂ C1(M,R) such that for all f ∈ Hψ, we have

int L(f,Λψ) 6= ∅ and int M(f,Λψ) 6= ∅.

Another direct generalization of the classical spec-
tra for geodesic flows on negatively curved manifolds
and moduli spaces of translation surfaces (along the
lines of §2.4) was studied by Maucourant, Paulin,
Parkkonen, Artigiani, Delecroix, Hubert, Lelièvre,
Marchese, and Ulcigrai (among others): in their re-
spective settings, these authors showed that their
spectra shared some properties of the classical spec-
tra such as isolated minima and a Hall’s ray. We refer

36See the article Phase transitions on the Markov
and Lagrange dynamical spectra, to appear in
Ann. Inst. H. Poincar Anal. Non Linéaire.
https://doi.org/10.1016/j.anihpc.2020.11.007
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the reader to our recent book with Lima and Romaña
[?doi:10.1142/11965] (and the references therein)
for more details about dynamical generalizations of
the classical spectra.
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